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ABSTRACT. The Rudin-Keisler ordering of ultrafilters is extended to com-
plete Boolean algebras and characterised in terms of elementary embeddings
of Boolean ultrapowers. The result is applied to show that the Rudin-Keisler
poset of some atomless complete Boolean algebras is nontrivial.

1. INTRODUCTION

All concepts and notations not defined below can be found in [3].

Let B be a Boolean algebra, and let Pg denote the set of all partitions of B
(i.e. maximal sets of pairwise disjoint elements). Note that Pz is ordered by the
refinement relation: 7 < o if for all € 7 there exists a y € o such that z < y.
Let 6 = |J{7 : 7 < 0} be the set of nonzero elements of B that are below some
element of o. Since ¢ is a partition, each x € ¢ is less than or equal to a unique
y € o, so there is a natural map j, from ¢ to o given by j,(x) = y. For a map
s:0 — Y we define § = s 0 j,, and occasionally we also abbreviate doms by s9.

For o € Pp we let P(0) be the powerset Boolean algebra over the set o. If all
joins of subsets of ¢ exist in B (e.g. if B is |o|-complete) then we identify P(o)
with the complete subalgebra of B that is completely generated by o.

For powerset Boolean algebras, the Rudin-Keisler ordering of ultrafilters is
defined on D € Uf(P(X)), E € Uf(P(Y)) by D < E if there exists a function
f:Y — X such that

for all S € P(X), S € D implies f~'[S] € E. (%)

We also write D <; E if (x) holds. Note that this implication implies its converse,
since S ¢ D implies X \ S € D, hence f~}X\S] =Y\ f7![S] € E and therefore
fHS) ¢ E.

The duality between sets and powerset Boolean algebras implies the following
equivalent definition: D < FE iff there exists a complete homomorphism « :

P(X) — P(Y) such that a[D] C E.
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We wish to extend this ordering to complete (but not neccessarily atomic)
Boolean algebras. Given a filter D in a complete Boolean algebra B, and a
partition o of B, we let D, = D N P(c). Note that if D is an ultrafilter of B,
then D, is an ultrafilter of P(c). The idea of the definition below is to reduce
the ordering of ultrafilters of B and C|, to the usual Rudin-Keisler ordering of the
induced ultrafilters on complete and atomic subalgebras of B and C'. However,
we need an additional concurrancy condition to ensure some nice properties of
this extended ordering.

Definition 1.1. Let B, C be complete Boolean algebras, D € Uf(B) and E €
Uf(C). We say that D < E if there exists a map g : Pp — P¢ and a family of
maps f, : g(0) — o (o0 € Pg) such that

(i) for all S C o, > S € D implies ) f;'[S] € E, (ie. Dy <;, Eys)
for all o € Pp) and,
(ii) the family of f, satisfies the following concurrancy condition

V71,0 € P, 7 < o implies Y {y € g(7) ® g(o) : fr(y) < fa(y)} SO

Here ® is the meet operation in Pg, i.e. 0®7 is the greatest common refinement
of o and 7, given by {zy : z € o,y € 7} \ {0}. To make the connection with the
previous version for powerset algebras, we have the following observation.

Proposition 1.2. Suppose B, C' and D, E are as above, and o : B — C' s a
complete homomorphism such that a|D]) C E. Then D < E.

Proof. Let g : Pp — P¢ be defined by g(0) = afo]\{0}. The completeness of « is
needed to ensure that »_ g(0) = 1, and since « is meet-preserving, it is injective
on families of disjoint elements that are not mapped to 0. Hence we can define
an inverse f, : g(0) — o by f,(y) = z iff y = a(x). Let S C o, and suppose
S8 €D. Then Y 7S] =>a[S]=a(>.S) € E.

Finally, the concurrency condition holds in a somewhat stronger form: for
T < o € Py, we have g(1) < g(0) and for all y € g(7), f-(y) < f(y). O

The Rudin-Keisler ordering for complete Boolean algebras reduces to the usual
ordering in case B, (' are powerset algebras. In one direction this follows imme-
diately from the above proposition.

In the other direction, suppose B = P(X), C = P(Y) and we are given a
map g : Pp — P¢, and maps f, such that D, <; FE,,). Consider the smallest
partition ox = {{z} : © € X} in Pp and the corresponding smallest partition
oy € Pc. The required map f : Y — X is induced by the map f,, © jgoy)
restricted to oy, via the obvious isomorphism between a set and its collection of
singleton subsets. Hence D < E in the usual Rudin-Keisler order.

Problem 1.3. For which algebras does the converse of Proposition 1.2 hold?
Note that it does hold for powerset algebras.
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The relation < is a quasi-order on the class of all ultrafilters on complete
Boolean algebras. We write D ~ F if D < E and E < D. When we restrict
ourselves to a single algebra B, the partially ordered set of equivalence classes
Uf(B)/~ is denoted by RK(B).

2. CHARACTERISATION BY ELEMENTARY EMBEDDINGS

For the RK-order on powerset Boolean algebras, Blass [1] proved the following
characterisation theorem:

Theorem 2.1. Let D € Uf(P(X)) and E € Uf(P(Y)). The following are equiv-
alent:
(i) DSE
(i) for every structure M, there exists an elementary embedding from the
ultrapower M /D to MY JE.

Since we will generalise this result to the extended RK-order, we briefly recall
the details of this fundamental result. Assuming f : Y — X is the function that
establishes D < E, one can define a map e : M*/D — MY /E by e(s/D) =
(so f)/E, and this map is an elementary embedding since if ¢ is a formula in the
language of M, and si,...,s, € M*X then

MYX/D = ¢[s,/D,...,s,/D]
iff {reX:ME¢[si(z),...,s.(x)]} €D
iff f'{re X ME¢[si(z),...,s,(2)]}] €F
iff fyeY : M Eo[si(f(y)),....sa(fW)]} €EE
iff MY /E = ¢le(s1/D),. .. e(sn/D)].
The converse requires the following definition:

Definition 2.2. For any set A, we let A be the complete structure on A, defined
as the model in which every relation R is the interpretation of some relation
symbol, say R, and and every function f is the interpretation of some function
symbol, say f, respectively.

Now, given an elementary embedding e from X* to XY, the map f is obtained
by choosing any representative of e(idx /D), since for any S C X

SeD
iff {v € X :X | Slidx(z)]} €D
iff X*/D = Slidx /D]
iff X¥/E = Sle(idx/D)]
iff {yeY :XES[f)} ek
iff f7'[S]€E.
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In order to generalise this result to the extended RK-order, we replace the
ultrapowers above by Boolean ultrapowers. Recall that the (unbounded) Boolean
power M|[B] of a model M over a complete Boolean algebra B can be constructed
as a direct limit of powers M7, where o € Pp (see e.g. [5]). If B is a powerset
algebra P(X), this construction reduces to the ordinary power M*. Similarly, for
any ultrafilter D of B, the Boolean ultrapower M [B]/D is (isomorphic to) a direct
limit of ultrapowers M?/D,,, and when B = P(X), then M[B]/D = M*/D. We
include some of the details here, since they are relevant to the results of this
section.

Definition 2.3. Let M be a structure for some language L, and let B be a
complete Boolean algebra, with D a filter in B. The structure M[B]/D has as
universe the set ([ ,ep, M”)/0p, where 0p is the equivalence relation defined by

sOpt iff Z{x cs'®@t?:5(zx) =t(x)} € D.
Given an n-ary relation R on M, and s1/D...s,/D € M[B]/D, we have

(1) M[B]/D = Rls1/D...s,/D] iff
(2) d{resi® - ®s8: Mg R[si(x). .. 8.(2)]} € D.

Thus M[B]/D is also a structure of the language L, usually called the (un-
bounded) reduced Boolean power of M (with respect to B, D). If we take D to
be the trivial filter {1}, we get the unbounded Boolean power M|[B], and if we
take D to be an ultrafilter, we get a Boolean ultrapower.

By an easy induction on the structure of formulas, it follows that if D is an
ultrafilter then (1) and (2) remain equivalent when R is replaced by any formula.

Theorem 2.4. Let B,C be complete Boolean algebras, D € Uf(B) and E €
Uf(C). The following are equivalent:

(i) D<E,
(i) for any model M, there is an elementary embedding of M[B]/D into
MI[C)/E,
(iii) there is an elementary embedding of B[B]/D into B|C]/E.

Proof. Obviously (ii) implies (iii).

Assume (i) holds, and let g and f, be the associated maps for this inequality.
Define e : M[B]/D — M|C]/E by e(s/D) = (so fu)/E. It suffices to check that
this map is elementary: Let ¢(z1,...,x,) be any formula in the language of M,
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and s1/D,...,s,/D € M[B]/D. Then

M|B]/D | ¢[s1/D, ..., sn/D]
iff Y {resi@--@sh: ME¢3i(r),...,5.(2)]} €D
iff Y fi{eer: MEsi(x),. .. 4(x)]}] €E, wherer =s{®@- @ s
it > {yeglr): MEosi(frv), 5 (f-W)} € E

iff Y {yegs) @ - @g(sh) : M = dls1(fu (W), - sn(fus )]} € E
iff M[C]/E |= ¢le(s1/D),...,e(sn/D)]

where the second last “iff” is justified by the concurrancy condition on the f,:
Since 7 < 8¢, it follows by concurrancy that

d{vegmn)@g(sh): fr(y) < fey)} € E

for each i = 1,...,n, hence

~ ~

d{yegrn)@g(st) @ @g(s8) : 4i(f-(y) = si(fe(y)) for all i} € E.

K3

Now assume (iii) holds, and let e be the given elementary embedding. Consider
the identity map id, : ¢ — ¢ C B, with the codomain extended to the set B.
Then id,/D is in B[B]/D, so e(id,/D) is an equivalence class in B[C]/E. For
each o € Pg, choose f, € e(id,/D), and let g(c) = domf,. We first argue that
although f, maps into B, we can assume that it’s range is entirely within o: Let
& be the relation symbol of B such that B |= &z] iff v € 0. Since Y {z €0 : B =
o(id,(z))} = 1 € D, we have that B[B] = &[id,/D], hence B[C] = &[e(id,/D)].
But this means that >_{y € g(0) : B | 6(f,(y))} = c € E. Therefore f,(y) € o
whenever y < ¢. Choose any fixed b € o and define f, : g(c) — o by

b otherwise

f(',(y) _ {fa(y) ify<c

then f!/E = f,/FE, so we can replace f, by f/.
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Next we show that for all S C o, > S € D iff 3° f'[S] € E. Let S be the
relation symbol of B such that B |= S[x] iff x € S. Then

d SeD
iff Y {r€o:BSld,(z)]} €D
iff B[B]/D [ S[id,/D]
iff B[C]/E k= Sle(id,/D)]
iff B[C]/E = S[f,/E)

it > {yeglo): BES|f,W}eE
iff Y f'{reo:BESk}eE
iff Y S € E.

Finally we prove the concurrancy condition: Let 7 < o, and let R be a relation
symbol for the graph of j,[., ie., B | R[b,c] iff b € 7, ¢c € 0 and b < c.
Then B[B]/D = Rlid,/D,id,/D] since Y} {zx € 7: B |= R[id,(z),1d,(z)]} =1
Therefore B[C]/E | R[f./FE, f,/E], which means that > {y € g(1)®g(c) : B =
R[f+(v), f,(y)]} € E. This is equivalent to the concurrancy condition. O

Remark 2.5. In the definition of D < FE| it suffices to consider partitions from
a dense subsemilattice S of Pg. This follows from the characterisation theorem
above since if f € B? for some o € Pg, then there exists 7 € S with 7 < ¢, and
we may replace f by f [

Example 2.6. Let A = [],.; B; be a product of complete Boolean algebras.
Recall that each factor B; is isomorphically embedded into the relative subalgebra
Ale;, where e; is the I-tuple for which e;(i) = 1p, and e;(j) is Op, in all other
coordinates 7 # ¢. We denote this relative embedding of B; into A by ;. Observe
that m;0; is the identity function on B;, and although ~; is not a homomorphism,
it does preserve all existing joins and meets.

For a family of partitions o; € Pp, (i € I) we define the partition product
Xiero; to be J,¢; vilos). This is easily seen to be a partition of A, and the set of
all partition products forms a dense subsemilattice of P4.

Recall from [3] the definition of a relative subalgebra Blu of a Boolean algebra
B withu € B. If D € Uf(B) and u € D, we let Du= {x-u: 2 € D}. Note that
Du is an ultrafilter in Bfu. With the characterisation theorem at hand, we get
the following result.

Proposition 2.7. Let B,C be complete Boolean algebras, and D € Uf(B), E €
Uf(C). The following are equivalent:

(i) D<E,
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(ii) there exist u € D and v € E such that Du < Ev,
(iii) for some uw € D and some complete subalgebra C' of C', we have Du <
C'NE.

Proof. (i) implies (ii), and (i) implies (iii) follow immediately if we take u =
1, v = 1¢ and C" = C. To prove (ii) implies (i), we observe that for any
structure M, M[B]/D = M[B|u]/Du, and by the preceeding theorem, the latter
is elementarily embedded in M[C|v]/Ev = M|[C]/E. Another application of the
same theorem gives (i).

The implication from (iii) to (i) is proved similarly, using the additional fact

that M[C"]/(C" N E) is elementarily embedded in M[C|/E. O

3. EXTENDING RK-POSETS

In this section we look at conditions under which the RK-poset of one Boolean
algebra is embedded in the RK-poset of another.

3.1. Relative subalgebras.

Lemma 3.1. Let B be a Boolean algebra and C' = Bla a relative subalgebra of
B. If D is an ultrafilter of C' then D = {x € B : x > y for somey € D} is an
ultrafilter of B.

Proof. By definition, D is up-closed, and since D is meet-closed, the same holds
true for D. Therefore D is a filter. Given x € B, we have z - a € C, hence
r-a € Dor —%x-a) €D. Since —*(z-a) = —x - a, we either have x € D or
—x € D, as required. O

Corollary 3.2. If C is isomorphic to a relative subalgebra of B, then RK(C') is
embeddable into RK(B).

Proof. We can assume that C' = Bla for some a € B. Let D, E € Uf(C). Then
D = Da and E = FEa, so if D < E, then D < FE follows from Proposition 2.7(ii)
= (i).

Conversely, D < E implies D < E since relativization preserves the compara-
bility of ultrafilters. U

3.2. Powers of complete Boolean algebras. For a set J and a complete
Boolean algebra B, consider the direct power B”. For ultrafilters D in B, and H
in P(J), we define Dy = {s € B : s7'[D] € H}.

If B is a powerset algebra, say P(I), then B is isomorphic to P(I x J) and
Dy is isomorphic to the product ultrafilter D x H (as defined in [2]). It is
straightforward to check that Dy is an ultrafilter in this more general setting.

Lemma 3.3. Suppose B is a complete Boolean algebra, D € Uf(B), F €
Uf(P(I)) and H € Uf(P(J)). If F < H then Dr < Dp.
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Proof. Since F and H are ultrafilters in powerset algebras, we can use the original
definition of the RK-order. Assume F' < H, and let h be the function from J to
I such that for all S C I, S € F implies h™*[S] € H. To show that D < Dy,
it suffices by Proposition 1.2 to define a complete homomorphism « : Bf — B/
such that a[Dr] C Dy. Given s € B, we let a(s) = so h. Since the operations
in B! are defined pointwise, this is a complete homomorphism, and for s € Dp
we have s™1[D] € F, hence (so h)~![D] = h=![s7![D]] € H. O

The reverse implication requires a bit more work and an additional assumption.
A filter D is said to be k-complete if for any set S C D with |S| < k we have
[[S € D. For an ultrafilter in a complete Boolean algebra B, this is equivalent
to the condition that for any o € Pp with |o| < k we have D N o # ) (see e.g.
[4] 0.9).

Lemma 3.4. Suppose B is a complete Boolean algebra, D € Uf(B), F €
Uf(P(I)) and H € UL(P(J)). If D is |I|T-complete then Dp < Dy implies
F<H.

Proof. Suppose D < Dy. Then there exists a map g : Pgr — Pgs and maps
hy = g(y) = v € Pgr such that for all S C v, >~ S € Dp implies ) h;'[S] € Dy.

Consider the partition o7 = {xq;} € B! ;i € I'} and the corresponding partition
oy € Pgs, where g is the charateristic function of K C [ or J respectively. Let
« be the complete homomorphism from P(o;) to P(g(or)) given by (> S) =
> he 18]

Tolshow that F© < H, we need to define a map h : J — [ such that S € F
implies h™'[S] € H for all S C I. Given j € J and i € I, let h(j) = i iff
mi(a(xgy)) € D. The map is well-defined for all j € J since we are assuming
that D is |I|T-complete, so the partition 7; o af[o;] \ {0} intersects D, and since
D is a filter, this intersection is a singleton.

Let S € F. This is equivalent to {i € I : xs(i) € D} € F, and hence to
Xs € Dp. Tt follows that a(ys) € Dy and therefore a(xs) '[D] € H. The
following equivalent statements show that a(ys) [D] = h~1[S]:

j € alxs)'[D]

iff
a(xs)(j) € D

iff (since x5 = ;s X(i})
P \es alx)() € D

iff (since D is |I|T-complete)
a(xqy)(J) € D for some i € S

iff (since 7;(s) = s(7))
h(j) € S

iff
j€hns]
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Theorem 3.5. Let B be a complete Boolean algebra, and suppose there exists a
kT -complete ultrafilter in B. Then the poset RK(P(\)) is order embeddable into
the poset RK(B") for any A < k.

If B is homogeneous and contains a partition of size k then B* = B. Hence if
B has a kT-complete ultrafilter then RK(P(k)) is order embeddable into RK(B).

An example of such a boolean algebra B is given by the collapsing algebra
Col(k™, A) if we assume that ™ is strongly inaccessible and |Col(k™, \)|-almost
compact (see [4] Theorem 3.6), or if we assume that x* is measurable.

Problem 3.6. Can the above theorem be proved in ZFC (i.e. without the large
cardinal assumption about the existence of a k™-complete ultrafilter)?
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