V arieties of Lattices

P eter Jipsen and Henry Rose v

Synopsis

An in teresting problem in univ ersal algebra is the connection b et w een the in ternal struc-

ture of an algebra and the iden tities whic h it satisfies. The study of v arieties of algebras

pro vides some insigh t in to this problem. Here w e are concerned mainly with lattice v ari-

eties, ab out whic h a w ealth of information has b een obtained in the last t w en t y y ears.

W e b egin with some preliminary results from univ ersal algebra and lattice theory . The

second c hapter presen ts some prop erties of the lattice of all lattice sub v arieties. Here w e

also discuss the imp ortan t notion of a splitting pair of v arieties and giv e sev eral c harac-

terizations of the asso ciated splitting lattice. The more detailed study of lattice v arieties

splits naturally in to the study of mo dular lattice v arieties and nonmo dular lattice v arieties,

dealt with in the third and fourth c hapter resp ectiv ely . Among the results discussed there

are F reese’s theorem that the v ariet y of all mo dular lattices is not generated b y its finite

mem b ers, and sev eral results concerning the question whic h v arieties co v er a giv en v ariet y .

The fifth c hapter con tains a pro of of Bak er’s finite basis theorem and some results ab out

the join of finitely based lattice v arieties. Included in the final c hapter is a c haracterization

of the amalgamation classes of certain congruence distributiv e v arieties and the result that

there are only three lattice v arieties whic h ha v e the amalgamation prop ert y .

Ac kno wledgemen ts

The second author ac kno wledges the gran ts from the Univ ersit y of Cap e T o wn Researc h

Committee and the South African Council for Scien tific and Industrial Researc h.

W e dedicate this monograph to our sup ervisor Bjarni J´ onsson.

Con ten ts

In tro duction ix

1 Preliminaries 1

1.1 The Concept of a V ariet y . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Congruences and F ree Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Congruence Distributivit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Congruences on Lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 General Results 13

2.1 The Lattice Λ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 The Structure of the Bottom of Λ . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Splitting Lattices and Bounded Homomorphisms . . . . . . . . . . . . . . . 20

2.4 Splitting lattices generate all lattices . . . . . . . . . . . . . . . . . . . . . . 41

2.5 Finite lattices that satisfy (W) . . . . . . . . . . . . . . . . . . . . . . . . . 44

3 Mo dular V arieties 46

3.1 In tro duction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2 Pro jectiv e Spaces and Arguesian Lattices . . . . . . . . . . . . . . . . . . . 47

3.3 n -F rames and F reese’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.4 Co v ering Relations b et w een Mo dular V arieties . . . . . . . . . . . . . . . . 69

4 Nonmo dular V arieties 77

4.1 In tro duction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Semidistributivit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3 Almost Distributiv e V arieties . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.4 F urther Sequences of V arieties . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5 Equational Bases 115

5.1 In tro duction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.2 Bak er’s Finite Basis Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.3 Joins of finitely based v arieties . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.4 Equational Bases for some V arieties . . . . . . . . . . . . . . . . . . . . . . 126

6 Amalgamation in Lattice V arieties 128

6.1 In tro duction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 viii CONTENTS

6.3 Amal( V ) for Residually Small V arieties . . . . . . . . . . . . . . . . . . . . . 132

6.4 Pro ducts of absolute retracts . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.5 Lattices and the Amalgamation Prop ert y . . . . . . . . . . . . . . . . . . . 135

6.6 Amalgamation in mo dular v arieties . . . . . . . . . . . . . . . . . . . . . . . 137

6.7 The Da y – Je žek Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.8 Amal( V ) for some lattice v arieties . . . . . . . . . . . . . . . . . . . . . . . . 145

Bibliograph y 149

In tro duction

The study of lattice v arieties ev olv ed out of the study of v arieties in general, whic h w as

initiated b y Garrett Birkhoff in the 1930’s. He deriv ed the first significan t results in this

sub ject, and further dev elopmen ts b y Alfred T arski and later, for congruence distributiv e

v arieties, b y Bjarni J´ onsson, laid the groundw ork for man y of the results ab out lattice

v arieties. During the same p erio d, in v estigations in pro jectiv e geometry and mo dular

lattices, b y Ric hard Dedekind, John v on Neumann, Garrett Birkhoff, George Gr¨ atzer,

Bjarni J´ onsson and others, generated a w ealth of information ab out these structures,

whic h w as used b y Kirb y Bak er and Rudolf Wille to obtain some structural results ab out

the lattice of all mo dular sub v arieties. Nonmo dular v arieties w ere considered b y Ralph

McKenzie, and a pap er of his published in 1972 stim ulated a lot of researc h in this direction.

Since then the efforts of man y p eople ha v e adv anced the sub ject of lattice v arieties in

sev eral directions, and man y in teresting results ha v e b een obtained. The purp ose of this

b o ok is to presen t a selection of these results in a (more or less) self-con tained framew ork

and uniform notation.

In Chapter 1 w e recall some preliminary results from the general study of v arieties of

algebras, and some basic results ab out congruences on lattices. This c hapter also serv es

to in tro duce most of the notation whic h w e use subsequen tly .

Chapter 2 con tains some general results ab out the structure of the lattice Λ of all

lattice sub v arieties and ab out the imp ortan t concept of “splitting”. W e presen t sev eral

c haracterizations of splitting lattices and Alan Da y’s result that splitting lattices generate

all lattices. These results are applied in Chapter 4 and 6.

Chapters 3 – 6 eac h b egin with an in tro duction in whic h w e men tion the imp ortan t

results that fall under the heading of the c hapter.

Chapter 3 then pro ceeds with a review of pro jectiv e spaces and the co ordinatization

of (complemen ted) mo dular lattices. These concepts are used to pro v e the result of Ralph

F reese, that the finite mo dular lattices do not generate all mo dular lattices. In the sec-

ond part of the c hapter w e giv e some structural results ab out co v ering relations b et w een

mo dular v arieties.

In Chapter 4 w e concen trate on nonmo dular v arieties. A c haracterization of semidis-

tributiv e v arieties is follo w ed b y sev eral tec hnical lemmas whic h lead up to an essen tially

complete description of the “almost distributiv e” part of Λ. W e deriv e the result of Bjarni

J´ onsson and Iv an Riv al, that the smallest nonmo dular v ariet y has exactly 16 co v ers, and

conclude the c hapter with results of Henry Rose ab out co v ering c hains of join-irreducible

semidistributiv e v arieties.

Chapter 5 is concerned with the question whic h v arieties are finitely based. A pro of of

Kirb y Bak er’s finite basis theorem is follo w ed b y an example of a nonfinitely based v ariet y , x INTR ODUCTION

and a discussion ab out when the join of t w o finitely based v arieties is again finitely based.

In Chapter 6 w e study amalgamation in lattice v arieties, and the amalgamation prop-

ert y . The first half of the c hapter con tains a c haracterization of the amalgamation class

of certain congruence distributiv e v arieties, and in the remaining part w e pro v e that there

are only three lattice v arieties that ha v e the amalgamation prop ert y .

By no means can this monograph b e regarded as a full accoun t of the sub ject of

lattice v arieties. In particular, the concept of a congruence v ariet y (i.e. the lattice v ariet y

generated b y the congruence lattices of the mem b ers of some v ariet y of algebras) is not

included, partly to a v oid making this monograph to o extensiv e, and partly b ecause it w as

felt that this notion is somewhat remo v ed from the topic and requires a wider bac kground

of univ ersal algebra.

F or the basic concepts and facts from lattice theory and univ ersal algebra w e refer the

reader to the b o oks of George Gr¨ atzer [ GL T ], [ UA ] and P eter Cra wley and Rob ert P .

Dilw orth [ A TL ]. Ho w ev er, w e denote the join of t w o elemen ts a and b in a lattice b y a + b

(rather than a ∨ b ) and the meet b y a · b , or simply ab (instead of a ∧ b ; for the meet of t w o

congruences w e use the sym b ol ∩ ). When using this plus, dot notation, it is traditionally

assumed that the meet op eration has priorit y o v er the join op eration, whic h reduces the

apparen t complexit y of a lattice expression.

As a final remark, when w e consider results that are applicable to wider classes of

algebras (not only to lattices) then w e aim to state and pro v e them in an appropriate

general form.

Preliminaries

1.1 The Concept of a V ariet y

Lattice v arieties. Let E b e a set of lattice iden tities (equations), and denote b y Mo d E

the class of all lattices that satisfy ev ery iden tit y in E . A class V of lattices is a lattic e

variety if

V = Mo d E

for some set of lattice iden tities E . The class of all lattices, whic h w e will denote b y L , is of

course a lattice v ariet y since L = Mo d ∅ . W e will also frequen tly encoun ter the follo wing

lattice v arieties:

T = Mo d { x = y } — all trivial lattices,

D = Mo d { xy + xz = x ( y + z ) } — all distributiv e lattices,

M = Mo d { xy + xz = x ( y + xz ) } — all mo dular lattices.

Let J b e the (coun table) set of all lattice iden tities. F or an y class K of lattices, w e

denote b y Id K the set of all iden tities whic h hold in ev ery mem b er of K . A set of iden tities

E ⊆ J is said to b e close d if

E = Id K

for some class of lattices K . It is easy to see that for an y lattice v ariet y V , and for an y

closed set of iden tities E ,

V = Mo d Id V and E = Id Mo d E ,

whence there is a bijection b et w een the collection of all lattice v arieties, denoted b y Λ,

and the set of all closed subsets of J . Th us Λ is a set, although its mem b ers are prop er

classes.

Λ is partially ordered b y inclusion, and for an y collection {V

i

: i ∈ I } of lattice v arieties

⋂

i ∈ I

V

i

= Mo d

⋃

i ∈ I

Id V

i

is again a lattice v ariet y , whic h implies that Λ is closed under arbitrary in tersections.

Since Λ also has a largest elemen t, namely L , w e conclude that Λ is a complete lattice

with in tersection as the meet op eration. F or an y class of lattices K ,

K

V

= Mo d Id K =

⋂

{V ∈ Λ : K ⊆ V } is the smallest v ariet y con taining K , and w e call it the variety gener ate d by K . No w the

join of a collection of lattices v arieties is the v ariet y generated b y their union. W e discuss

the lattice Λ in more detail in Section 2.1.

V arieties of algebras. Man y of the results ab out lattice v arieties are v alid for v arieties

of other t yp es of algebras, whic h are defined in a completely analogous w a y . When w e

consider a class K of algebras, then the mem b ers of K are all assumed to b e algebras of

the same t yp e with only finitary op erations. W e denote b y

H K — the class of all homomorphic images of mem b ers of K

S K — the class of all sub algebr as of mem b ers of K

P K — the class of all dir e ct pr o ducts of mem b ers of K

P

S

K — the class of all sub dir e ct pr o ducts of mem b ers of K .

(Recall that an algebra A is a sub direct pro duct of algebras A

i

( i ∈ I ) if there is an

em b edding f from A in to the direct pro duct ⟩ ⟨

i ∈ I

A

i suc h that f follo w ed b y the i th

pro jection π

i maps A onto A

i for eac h i ∈ I .)

The first significan t results in the general study of v arieties are due to Birkhoff [ 35 ],

who sho w ed that v arieties are precisely those classes of algebras that are closed under the

formation of homomorphic images, subalgebras and direct pro ducts, i.e.

V is a v ariet y if and only if H V = S V = P V = V .

T arski [ 46 ] then put this result in the form

K

V

= HSP K

and later Kogalo vski ˘ ı [ 65 ] sho w ed that

K

V

= HP

S

K

for an y class of algebras K .

1.2 Congruences and F ree Algebras

Congruences of algebras. Let A b e an algebra, and let Con ( A ) b e the lattice of all

congruences on A . F or a, b ∈ A and θ ∈ Con ( A ) w e denote b y:

a/θ — the c ongruenc e class of a mo dulo θ

A/θ — the quotient algebr a of A mo dulo θ

0 , 1 — the zer o and unit of Con ( A )

con ( a, b ) — the princip al c ongruenc e generated b y ( a, b )

(i.e. the smallest congruence that iden tifies a and b ) .

Con ( A ) is of course an algebraic (= compactly generated) lattice with the finite joins

of principal congruences as compact elemen ts. (Recall that a lattice elemen t c is c omp act

if whenev er c is b elo w the join of set of elemen ts C then c is b elo w the join of a finite

subset of C . A lattice is algebr aic if it is complete and ev ery elemen t is a join of compact

elemen ts.)

1.2. CONGR UENCES AND FREE ALGEBRAS 3

F or later reference w e recall here a description of the join op eration in Con ( A ).

Lemma 1.1 Let A b e an algebra, x, y ∈ A and C ⊆ Con ( A ) . Then

x (

∑

C ) y if and only if x = z

0 ψ

1 z

1 ψ

2 z

2

· · · z

n − 1 ψ

n z

n

= y

for some n ∈ ω , ψ

1

, ψ

2

, . . . , ψ

n

∈ C and z

0

, z

1

, . . . , z

n

∈ A .

The connection b et w een congruences and homomorphisms is exhibited b y the homo-

morphism the or em : for an y homomorphism h : A → B the image h ( A ) is isomorphic to

A/ k er h , where

k er h = { ( a, a

′

) ∈ A

2

: h ( a ) = h ( a

′

) } ∈ Con ( A ) .

W e will also mak e use of the se c ond isomorphism the or em whic h states that for (fixed)

θ ∈ Con ( A ) and an y ϕ ∈ Con ( A ) con taining θ there exists a congruence ( ϕ/θ ) ∈ Con ( A/θ ),

defined b y

a/θ ( ϕ/θ ) b/θ if and only if aϕb,

suc h that ( A/θ ) / ( ϕ/θ ) is isomorphic to A/ϕ . F urthermore the map ϕ → ϕ/θ defines an

isomorphism from the principal filter [ θ ) = { ϕ ∈ Con ( A ) : θ ≤ ϕ } to Con ( A/θ ).

The homomorphism theorem implies that an algebra A is a sub direct pro duct of quo-

tien t algebras A/θ

i

( θ

i

∈ Con ( A )) if and only if the meet (in tersection) of the θ

i is the 0

of Con ( A ). An algebra A is sub dir e ctly irr e ducible if and only if A satisfies an y one of the

follo wing equiv alen t conditions:

(i) whenev er A is a sub direct pro duct of algebras A

i

( i ∈ I ) then A is isomorphic to

one of the factors A

i

;

(ii) the 0 of Con ( A ) is completely meet irreducible;

(iii) there exist a, b ∈ A suc h that con ( a, b ) is the smallest non- 0 elemen t of Con ( A ).

A is said to b e finitely sub dir e ctly irr e ducible if whenev er A is a sub direct pro duct of

finitely man y algebras A

1

, . . . , A

n then A is isomorphic to one of the A

i

(1 ≤ i ≤ n ), or

equiv alen tly if the 0 of Con ( A ) is meet irreducible.

F or an y v ariet y V of algebras w e denote b y

V

S I

— the class of all sub directly irreducible mem b ers of V

V

F S I

— the class of all finitely sub directly irreducible mem b ers of V .

W e can no w state Birkhoff ’s [ 44 ] sub direct represen tation theorem: Ev ery algebra is

a sub direct pro duct of its sub directly irreducible homomorphic images.

This can b e deduced from the follo wing result concerning decomp ositions in algebraic

lattices:

Theorem 1.2 ([ A TL ] p.43). In an algebraic lattice ev ery elemen t is the meet of completely

meet irreducible elemen ts.

Relativ ely free algebras. Let K b e a class of algebras, and let F b e an algebra generated

b y a set X ⊆ F . W e sa y that F is K -fr e ely gener ate d b y the set X if an y map f from the

set of generators X to an y A ∈ K extends to a homomorphism f : F → A . If, in addition,

F ∈ K , then F is called the K - fr e e algebr a on α = | X | gener ators or the α -gener ate d fr e e

algebr a over K , and is denoted b y F

K

( X ) or F

K

( α ). The extension f is unique (since X

generates F ), and it follo ws that F

K

( α ) is uniquely determined (up to isomorphism) for

eac h cardinal α .

Ho w ev er, F

K

( α ) need not exist for ev ery class K of algebras. Birkhoff [ 35 ] found a

simple metho d of constructing K -freely generated algebras in general, and from this he

could deduce that for an y non trivial v ariet y V and an y cardinal α ≠ 0 , the V -free algebra

on α generators exists . W e briefly outline his metho d b elo w (further details can b e found

in [ UA ]).

Let W ( X ) b e the wor d algebr a o v er the set X , i.e. W ( X ) is the set of all terms

(= p olynomials or w ords) in the language of the algebras in K , with v ariables tak en from

the set X , and with the op erations defined on W ( X ) in the ob vious w a y (e.g. for lattices

the join of t w o terms p, q ∈ W ( X ) is the term ( p + q ) ∈ W ( X )). It is easy to c hec k that,

for an y class K of algebras, W ( X ) is K -freely generated b y the set X . Other K -freely

generated algebras can b e constructed as quotien t algebras of W ( X ) in the follo wing w a y:

Let

θ

K

=

∏

{ k er h | h : W ( X ) → A is a homomorphism , A ∈ K }

( =

∑

{ con ( p, q ) | p, q ∈ W ( X ) and p = q ∈ Id K } ) .

W e claim that F = W ( X ) /θ

K is K -freely generated b y the set X = { x/θ

K

: x ∈ X } .

Indeed, giv en a map f : X → A ∈ K , define f

′

: X → A b y f

′

( x ) = f ( x/θ

K

), then

f

′

extends to a homomorphism f

′

: F → A . If K con tains a non trivial algebra, then

| X | = | X | (if not, then θ

K iden tifies all of W ( X ), hence F is trivial), and b y construction

F is a sub direct pro duct of the algebras W ( X ) / k er h , whic h are all mem b ers of S K .

Consequen tly , if K is closed under the formation of sub direct pro ducts, then F ∈ K ,

whence Birkhoff ’s result follo ws.

If an iden tit y holds in ev ery mem b er of a v ariet y V , then it m ust hold in F

V

( n ) for

eac h n ∈ ω , and if an iden tit y fails in some mem b er of V , then it m ust fail in some finitely

generated algebra (since an iden tit y has only finitely man y v ariables), and hence it fails

in F

V

( n ) for some n ∈ ω . Th us

V = { F

V

( n ) : n ∈ ω }

V

,

and it no w follo ws from Birkhoff ’s sub direct represen tation theorem that ev ery v ariet y

is generated b y its finitely generated sub directly irreducible mem b ers. In fact, a similar

argumen t to the one ab o v e sho ws that

V = { F

V

( ω ) }

V

,

whence ev ery v ariet y is generated b y a single (coun tably generated) algebra. T o obtain

an in teresting notion of a finitely gener ate d v ariet y , w e define this to b e a v ariet y that is

generated b y finitely man y finite algebras, or equiv alen tly , b y a finite algebra (the pro duct

of the former algebras).

1.3 Congruence Distributivit y

An algebra A is said to b e c ongruenc e distributive if the lattice Con ( A ) is distributiv e.

A v ariet y V of algebras is c ongruenc e distributive if ev ery mem b er of V is congruence

distributiv e.

Congruence distributiv e algebras ha v e factorable congruences. What is in terest-

ing ab out algebras in a congruence distributiv e v ariet y is that they satisfy certain condi-

tions whic h do not hold in general. The most imp ortan t ones are describ ed b y J´ onsson’s

Lemma (1.4) and its corollaries, but w e first p oin t out a result whic h follo ws directly from

the definition of congruence distributivit y .

Lemma 1.3 Supp ose A is the pro duct of t w o algebras A

1

, A

2 and Con ( A ) is distributiv e.

Then Con ( A ) is isomorphic to Con ( A

1

) × Con ( A

2

) (i.e. congruences on the pro duct of

t w o algebras can b e factored in to t w o congruences on the algebras).

Pr oof. Let L = Con ( A

1

) × Con ( A

2

), and for θ = ( θ

1

, θ

2

) ∈ L define a relation θ on A b y

( a

1

, a

2

) θ ( b

1

, b

2

) if and only if a

1 θ

1 b

1 and a

2 θ

2 b

2

.

One easily c hec ks that θ ∈ Con ( A ), and that if ψ = ( ψ

1

, ψ

2

) ∈ L , then

θ ⊆ ψ if and only if θ

1

⊆ ψ

1 and θ

2

⊆ ψ

2

.

Th us the map θ → θ from L to Con ( A ) is one-one and order preserving, so it remains to

sho w that it is also on to. Let ϕ ∈ Con ( A ), and for i = 1 , 2 define ρ

i

= k er π

i

, where π

i is the

pro jection from A on to A

i

. Clearly ρ

1

∩ ρ

2

= 0 in Con ( A ), hence ϕ = ( ϕ + ρ

1

) ∩ ( ϕ + ρ

2

) b y

the distributivit y of Con ( A ). Observ e that for i = 1 , 2 ρ

i

⊆ ϕ + ρ

i and A/ρ

i

∼

= A

i

, so from

the second isomorphism theorem w e obtain θ

i

∈ Con ( A

i

) suc h that for a = ( a

1

, a

2

) , b =

( b

1

, b

2

) ∈ A

a ( ϕ + ρ

i

) b if and only if a

i θ

i b

i

( i ∈ { 1 , 2 } ) .

Therefore aϕb iff a ( ϕ + ρ

1

) b and a ( ϕ + ρ

2

) b iff a

1 θ

1 b

1 and a

2 θ

2 b

2

. Letting θ = ( θ

1

, θ

2

) ∈ L ,

w e see that ϕ = θ . □

A short review of filters, ideals and ultrapro ducts. Let L b e a lattice and F a filter

in L (i.e. F is a sublattice of L , and for all y ∈ L , if y ≥ x ∈ F then y ∈ F ). A filter F

is pr op er if F ≠ L , it is princip al if F = [ a ) = { x ∈ L : a ≤ x } for some a ∈ L , and F is

prime if x + y ∈ F implies x ∈ F or y ∈ F for all x, y ∈ L . An ultr afilter is a maximal

prop er filter (maximal with resp ect to inclusion). In a distributiv e lattice the notions of a

prop er prime filter and an ultrafilter coincide.

The notion of a (prop er / principal / prime) ideal is defined dually , and principal

ideals are denoted b y ( a ]. Let I L b e the collection of all ideals in L . Then I L is closed

under arbitrary in tersections and has a largest elemen t, hence it is a lattice, partially

ordered b y inclusion. Dually , the collection of all filters of L , denoted b y F L , is also a

lattice. The order on F L is r everse inclusion i.e. F ≤ G iff F ⊇ G . With these definitions

it is not difficult to see that the map x → [ x ) ( x → ( x ]) is an em b edding of L in to F L

( I L ), and that F L and I L satisfy the same iden tities as L . It follo ws that whenev er L is

a mem b er of some lattice v ariet y then so are F L and I L .

F or an arbitrary set I w e sa y that F is a filter over I if F is a filter in the p owerset lattic e

P I (= the collection of all subsets of I ordered b y inclusion). Since P I is distributiv e,

a filter U is an ultrafilter if and only if U is a prop er prime filter, and this is equiv alen t

to the condition that whenev er I is partitioned in to finitely man y disjoin t blo c ks, then U

con tains exactly one of these blo c ks.

Let A = ⟩ ⟨

i ∈ I

A

i b e a direct pro duct of a family of algebras { A

i

: i ∈ I } . If F is a filter

o v er I (i.e. a filter in the p o w erset lattice P I ), then w e can define a congruence ϕ

F on A

b y

aϕ

F b if and only if { i ∈ I : a

i

= b

i

} ∈ F

where a

i is the i th co ordinate of a .

If A is a direct pro duct of algebras A

i

( i ∈ I ) and U is an ultrafilter o v er I , then the

quotien t algebra A/ϕ

U is called an ultr apr o duct . F or an y giv en class of algebras K , w e

denote b y

P

U

K — the class of all ultrapro ducts of mem b ers of K .

J´ onsson’s Lemma. W e are no w ready to state and pro v e this remark able result.

Lemma 1.4 (J´ onsson [ 67 ]). Supp ose B is a congruence distributiv e subalgebra of a direct

pro duct A = ⟩ ⟨

i ∈ I

A

i

, and θ ∈ Con ( B ) is meet irreducible. Then there exists an ultrafilter

U o v er I suc h that ϕ

U

| B ⊆ θ .

Pr oof. W e will denote b y [ J ) the principal filter generated b y a subset J of I , and to

simplify the notation w e set ψ

J

= ϕ

[ J )

| B . Clearly aψ

J b if and only if J ⊆ { i ∈ I : a

i

= b

i

} ,

for a, b ∈ B ⊆ A . If θ = 1 ∈ Con ( B ) then an y ultrafilter o v er I will do. So assume θ < 1

and let C b e the collection of all subsets J of I suc h that ψ

J

⊆ θ . W e claim that C has

the follo wing prop erties:

(i) I ∈ C , ∅ /∈ C ;

(ii) K ⊇ J ∈ C implies K ∈ C ;

(iii) J ∪ K ∈ C implies J ∈ C or K ∈ C .

(i) and (ii) hold b ecause ψ

I

, ψ

∅ are the zero and unit of Con ( B ), and K ⊇ J implies

ψ

K

≤ ψ

J

. T o pro v e (iii), observ e that J ∪ K ∈ C implies

θ = θ + ψ

J ∪ K

= θ + ( ψ

J

∩ ψ

K

) = ( θ + ψ

J

) ∩ ( θ + ψ

K

)

b y the distributivit y of Con ( B ), and since θ is assumed to b e meet irreducible, it follo ws

that θ = θ + ψ

J or θ = θ + ψ

K

, whence J ∈ C or K ∈ C .

C itself need not b e a filter, but using Zorn’s Lemma w e can c ho ose a filter U o v er I ,

maximal with resp ect to the prop ert y U ⊆ C . It is easy to see that

ϕ

U

| B =

⋃

J ∈U ψ

J

⊆ θ

so it remains to sho w that U is an ultrafilter. Supp ose the con trary . Then there exists a

set H ⊆ I suc h that neither H nor I − H b elong to U . If H ∩ J ∈ C for all J ∈ U , then b y

(i) and (ii) U ∪ { H } w ould generate a filter con tained in C , con tradicting the maximalit y of

U , and similarly for I − H . Hence w e can find J , K ∈ U suc h that H ∩ J , ( I − H ) ∩ K /∈ C .

But J ∩ K ∈ U , and

J ∩ K = ( H ∩ J ∩ K ) ∪ (( I − H ) ∩ J ∩ K )

whic h con tradicts (iii). This completes the pro of. □

Cor ollar y 1.5 (J´ onsson [ 67 ]). Let K b e a class of algebras suc h that V = K

V

is

congruence distributiv e. Then

(i) V

S I

⊆ V

F S I

⊆ HSP

U

K ;

(ii) V = P

S

HSP

U

K .

Pr oof. (i) W e alw a ys ha v e V

S I

⊆ V

F S I

. Since V = HSP K , ev ery algebra in V is

isomorphic to a quotien t algebra B /θ , where B is a subalgebra of a direct pro duct A =

⟩ ⟨

i ∈ I

A

i and { A

i

: i ∈ I } ⊆ K . If B /θ is finitely sub directly irreducible, then θ is meet

irreducible, hence b y the preceding lemma there exists an ultrafilter U o v er I suc h that

ϕ = ϕ

U

| B ⊆ θ . Th us B /θ is a homomorphic image of B /ϕ , whic h is isomorphic to

a subalgebra of the ultrapro duct A/ϕ

U

. (ii) follo ws from (i) and Birkhoff ’s sub direct

represen tation theorem. □

T o exhibit the full strength of J´ onsson’s Lemma for finitely generated v arieties, w e

need the follo wing result:

Lemma 1.6 (F ra yne, Morel and Scott [ 62 ]). If K is a finite set of finite algebras, then

ev ery ultrapro duct of mem b ers of K is isomorphic to a mem b er of K .

Pr oof. Let A = ⟩ ⟨

i ∈ I

A

i b e a direct pro duct of mem b ers of K , and define an equiv alence

relation ∼ on I b y i ∼ j if and only if A

i

∼

= A

j

. Since K is finite, ∼ partitions I in to

finitely man y blo c ks I

0

, I

1

, . . . , I

n

. If U is an ultrafilter o v er I , then U con tains exactly one

of these blo c ks, sa y J = I

k

. Let U = { U ∩ J : U ∈ U } b e the ultrafilter o v er J induced b y

U , and let A = ⟩ ⟨

j ∈ J

A

j

. W e claim that

A/ϕ

U

∼

= A /ϕ

U

∼

= B

where B is an algebra isomorphic to eac h of the A

j

( j ∈ J ), and hence to a mem b er of K

as required.

Consider the epimorphism h : A → A /ϕ

U giv en b y h ( a ) = a /ϕ

U

, where a is the

restriction of a to J . W e ha v e

a k er h b iff a ϕ

U b iff { j ∈ J : a

j

= b

j

} ∈ U

iff { i ∈ I : a

i

= b

i

} ∈ U iff aϕ

U b

so k er h = ϕ

U

, whence the first isomorphism follo ws. T o establish the second isomorphism,

observ e that A

∼

= B

J

, and therefore A /ϕ

U is isomorphic to an ultrap o w er B

J

/ϕ

U o v er the

finite algebra B . In this case the canonical em b edding B → B

J

/ϕ

U

, giv en b y b →

^

b /ϕ

U

(

^

b = ( b, b, . . . ) ∈ B

J

), is alw a ys on to (hence an isomorphism) b ecause for eac h c ∈ B

J

w e

can partition J in to finitely man y blo c ks J

c,b

= { j ∈ J : c

j

= b } (one for eac h b ∈ B ), and

then one of these blo c ks, sa y J

c,b

′ m ust b e in U , hence b

′

→ c/ϕ

U

. □

Cor ollar y 1.7 (J´ onsson [ 67 ]). Let K b e a finite set of finite algebras suc h that V = K

V

is congruence distributiv e. Then

(i) V

S I

⊆ V

F S I

⊆ HS K ;

(ii) V has up to isomorphism only finitely man y sub directly irreducible mem b ers, eac h

one finite;

(iii) V has only finitely man y sub v arieties;

(iv) if A, B ∈ V

S I are nonisomorphic and | A | ≤ | B | , then there is an iden tit y that holds

in A but not in B .

Pr oof. (i) follo ws immediately from 1.5 and 1.6, and (ii) follo ws from (i), since HS K

has only finitely man y non isomorphic mem b ers. (iii) holds b ecause ev ery sub v ariet y is

determined b y its sub directly irreducible mem b ers, and (iv) follo ws from the observ ation

that if b oth A and B are finite, nonisomorphic and | A | ≤ | B | , then B /∈ HS { A } , whic h

implies B /∈ { A }

V

b y part (i). □

Lattices are congruence distributiv e algebras. This is one of the most imp ortan t

results ab out lattices, since it means that w e can apply J´ onsson’s Lemma to lattices. W e

first giv e a direct pro of of this result.

Theorem 1.8 (F una y ama and Nak a y ama [ 42 ]). F or an y lattice L , Con ( L ) is distributiv e.

Pr oof. Let θ , ψ , ϕ ∈ Con ( L ) and observ e that the inclusion ( θ ∩ ψ ) + ( θ ∩ ϕ ) ⊆ θ ∩ ( ψ + ϕ )

holds in an y lattice. So supp ose for some x, y ∈ L the congruence θ ∩ ( ψ + ϕ ) iden tifies x

and y . W e ha v e to sho w that ( θ ∩ ψ ) + ( θ ∩ ϕ ) iden tifies x and y . By assumption xθ y and

x ( ψ + ϕ ) y , hence b y Lemma 1.1

x = z

0 ψ z

1 ϕz

2 ψ z

3 ϕz

4

· · · z

n

= y

for some z

0

, z

1

, . . . , z

n

∈ L . If w e can replace the elemen ts z

i b y z

′

i

, whic h all b elong to the

same θ -class as x and y , then

x = z

′

0

( θ ∩ ψ ) z

′

1

( θ ∩ ϕ ) z

′

2

( θ ∩ ψ ) z

′

3

( θ ∩ ϕ ) z

′

4

· · · z

′

n

= y ,

whence x ( θ ∩ ψ ) + ( θ ∩ ϕ ) y follo ws. One w a y of making this replacemen t is b y taking

z

′

i

= xz

i

+ y z

i

+ xy (the median p olynomial), then an y congruence whic h iden tifies z

i with

z

i +1

, also iden tifies z

′

i with z

′

i +1

, and (since L is a lattice) xy ≤ z

′

i

≤ x + y , whence z

′

i

∈ x/θ

for all i = 0 , 1 , . . . , n . □

Consequen tly ev ery lattice v ariet y is congruence distributiv e. Notice that the pro of

app eals to the lattice prop erties of L only in the last few lines.

J´ onsson p olynomials. The next theorem is a generalization of the ab o v e result.

Theorem 1.9 (J´ onsson [ 67 ]). A v ariet y V of algebras is congruence distributiv e if and

only if for some p ositiv e in teger n there exist ternary p olynomials t

0

, t

1

, . . . , t

n suc h that

for i = 0 , 1 , . . . , n , the follo wing iden tities hold in V :

t

0

( x, y , z ) = x, t

n

( x, y , z ) = z , t

i

( x, y , x ) = x

( ∗ ) t

i

( x, x, z ) = t

i +1

( x, x, z ) for i ev en

t ( x, z , z ) = t

i +1

( x, z , z ) for i o dd.

Pr oof. Supp ose V is congruence distributiv e and consider the algebra F

V

( { a, b, c } ).

Define θ = con ( a, c ), ϕ = con ( a, b ) and ψ = con ( b, c ). Then ( a, c ) ∈ θ ∩ ( ϕ + ψ ) =

( θ ∩ ϕ ) + ( θ ∩ ψ ). By Lemma 1.1 there exist d

0

, d

1

, . . . , d

n

∈ A suc h that

a = d

0 θ ∩ ϕ d

1 θ ∩ ψ d

2 θ ∩ ϕ d

3 θ ∩ ψ · · · d

n

= c.

Eac h d

i is of the form d

i

= t

i

( a, b, c ) for some ternary p olynomial t

i

, and it remains to

sho w that the iden tities ( ∗ ) are satisfied for x = a , y = b and z = c in F

V

( { a, b, c } ), since

then they m ust hold in ev ery mem b er of V . The first t w o iden tities follo w from the fact

that d

0

= a and d

n

= c . F or the third iden tit y let h

′

: F

V

( { a, b, c } ) → F

V

( { a, b } ) b e the

homomorphism induced b y the map a, c → a , b → b . Then h ( a ) = h ( c ) implies θ ⊆ k er h

and since eac h d

i

= t

i

( a, b, c ) is θ -related to a w e ha v e

a = h ( a ) = h ( t

i

( a, b, c )) = t

i

( a, b, a ) .

No w supp ose i is ev en and consider h : F

V

( { a, b, c } ) → F

V

( { a, c } ) induced b y the map

a, b → a , c → c . Then ϕ ⊆ k er h , and since

t

i

( a, b, c ) ϕ t

i +1

( a, b, c )

it follo ws that

t

i

( a, a, c ) = h ( t

i

( a, b, c )) = h ( t

i +1

( a, b, c )) = t

i +1

( a, a, c ) .

The pro of for o dd i is similar.

No w assume the iden tities ( ∗ ) hold in V for some ternary p olynomials t

0

, t

1

, . . . , t

n

, let

A ∈ V and θ , ϕ, ψ ∈ Con ( A ). T o pro v e that V is congruence distributiv e it suffices to sho w

that θ ∩ ( ϕ + ψ ) ⊆ ( θ ∩ ϕ ) + ( θ ∩ ψ ). Let ( a, c ) ∈ θ ∩ ( ϕ + ψ ). Then ( a, c ) ∈ θ and b y

Lemma 1.1 there exist b

0

, b

1

, . . . , b

m

∈ A suc h that

a = b

0 ϕ b

1 ψ b

2 ϕ b

3 ψ · · · b

m

= c.

So for eac h i = 0 , 1 , . . . , n w e ha v e

t

i

( a, b

0

, c ) ϕ t

i

( a, b

1

, c ) ψ t

i

( a, b

2

, c ) ϕ · · · t

i

( a, b

m

, c ) .

The iden tit y t

i

( x, y , x ) = x together with ( a, c ) ∈ θ implies that the elemen ts t

i

( a, b

j

, c ) ∈

a/θ whence

t

i

( a, b

0

, c ) θ ∩ ϕ t

i

( a, b

1

, c ) θ ∩ ψ t

i

( a, b

2

, c ) θ ∩ ϕ · · · t

i

( a, b

m

, c ) .

It follo ws that t

i

( a, a, c ) ( θ ∩ ϕ ) + ( θ ∩ ψ ) t

i

( a, c, c ) holds for eac h i = 0 , 1 , . . . , n and the

remaining iden tities no w giv e ( a, c ) ∈ ( θ ∩ ϕ ) + ( θ ∩ ψ ). □

The p olynomials t

0

, t

1

, . . . , t

n are kno wn as J´ onsson p olynomials, and will b e of use in

Chapter 5. Here w e just note that for lattices w e can deduce Theorem 1.8 from Theorem 1.9

if w e tak e n = 2, t

0

( x, y , z ) = x , t

1

( x, y , z ) = xy + z y + z x (the median p olynomial) and

t ( x, y , z ) = z .

1.4 Congruences on Lattices

Prime quotien ts and unique maximal congruences. Let L b e a lattice and u, v ∈ L

with v ≤ u . By a quotient u/v (alternativ ely interval [ v , u ]) w e mean the sublattice

{ x ∈ L : v ≤ x ≤ u } . W e sa y that u/v is nontrivial if u > v , and prime if u co v ers v

(i.e. u/v = { u, v } , in sym b ols: u ≻ v ). If L is sub directly irreducible and con ( u, v ) is the

smallest non- 0 congruence of L , then u/v is said to b e a critic al quotien t.

Lemma 1.10 If u/v is a prime quotien t of L , then there exists a unique maximal congruence

θ that do es not iden tify u and v .

Pr oof. Let C ⊆ Con ( L ) b e the set of all congruences of L that do not iden tify u

and v . T ak e θ =

∑

C , and supp ose θ iden tifies u and v . By Lemma 1.1 w e can find

ψ

1

, ψ

2

, . . . , ψ

n

∈ C and z

0

, z

1

, . . . , z

n

∈ L suc h that

u = z

0 ψ

1 z

1 ψ

2 z

2

· · · z

n − 1 ψ

n z

n

= v .

Replacing z

i b y z

′

i

= uz

i

+ v z

i

+ v w e see that u = z

′

0 ψ

1 z

′

1 ψ

2 z

′

2

· · · z

′

n − 1 ψ

n z

′

n

= v and

v ≤ z

′

i

≤ u for all i = 1 , . . . , n . Since u/v is assumed to b e prime, w e m ust ha v e z

′

i

= u

or z

′

i

= v for all i , whic h implies uψ

i v for some i , a con tradiction. Th us θ ∈ C , and it is

clearly the largest elemen t of C . □

W eak transp ositions. Giv en t w o quotien ts r /s and u/v in L , w e sa y that r /s tr ansp oses

we akly up onto u/v (in sym b ols r /s ↗

w u/v ) if r + v = u and s ≤ v . Dually , w e sa y that

r /s tr ansp oses we akly down onto u/v (in sym b ols r /s ↘

w u/v ) if su = v and r ≥ u . W e

write r /s ∼

w u/v if r /s transp oses w eakly up or do wn on to u/v . The quotien t r /s pr oje cts

we akly onto u/v in n steps if there exists a sequence of quotien ts x

i

/y

i in L suc h that

r /s = x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

= u/v .

Note that the sym b ols ↗

w

, ↘

w and ∼

w define nonsymmetric binary relations on the set

of quotien ts of a lattice. Some authors (in particular [ GL T ], [ A TL ] and Rose [ 84 ]) define

w eak transp ositions in terms of the inverses of the ab o v e relations, but denote these in v erse

relations b y the same sym b ols. Usually the phrase “transp oses w eakly in to” (rather than

“on to”) is used to distinguish the t w o definitions.

The usefulness of w eak transp ositions lies in the fact that they can b e used to c harac-

terize principal congruences in arbitrary lattices.

Lemma 1.11 (Dilw orth [ 50 ]). Let r /s and u/v b e quotien ts in a lattice L . Then con ( r , s )

iden tifies u and v if and only if for some finite c hain u = t

0

> t

1

> . . . > t

m

= v , the

quotien t r /s pro jects w eakly on to t

i

/t

i +1

(all i = 0 , 1 , . . . , m − 1 ).

Notice that if u/v is a prime critical quotien t of a sub directly irreducible lattice L ,

then b y the ab o v e lemma ev ery non trivial quotien t of L pro jects w eakly on to u/v .

Bijectiv e transp ositions and mo dularit y . W e sa y that r /s tr ansp oses up onto u/v (in

sym b ols r /s ↗ u/v ) or equiv alen tly u/v tr ansp oses down onto r /s (in sym b ols u/v ↘ r /s )

if r + v = u and r v = s . W e write r /s ∼ u/v if either r /s ↗ u/v or r /s ↘ u/v . Note that

∼ is a symmetric relation, and that

r /s ∼

w u/v and u/v ∼

w r /s if and only if r /s ∼ u/v .

1.4. CONGR UENCES ON LA TTICES 11

Supp ose r /s ↗ u/v and, in addition, for ev ery t ∈ r /s and t

′

∈ u/v w e ha v e

t = ( t + v ) r and t

′

= t

′

r + v .

Then the map t → t + v is an isomorphism from r /s to u/v , and in this case w e sa y

that r /s tr ansp oses bije ctively up onto u/v (in sym b ols r /s ↗

β u/v ), or equiv alen tly u/v

tr ansp oses bije ctively down onto r /s (in sym b ols u/v ↘

β r /s ). In a mo dular lattice ev ery

transp ose is bijectiv e, since t ≤ r and mo dularit y imply

( t + v ) r = t + v r = t + s = t

and similarly t

′

= t

′

r + v . It follo ws that for an y sequence of w eak transp ositions x

0

/y

0

∼

w

x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n w e can find sub quotien ts x

′

i

/y

′

i of x

i

/y

i

( i = 0 , 1 , . . . , n − 1) suc h

that

x

0

/y

0

⊇ x

′

0

/y

′

0

∼ x

′

1

/y

′

1

∼ . . . ∼ x

n

/y

n

.

In this case w e sa y that the t w o quotien ts x

′

0

/y

′

0 and x

n

/y

n are pr oje ctive to e ach other ,

and b y Lemma 1.11 this concept is clearly sufficien t for describing principal congruences

in mo dular lattices.

Congruence lattices of mo dular lattices. The sym b ol 2 denotes a t w o elemen t lattice,

and a complemen ted distributiv e lattice will b e referred to as a Bo olean algebra (although

w e do not include complemen tation, zero and unit as basic op erations). W e need the

follo wing elemen tary result ab out distributiv e lattices:

Lemma 1.12 Let D b e a finite distributiv e lattice. If the largest elemen t of D is a join of

atoms, then D is a Bo olean algebra.

Pr oof. It suffices to sho w that D is complemen ted. Let a ∈ D and define a to b e the

join of all atoms that are not b elo w a . By assumption a + a = 1

D and b y distributivit y

a a = 0

D

, whence a is the complemen t of a . □

A chain C is a linearly ordered subset of a lattice, and if | C | is finite then the length

of C is defined to b e | C | − 1. A lattice L is said to b e of length n if there is a c hain in L

that has length n and all c hains in L are of length ≤ n . Recall the Jordan-H¨ older Chain

condition ([ GL T ] p.172): if M is a (semi-) mo dular lattice of finite length then an y t w o

maximal c hains in M ha v e the same length. In suc h lattices the length is also referred to

as the dimension of the lattice.

Lemma 1.13 Let M b e a mo dular lattice.

(i) If u/v is a prime quotien t of M , then con ( u, v ) is an atom of Con ( M ) .

(ii) If M has finite length m , then Con ( M ) is isomorphic to a Bo olean algebra 2 n

, where

n ≤ m .

Pr oof. (i) If con ( u, v ) ⊇ con ( r , s ) for some r ≠ s ∈ M , then u/v and a prime sub quotien t

of r + s/r s are pro jectiv e to eac h other, whic h implies that con ( u, v ) = con ( r , s ). It follo ws

that con ( u, v ) is an atom.

(ii) Let z

0

≺ z

1

≺ . . . ≺ z

m b e a maximal c hain in M . Then the principal congruences

con ( z

i

, z

i +1

) ( i = 0 , 1 , . . . , m − 1) are atoms (not necessarily distinct) of Con ( M ), and since their join collapses the whole of M , the result follo ws from the distributivit y of Con ( M )

and the preceding lemma. □

As a corollary w e ha v e that ev ery sub directly irreducible mo dular lattice of finite length

is simple (i.e. Con ( M )

∼

= 2 ).

Chapter 2

General Results

2.1 The Lattice Λ

Λ is a dually algebraic distributiv e lattice. In Section 1.1 it w as sho wn that the

collection Λ of all lattice sub v arieties of L is a complete lattice, with in tersection as meet.

A completely analogous argumen t sho ws that this result is true in general for the collection

of all sub v arieties of an arbitrary v ariet y V of algebras. W e denote b y

Λ

V

— the lattice of all sub v arieties of the v ariet y V .

(If V = L then w e usually drop the subscript V .)

Call a v ariet y V

′

∈ Λ

V finitely b ase d r elative to V if it can b e defined b y some finite set

of iden tities together with the set Id V . If V is finitely based relativ e to the v ariet y Mo d ∅

(= the class of all algebras of the same t yp e as V ) then w e ma y omit the phrase “relativ e

to V ”.

Theorem 2.1 F or an y v ariet y V of algebras, Λ

V is a dually algebraic lattice, and the

v arieties whic h are finitely based relativ e to V are the dually compact elemen ts.

Pr oof. Let V

′

, V

i

( i ∈ I ) b e sub v arieties of V , and supp ose that V

′

⊇

⋂

i ∈ I

V

i

=

Mo d (

⋃

i ∈ I

Id V

i

). If V

′

is finitely based relativ e to V , then V

′

= V ∩ Mo d E for some finite

set E ⊆ Id V

′

. It follo ws that E ⊆

⋃

i ∈ I

Id V

i

, and since E is finite, it will b e included

in the union of finitely man y Id V

i

. Clearly the finite in tersection of the corresp onding

sub v arieties is included in V

′

, whence V

′

is dually compact.

Con v ersely , supp ose V

′

is dually compact. W e alw a ys ha v e

( ∗ ) V

′

= Mo d Id V

′

= V ∩

⋂

ε ∈ Id V

′

Mo d { ε } ,

so b y dual compactness V

′

= V ∩

⋂

n

i =1

Mo d { ε

i

} for some finite set E = { ε

1

, . . . , ε

n

} ⊆ Id V

′

.

Hence V

′

is finitely based relativ e to V .

Finally ( ∗ ) implies that ev ery elemen t of Λ

V is a meet of dually compact elemen ts, and

so Λ

V is dually algebraic. □

Let C

V

( V

′

) denote the collection of all v arieties in Λ

V that co v er V

′

. W e sa y that

C

V

( V

′

) str ongly c overs V

′

if an y v ariet y that prop erly con tains V

′

, con tains some mem b er

of C

V

( V

′

).

Recall that a lattice L is we akly atomic if ev ery non trivial quotien t of L con tains a

prime sub quotien t. An algebraic (or dually algebraic) lattice L is alw a ys w eakly atomic,

since for an y non trivial quotien t u/v in L w e can find a compact elemen t c ≤ u , c ≰ v and

using Zorn’s Lemma w e can c ho ose a maximal elemen t d of the set { x ∈ L : v ≤ d < c + v } ,

whic h then satisfies v ≤ d ≺ c + v ≤ u . In particular, if u is compact, then there exists

d ∈ L suc h that v ≤ d ≺ u .

Theorem 2.2 Let V

′

b e a sub v ariet y of a v ariet y V .

(i) If V

′

is finitely based relativ e to V then C

V

( V

′

) strongly co v ers V

′

.

(ii) If C

V

( V

′

) is finite and strongly co v ers V

′

then V

′

is finitely based relativ e to V .

Pr oof. (i) V

′

is dually compact, so b y the remark ab o v e, an y v ariet y whic h con tains V

′

,

con tains a v ariet y that co v ers V

′

.

(ii) Supp ose C

V

( V

′

) = {V

1

, . . . , V

n

} for some n ∈ ω . Then for eac h i = 1 , . . . , n there

exists an iden tit y ε

i

∈ Id V

′

suc h that ε

i fails in V

i

. Let V

′′

= V ∩ Mo d { ε

i

: i = 1 , . . . , n } .

W e claim that V

′

= V

′′

.

Since eac h ε

i holds in V

′

, w e certainly ha v e V

′

⊆ V

′′

. If V

′

≠ V

′′

then the assumption

that C

V

( V

′

) strongly co v ers V

′

implies that V

i

⊆ V

′′

for some i ∈ { 1 , . . . , n } . But this is a

con tradiction since ε

i fails in V

i

. □

W e no w fo cus our atten tion on congruence distributiv e v arieties, since w e can then

apply J´ onsson’s Lemma to obtain further results.

Theorem 2.3 (J´ onsson [ 67 ]). Let V b e a congruence distributiv e v ariet y of algebras and

let V

′

, V

′′

∈ Λ

V

. Then

(i) ( V

′

+ V

′′

)

S I

= V

′

S I

∪ V

′′

S I

;

(ii) Λ

V is a distributiv e lattice;

(iii) if V

′

is finitely generated, then V

′

+ V

′′

/ V

′′

is a finite quotien t in Λ

V

.

Pr oof. (i) W e alw a ys ha v e V

′

S I

∪ V

′′

S I

⊆ ( V

′

+ V

′′

)

S I

. Con v ersely , if A ∈ ( V

′

+ V

′′

)

S I

then J´ onsson’s Lemma implies that A ∈ HSP

U

( V

′

∪ V

′′

). It is not difficult to see that

HSP

U

( V

′

∪ V

′′

) = HSP

U

V

′

∪ HSP

U

V

′′

= V

′

∪ V

′′

, and since A is sub directly irreducible,

w e m ust ha v e A ∈ V

′

S I or A ∈ V

′′

S I

.

(ii) If V

1

, V

2

, V

3

∈ Λ

V

, then (i) implies that ev ery sub directly irreducible mem b er of

V

1

∩ ( V

2

+ V

3

) b elongs to either V

1

∩ V

2 or V

1

∩ V

3

, whence V

1

∩ ( V

2

+ V

3

) ⊆ ( V

1

∩ V

2

) + ( V

1

∩ V

3

).

The rev erse inclusion is alw a ys satisfied.

(iii) By Corollary 1.7(iii), the quotien t V

′

/ V

′

∩ V

′′

is finite, and it transp oses bijectiv ely

up on to V

′

+ V

′′

/ V

′′

since Λ

V is distributiv e. □

The fact that, for an y congruence distributiv e v ariet y V , the lattice Λ

V is dually alge-

braic and distributiv e can also b e deriv ed from the follo wing more general result, due to

B. H. Neumann [ 62 ]:

Theorem 2.4 F or an y v ariet y V of algebras, Λ

V is dually isomorphic to the lattice of all

fully in v arian t congruences on F

V

( ω ) .

(A congruence θ ∈ Con ( A ) is ful ly invariant if aθ b implies f ( a ) θ f ( b ) for all endomor-

phisms f : A → A ). Ho w ev er, w e will not mak e use of this result.

2.1. THE LA TTICE Λ 15

Some prop erties of the v ariet y L . F or an y class K of algebras, denote b y

K

F

— the class of all finite mem b ers of K .

The v ariet y V = L of all lattice v arieties has the follo wing in teresting prop erties:

(P1) V is generated b y its finite (sub directly irreducible) mem b ers (i.e. V = ( V

F

)

V

).

(P2) Ev ery mem b er of V can b e em b edded in a mem b er of V

S I

(i.e. V ⊆ S V

S I

).

(P3) Ev ery finite mem b er of V can b e em b edded in a finite mem b er of V

S I

.

That L satisfies (P1) w as pro v ed b y Dean [ 56 ], who sho w ed that if an iden tit y fails in

some lattice, then it fails in some finite lattice (see Lemma 2.23). In Section 2.3 w e pro v e

an ev en stronger result, namely that L is generated b y the class of all splitting lattices

(whic h are all finite). (P2) follo ws from the result of Whitman [ 46 ] that ev ery lattice can

b e em b edded in a partition lattice, whic h is simple (hence sub directly irreducible, see also

J´ onsson [ 53 ]). (P3) follo ws from the analogous result for finite lattices and finite partition

lattices, due to Pudl´ ak and T uma [ 80 ].

Theorem 2.5 (McKenzie [ 72 ]). Let V b e a v ariet y of algebras and consider the follo wing

statemen ts ab out a sub v ariet y V

′

of V :

(i) V

′

is completely join prime in Λ

V

(i.e. V

′

≤

∑

i ∈ I

V

i implies V

′

≤ V

i some i ∈ I );

(ii) V

′

can b e generated b y a finite sub directly irreducible mem b er;

(iii) V

′

is completely join irreducible in Λ

V

;

(iv) V

′

can b e generated b y a finitely generated sub directly irreducible mem b er;

(v) V

′

can b e generated b y a (single) sub directly irreducible mem b er;

(vi) V

′

is join irreducible in Λ

V

;

Then w e alw a ys ha v e (iii) ⇒ (iv) ⇒ (v) . If (P1) holds, then (i) ⇒ (ii) , and if V is congruence

distributiv e then (ii) ⇒ (iii) and (v) ⇒ (vi) .

Pr oof. (iii) ⇒ (iv) Ev ery v ariet y is generated b y its finitely generated sub directly irre-

ducible mem b ers, so if V

′

is completely join irreducible, then it m ust b e generated b y one

of them. (iv) ⇒ (v) is ob vious.

Supp ose no w that V = ( V

F

)

V

(i.e. (P1) holds). Then V is the join of all its finitely

generated sub v arieties. If V

′

⊆ V is completely join prime, then it is included in one of

these, and therefore V

′

is itself finitely generated. This means that V

′

can b e generated b y

finitely man y finite sub directly irreducible algebras, and since it is also join irreducible, it

m ust b e generated b y just one of them, i.e. (ii) holds.

If V is congruence distributiv e and (ii) holds, then Theorem 2.3(i) implies that V

′

is

join irreducible, and b y Corollary 1.7(iii), V

′

has only finitely man y sub v arieties, hence it

is completely join irreducible. (v) ⇒ (vi) also follo ws from Theorem 2.3(i). □

Th us for V = L w e ha v e (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) ⇒ (v) ⇒ (vi). McKenzie also giv es examples

of lattice v arieties whic h sho w that, in general, none of the rev erse implications hold. If

V

′

is assumed to b e finitely generated, then of course (ii)–(vi) are equiv alen t.

Theorem 2.6 (J´ onsson [ 67 ]). Let V b e a congruence distributiv e v ariet y of algebras.

Then

(i) (P1) implies that ev ery prop er sub v ariet y of V has a co v er in Λ

V

;

(ii) (P2) implies that V is join irreducible in Λ

V

;

(iii) (P1) and (P2) imply that V has no dual co v er.

Pr oof. (i) If V

′

is a prop er sub v ariet y of V = ( V

F

)

V

, then there exists a finite algebra

A ∈ V suc h that A /∈ V

′

. By Theorem 2.3(iii) the quotien t { A }

V

+ V

′

/ V

′

is finite and

therefore con tains a v ariet y that co v ers V

′

.

(ii) If V

′

and V

′′

are prop er sub v arieties of V , then there exist algebras A

′

and A

′′

in

V suc h that A

′

/ ∈ V

′

and A

′′

/ ∈ V

′′

. Assuming that V ⊆ S V

S I

, w e can find a sub directly

irreducible algebra A ∈ V whic h has A

′

× A

′′

as subalgebra. Then A /∈ V

′

and A /∈ V

′′

, so

Theorem 2.3(i) implies that A /∈ V

′

+ V

′′

, whence V

′

+ V

′′

≠ V .

(iii) Again w e let V

′

b e a prop er sub v ariet y of V . By (P1) there exists a finite algebra

A ∈ V suc h that A /∈ V

′

. No w (P2) implies that { A }

V

≠ V , whence b y (ii) V prop erly

con tains V

′

+ { A }

V

whic h in turn prop erly con tains V

′

. Consequen tly V

′

is not a dual

co v er of V . □

The cardinalit y of Λ . Let J b e the (coun table) set of all lattice iden tities. Since ev ery

v ariet y in Λ is defined b y some subset of J , w e m ust ha v e | Λ | ≤ 2 ω

. The same argumen t

sho ws that if V is an y v ariet y of algebras (of finite or coun table t yp e), then | Λ

V

| ≤ 2 ω

.

Whether this upp er b ound on the cardinalit y is actually attained dep ends on the v ariet y

V . F or V = L , the answ er is affirmativ e, as w as pro v ed indep enden tly b y McKenzie [ 70 ]

and Bak er [ 69 ] (see also Wille [ 72 ] and Lee [ 85 ]). Bak er in fact sho ws that the lattice Λ

M

of all mo dular sub v arieties con tains the Bo olean algebra 2 ω

as a sublattice. W e p ostp one

the pro of of this result un til w e ha v e co v ered some theory of pro jectiv e spaces in the next

c hapter. In Section 4.3 w e giv e another result, from Lee [ 85 ], whic h sho ws that there

are 2 ω

almost distributiv e lattice v arieties (to b e defined). In con trast, J´ onsson’s Lemma

implies that an y finitely generated congruence distributiv e v ariet y V has only finitely man y

sub v arieties and therefore Λ

V is finite.

An as y et unsolv ed problem ab out lattice v arieties is whether the con v erse of the ab o v e

observ ation is true, i.e. if a lattice v ariet y has only finitely man y sub v arieties, is it finitely

generated? This problem can also b e approac hed from b elo w: if a lattice v ariet y V is

finitely generated, is ev ery co v er of V finitely generated?

Sometimes these problems are phrased in terms of the heigh t of a v ariet y V in Λ

(= length of the ideal ( V ] ). Since Λ is distributiv e, to b e of finite heigh t is of course

equiv alen t to ha ving only finitely man y sub v arieties. Call a v ariet y V lo c al ly finite if ev ery

finitely generated mem b er of V is finite. F or lo cally finite congruence distributiv e v arieties,

the ab o v e problem is easily solv ed.

Theorem 2.7 Ev ery finitely generated v ariet y of algebras is lo cally finite. Con v ersely , if

V is a lo cally finite congruence distributiv e v ariet y , then

(i) ev ery join irreducible sub v ariet y of V that has finite heigh t in Λ

V is generated b y a

finite sub directly irreducible mem b er, and

(ii) ev ery v ariet y of finite heigh t in Λ

V is finitely generated.

b v

u a c

M

3 a

2 a

3 a

1 a

4

M

4 a

2 a

1 a

n · · ·

M

n a c

b

N

Figure 2.1

Pr oof. If V is finitely generated, then V = { A }

V

for some finite algebra A ∈ V . F or

n ∈ ω the elemen ts of F

V

( n ) are represen ted b y n -ary p olynomial functions from A n

to

A , of whic h w e can ha v e at most | A |

| A | n

. Hence F

V

( n ) is finite for eac h n ∈ ω , and this is

equiv alen t to V b eing lo cally finite.

Con v ersely , assume that V is a lo cally finite congruence distributiv e v ariet y . (i) If a

sub v ariet y V

′

of V is join irreducible and has finite heigh t in Λ

V

, then it is in fact completely

join irreducible, whence Theorem 2.5 implies that V

′

is generated b y a finitely generated

sub directly irreducible algebra, whic h m ust b e finite. (ii) follo ws from (i) and the fact that

a v ariet y of finite heigh t is the join of finitely man y join irreducible v arieties. □

Nonfinitely based and nonfinitely generated v arieties. It is easy to see that a v ari-

et y can ha v e at most coun tably man y finitely based or finitely generated sub v arieties, hence

McKenzie’s and Bak er’s result ( | Λ | = | Λ

M

| = 2 ω

) imply that there are b oth nonfinitely

based and nonfinitely generated (mo dular) lattice v arieties. An example of a mo dular

v ariet y that is not finitely based is giv en in Section 5.3, and L and M are examples of

v arieties that are not finitely generated. In fact F reese [ 79 ] sho w ed that, unlik e L , M

is not ev en generated b y its finite mem b ers (see Section 3.3). Other suc h v arieties w ere

previously disco v ered b y Bak er [ 69 ] and Wille [ 69 ].

2.2 The Structure of the Bottom of Λ

Co v ering relations b et w een mo dular v arieties. The class of all trivial (one-elemen t)

lattices, denoted b y T = Mo d { x = y } , is the smallest lattice v ariet y and hence the least

elemen t of Λ. If a lattice v ariet y V prop erly con tains T , then V m ust con tain a lattice

whic h has the t w o-elemen t c hain 2 as sublattice, hence 2 ∈ V . It is w ell kno wn that, up

to isomorphism, 2 is the only sub directly irreducible distributiv e lattice, and therefore

generates the v ariet y of all distributiv e lattices, D = { 2 }

V

= Mo d { x ( y + z ) = xy + xz } .

It follo ws that D is the unique co v er of T in the lattice Λ.

The next imp ortan t iden tit y is the mo dular iden tit y xy + xz = x ( y + xz ), whic h defines

the v ariet y M of all mo dular lattices. Of course ev ery distributiv e lattice is mo dular, and

a lattice L satisfies the mo dular iden tit y if and only if, for all u, v , w ∈ L with u ≤ w w e

ha v e u + v w = ( u + v ) w (for arbitrary lattices w e only ha v e ≤ instead of equalit y). The

diamond M

3

(see Figure 2.1) is the smallest example of a nondistributiv e mo dular lattice.

A w ell kno wn result due to Birkhoff [ 35 ] states that M is in fact a sublattice of ev ery nondistributiv e mo dular lattice. W e giv e a sk etc h of the pro of. Let x, y , z ∈ L and define

u = xy + xz + y z and v = ( x + y )( x + z )( y + z ). Then clearly u ≤ v , and the elemen ts

a = u + xv = ( u + x ) v

b = u + y v = ( u + y ) v

c = u + z v = ( u + z ) v

generate a diamond with least elemen t u and greatest elemen t v . On the other hand, if

u = v for all c hoices of x, y , z ∈ L , then the iden tit y

xy + xz + y z = ( x + y )( x + z )( y + z )

holds in L, and it is not difficult to see that this iden tit y is equiv alen t to the distributiv e

iden tit y .

It follo ws that ev ery nondistributiv e mo dular lattice con tains a sublattice isomorphic

to M

3

, and consequen tly the v ariet y M

3

= { M

3

}

V

co v ers D . More generally , since the

lattices M

n

(see Figure 2.1) are simple (hence sub directly irreducible) mo dular lattices for

eac h n ≥ 3, and since M

n is a sublattice of M

n +1

, it follo ws from Corollary 1.7(i) that,

up to isomorphism, ( M

n

)

S I

= { 2 } ∪ { M

k

: 3 ≤ k ≤ n } , where M

n

= { M

n

}

V

. Hence the

v arieties M

n form a coun table c hain of join irreducible mo dular sub v arieties of M , with

M

n +1 co v ering M

n for n ≥ 3. J´ onsson [ 68 ] pro v ed that for n ≥ 4, M

n +1 is in fact the

only join irreducible co v er of M

n

, and that M

3 has exactly t w o join irreducible co v ers,

M

3

2 and M

4

. This result is presen ted in Section 3.4. F urther remarks ab out the co v ers

of M

3

2 and v arious other mo dular v arieties app ear at the end of Chapter 3.

Co v ering relations b et w een nonmo dular v arieties. A lattice v ariet y is said to b e

nonmo dular if it con tains at least one nonmo dular lattice L (i.e. L /∈ M ). If L ∈ V is

nonmo dular, then w e can infer the existence of three elemen ts u, v , w ∈ L suc h that u ≤ w

and u + v w < ( u + v ) w . In that case the elemen ts a = u + v w , b = v and c = ( u + v ) w

generate a sublattice of L that is isomorphic to the p entagon N with critical quotien t c/a

(see Figure 2.1). Since the p en tagon is nonmo dular, one obtains the w ell kno wn result of

Dedekind [ 00 ]:

Ev ery nonmo dular lattice con tains a sublattice isomorphic to N .

Man y of the later results will b e of a similar fla v or, in the sense that a certain prop ert y

is sho wn to fail precisely b ecause of the presence of some particular sublattices. If L and

K are lattices, w e sa y that L excludes K if L do es not ha v e a sublattice isomorphic to

K . Otherwise w e sa y that L includes K . In this terminology , mo dularit y is said to b e

c haracterized b y the exclusion of the p en tagon.

An immediate consequence is that the v ariet y generated b y the p en tagon (denoted b y

N ) is the smallest nonmo dular v ariet y . Again, J´ onsson’s Lemma enables us to compute

N

S I

= { 2 , N } and hence N is a join irreducible co v er of the distributiv e v ariet y D . Since

ev ery lattice is either mo dular or nonmo dular, w e conclude that M

3 and N are the only

co v ers of D .

In a pap er of McKenzie [ 72 ] there is a list of 15 sub directly irreducible lattices

L

1

, L

2

, . . . , L

15

(see Figure 2.2) with the follo wing prop ert y: If w e let L

i

= { L

i

}

V

( i =

1 , . . . , 15) then eac h of them satisfy ( L

i

)

S I

= { 2 , N , L

i

} . Hence eac h L

i is a join irre-

ducible co v er of the v ariet y N . It is a non trivial result, due to J´ onsson and Riv al [ 79 ],

that McKenzie’s list is complete. A pro of of this result app ears in Chapter 4.

L

1

L

2

L

3

L

4

L

5

L

6

L

7

L

8

L

9

L

10

L

11

L

12

L

13

L

14

L

15

Figure 2.2

V

1

V

2

V

3

V

4

V

5

V

6

V

7

V

8

Figure 2.3

Rose [ 84 ] pro v es that ab o v e eac h of the v arieties L

6

, L

7

, L

8

, L

9

, L

10

, L

13

, L

14 and

L

15 there is a c hain of v arieties L n

i

( n ∈ ω ), eac h one generated b y a finite sub directly

irreducible lattice L n

i

( L

0

i

= L

i

), suc h that L n +1

i is the unique join irreducible co v er of L n

i

( i = 6 , 7 , 8 , 9 , 10 , 13 , 14 , 15).

Lattice v arieties whic h do not include an y of the lattices M

3

, L

1

, . . . , L

12 are called

almost distributive b y Lee [ 85 ]. They are all lo cally finite, and Lee sho ws that their finite

sub directly irreducible mem b ers can b e c haracterized in a certain w a y whic h, in principle,

enables us to determine the p osition of an y finitely generated almost distributiv e v ariet y

in the lattice Λ.

Ruc k elshausen [ 78 ] in v estigates the co v ers of M

3

+ N , and further results b y Na-

tion [ 85 ] [ 86 ] include a complete list of the co v ers of the v arieties L

1 and L

11

, L

12

. Nation

also sho ws that ab o v e L

11 and L

12 there are exactly t w o co v ering c hains of join irreducible

v arieties. These results are discussed in more detail at the end of Chapter 4.

A diagram of Λ is sho wn in Figure 2.4.

2.3 Splitting Lattices and Bounded Homomorphisms

The concept of splitting. A pair of elemen ts ( x, y ) in a lattice L is said to b e a splitting

p air of L if L is the disjoin t union of the principal ideal ( x ] and the principal filter [ y ) (or

equiv alen tly , if for an y z ∈ L w e ha v e z ≤ x if and only if y ≰ z ). The follo wing lemma is

an immediate consequence of this definition.

L

··· ··· ···

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

M

+

M

A M

ω

L

2

15

L

2

14

L

2

13

G

2

L

2

12

G

2

d

L

2

11

L

2

10

L

2

9

L

2

8

L

2

7

L

2

6

L

1

15

L

1

14

L

1

13

G

1

L

1

12

G

1

d

L

1

11

L

1

10

L

1

9

L

1

8

L

1

7

L

1

6

L d

25

L d

16

L

25

L

16

V

8

V

1

P

2

A

3

A

2

A

1

M

3

3 M

5

M

6

L

15

L

14

L

13

L

12

L

11

L

10

L

9

L

8

L

7

L

6

L

5

L

4

L

3

L

2

L

1

M

3

+ N M

3

2 M

4

N M

3

D

T

Figure 2.4

Lemma 2.8 In a complete lattice L the follo wing conditions are equiv alen t:

(i) ( x, y ) is a splitting pair of L ;

(ii) x is completely meet prime in L and y =

∏

z ≰ x z ;

(iii) y is completely join prime in L and x =

∑

z ≱ y z .

The notion of “splitting” a lattice in to a (disjoin t) ideal and filter w as originally in v es-

tigated b y Whitman [ 43 ]. In McKenzie [ 72 ] this concept is applied to the lattice Λ, as a

generalization of the familiar division of Λ in to a mo dular and a nonmo dular part. What

is notew orth y ab out McKenzie’s and subsequen t in v estigations b y others is that they yield

greater insigh t, not only in to the structure of Λ, but also in to the structure of free lattices.

In this section w e first presen t some basic facts ab out splitting pairs of v arieties in general

and then discuss some related concepts and their implications for lattices.

Let V b e a v ariet y of algebras and supp ose ( V

0

, V

1

) is a splitting pair in Λ. By

Lemma 2.8 V

0 is completely meet prime, hence completely meet irreducible, and since

V

0

= Mo d Id V

0

=

⋂

ε ∈ Id V

0

Mo d { ε }

it follo ws that V

0 can b e defined b y a single iden tit y ε

0

. Dually , since ev ery v ariet y is

generated b y its finitely generated sub directly irreducible mem b ers, V

1

= { A }

V

for some

finitely generated sub directly irreducible algebra A . W e shall refer to suc h an algebra A

(whic h generates a completely join prime sub v ariet y of V ) as a splitting algebr a in V , and

to the v ariet y V

0 as its c onjugate variety , defined b y the c onjugate identity ε

0

. Note that

if V is generated b y its finite mem b ers, then w e can assume, b y Theorem 2.5, that A is a

finite algebra. If, in addition, V is congruence distributiv e, then Corollary 1.7(iv) implies

that A is unique. In particular, if ( V

0

, V

1

) is a splitting pair in Λ, then V

1

= { L }

V

where L

is a finite sub directly irreducible lattice, and w e refer to suc h a lattice as a splitting lattic e .

The t w o standard examples of splitting pairs in Λ are ( T , D ) and ( M , N ).

Pro jectiv e Algebras. An algebra P in a class K of algebras said to b e pr oje ctive in K

if for an y homomorphism h : P → B and epimorphism g : A → → B with A, B ∈ K , there

exists a homomorphism f : P → A suc h that h = g f (Figure 2.5(i)).

An algebra B is a r etr act of an algebra A if there exist homomorphisms f : B → A

suc h that g f is the iden tit y on B . Clearly f m ust b e an em b edding, and g is called a

r etr action of f .

Lemma 2.9 Let K b e a class of algebras in whic h K -free algebras exist. Then, for an y

P ∈ K , the follo wing conditions are equiv alen t:

(i) P is pro jectiv e in K ;

(ii) F or an y algebra A ∈ K and an y epimorphism g : A → → P there exists an em b edding

f : P → A suc h that g f is the iden tit y on P ;

(iii) P is a retract of a K -free algebra.

Pr oof. (ii) is a sp ecial case of (i), with B = P and h the iden tit y on P . Clearly f m ust

b e an em b edding in this case. Supp ose (ii) holds, and let X b e a set with | X | = | P | . Then

(i)

A B

P

(ii)

A B

P

F

K

( X )

P f

′

g

′

h

g

Figure 2.5

there exists an epimorphism g : F

K

( X ) → → P . Since F

K

( X ) ∈ K , it follo ws from (ii) that

P is a retract of F

K

( X ). Lastly , supp ose P is a retract of some K -free algebra F

K

( X ),

and let h : P → B and g : A → → B b e giv en ( A, B ∈ K ). Then there exist f

′

: P → F

K

( X )

and g

′

: F

K

( X ) → P suc h that g

′

f

′

is the iden tit y on P (Figure 2.5(ii)). Since g is on to,

w e can define a map k : X → A satisfying g k ( x ) = hg

′

( x ) for all x ∈ X . Let k b e the

extension of k to F

K

( X ), then k f

′

is the required homomorphism from P to A . □

Th us, for an y v ariet y V , ev ery V -free algebra is pro jectiv e in V .

Lemma 2.10 (Rose [ 84 ]). Let K b e a class of algebras and supp ose that P ∈ K

V

is

sub directly irreducible and pro jectiv e in K

V

. Then P is isomorphic to a subalgebra of

some mem b er of K .

Pr oof. Since P ∈ K

V

= HSP K , Lemma 2.9 (ii) implies that P ∈ SP K . Hence w e can

assume that P is a subalgebra of a direct pro duct ⟩ ⟨

i ∈ I

A

i

, where A

i

∈ K for i in some

index set I . Denoting the pro jection map from the pro duct to eac h A

i b y π

i

, w e see that

P is a sub direct pro duct of the family of algebras { π

i

( P ) : i ∈ I } . But P is assumed to b e

sub directly irreducible, so there exists j ∈ I suc h that π

i

( P ) is isomorphic to P . Therefore

π

j

: P → L

j is an em b edding. □

Recall from Section 1.1 that F

V

( X ) can b e constructed as a quotien t algebra of the

w ord algebra W ( X ), whence ev ery elemen t of F

V

( X ) can b e represen ted b y a term of

W ( X ). Also if A is an algebra and p, q are terms in W ( X ), then the iden tit y p = q holds

in A if and only if h ( p ) = h ( q ) for ev ery homomorphism h : W ( X ) → A . Notice that

if V is a v ariet y con taining A , then an y suc h h can b e factored through F

V

( X ). The

follo wing theorem w as pro v ed b y McKenzie [ 72 ] for L -free lattices, and then generalized

to pro jectiv e lattices b y Wille [ 72 ] and to pro jectiv e algebras b y Da y [ 75 ].

Theorem 2.11 Let V b e a v ariet y of algebras, supp ose P ∈ V is pro jectiv e in V , and for

some a, b ∈ P there is a largest congruence ψ ∈ Con ( P ) whic h do es not iden tify a and

b . Then P /ψ is a splitting algebra in V , and if f : P → F

V

( X ) is an em b edding and

g : F

V

( X ) → → P is a retraction of f (i.e. g f = id

P

) then for an y terms p, q whic h represen t

f ( a ) , f ( b ) resp ectiv ely , the iden tit y p = q is a conjugate iden tit y of P /ψ .

Pr oof. It is enough to sho w that p = q fails in P /ψ but holds in an y sub v ariet y of V that

do es not con tain P /ψ . Let γ : P → P /ψ b e the canonical epimorphism. Then γ g do es not iden tify f ( a ) and f ( b ), hence b y the remark ab o v e, p = q fails in P /ψ . Supp ose no w

that V

′

is an y sub v ariet y of V not con taining P /ψ , and let h : F

V

( X ) → → F

V

′ ( X ) b e the

extension of the iden tit y map on the generating set X . Clearly the iden tit y p = q will hold

in V

′

if and only if hf ( a ) = hf ( b ). Supp ose to the con trary that a and b are not iden tified

b y k er hf . Since ψ is assumed to b e the largest suc h congruence, w e ha v e k er hf ⊆ ψ , and

it follo ws from the second homomorphism theorem that γ : P → → P /ψ factors through

F

V

′ ( X ), hence P /ψ ∈ V

′

, a con tradiction. Therefore p = q holds in V

′

. □

In particular, an y pro jectiv e sub directly irreducible algebra is splitting. Com bining

Lemma 1.10 with the ab o v e theorem w e obtain the result of Wille [ 72 ]:

Cor ollar y 2.12 Let V b e a lattice v ariet y , u/v a prime quotien t in some lattice P ∈ V

whic h is pro jectiv e in V , and supp ose θ is the largest congruence on P that do es not

collapse u/v . Then P /θ is a splitting lattice in V .

If w e tak e V to b e the v ariet y L of all lattices, then the con v erse of the ab o v e corollary

is also true. In fact it follo ws from a result of McKenzie (Corollary 2.26) that ev ery

splitting lattice in L is isomorphic to a quotien t lattice of some finitely generated free

lattice F ( n ) mo dulo a congruence θ whic h is maximal with resp ect to not collapsing some

prime quotien t of F ( n ). Before w e can pro v e this result, ho w ev er, w e need some more

information ab out free lattices, whic h is due to Whitman [ 41 ] [ 42 ] and can also b e found

in [ A TL ] and [ GL T ]. Whitman sho w ed that a lattice L is ( L -) freely generated b y a set

X ⊆ L if and only if for all x, y ∈ X and a, b, c, d ∈ L the follo wing four conditions are

satisfied:

( W 1) x ≤ y implies x = y (i.e. generators are incomparable)

( W 2) ab ≤ y implies a ≤ y or b ≤ y

( W 3) x ≤ c + d implies x ≤ c or x ≤ d

( W ) ab ≤ c + d implies a ≤ c + d or b ≤ c + d or ab ≤ c or ab ≤ d.

(These conditions are also kno wn as Whitman’s solution to the w ord problem for lattices

since they pro vide an algorithm for testing when t w o lattice terms represen t the same

elemen t of a free lattice.)

In fact J´ onsson [ 70 ] sho w ed that if V is a non trivial lattice v ariet y then (W1), (W2)

and (W3) hold in an y V -freely generated lattice. W e giv e a pro of of this result. A subset

X of a lattice L is said to b e irr e dundant if for an y distinct x, x

1

, x

2

, . . . , x

n

∈ X

( W 2

′

) x ≱ x

1 x

2

. . . x

n and

( W 3

′

) x ≰ x

1

+ x

2

+ . . . + x

n

.

W e also require the imp ortan t notion of a join-co v er. Let U and V b e t w o nonempt y

finite subsets of a lattice L . W e sa y that U r efines V (in sym b ols U ≪ V ) if for ev ery

u ∈ U there exists v ∈ V suc h that u ≤ v . V is a join-c over of a ∈ L if a ≤

∑

V , and

a join-co v er V of a is nontrivial if a ≰ v for all v ∈ V . Observ e that an y join-co v er of a ,

whic h refines a non trivial join-co v er of a , is itself non trivial. The notion of a me et-c over

is defined dually .

Lemma 2.13 (J´ onsson[ 70 ]). Let L b e a lattice generated b y a set X ⊆ L .

(i) If ev ery join-co v er U ⊆ X of an elemen t a ∈ L is trivial, then ev ery join-co v er of a

is trivial.

(ii) X is irredundan t if and only if for all x, y ∈ X and a, b, c, d ∈ L (W1) , (W2) and

(W3) hold.

Pr oof. (i) Let Y b e a subset of L for whic h ev ery join-co v er U ⊆ Y of a is trivial, and

let S ( Y ) and P ( Y ) denote the sets of all elemen ts of L that are (finite) joins and meets of

elemen ts of Y resp ectiv ely . Since ev ery join-co v er V ⊆ S ( Y ) of a is refined b y a join-co v er

U ⊆ Y , V is trivial. W e claim that the same holds for ev ery join-co v er V ⊆ P ( Y ) of a .

Supp ose V is a finite nonempt y subset of P ( Y ) suc h that for all v ∈ V , a ≰ v . Eac h

elemen t v is the meet of a nonempt y set U

v

⊆ Y . Since a ≰ v , there exists an elemen t

u

v

∈ U

v suc h that a ≰ u

v

. Eac h u

v b elongs to Y , so the set W = { u

v

: v ∈ V } cannot b e

a join-co v er of a , i.e. a ≰

∑

W . But v =

∏

U

v

≤ u

v

, and hence

∑

V ≤

∑

W . It follo ws

that a ≰

∑

V whic h means that V is not a join-co v er of a . This con tradiction pro v es the

claim.

No w let Y

0

= P ( X ) and Y

n +1

= P S ( Y

n

) for n ∈ ω . If ev ery join-co v er U ⊆ X of a

is trivial, then b y the ab o v e this is also true for X replaced b y Y

n

. Since X generates L ,

w e ha v e L =

⋃

n ∈ ω

Y

n

, so if V is an y join-co v er of a , then V ⊆ Y

m for some m ∈ ω , and

therefore V is trivial.

(ii) If X is irredundan t, then clearly the elemen ts of X m ust b e incomparable, so (W1)

is satisfied. It also follo ws that an y join-co v er U ⊆ X of a generator x ∈ X is trivial,

hence b y part (i) ev ery join-co v er of x is trivial. This implies (W3), and (W2) follo ws b y

dualit y . Con v ersely , if x ≤ x

1

+ x

2

+ · · · + x

n with all x, x

1

, . . . , x

n

∈ X distinct, then

rep eated application of (W3) yields x ≤ x

i and b y (W1) x = x

i for some i = 1 , . . . , n .

This con tradiction, and its dual argumen t, sho ws that X is irredundan t. □

Theorem 2.14 (J´ onsson[ 70 ]). Let K b e a class of lattices that con tains at least one

non trivial lattice. If F is a lattice that is K -freely generated b y a set X , then X is

irredundan t.

Pr oof. Supp ose x, x

1

, . . . , x

n

∈ X are distinct, and let L ∈ K b e a lattice with more

than one elemen t. Then there exists a, b ∈ L suc h that a ≰ b . Cho ose a map f : X → L

suc h that f ( x ) = a and f ( x

i

) = b (all i ). Then the extension of f to a homomorphism

f : F → L satisfies f ( x ) = a ≰ b = f ( x

1

+ . . . + x

n

), and hence x ≰ x

1

+ . . . + x

n

. By

dualit y X is irredundan t. □

The last condition (W) is usually referred to as Whitman’s condition, and it ma y b e

considered as a condition applicable to lattices in general, since it mak es no reference to

the generators of L . Clearly , if a lattice L satisfies (W), then ev ery sublattice of L again

satisfies (W). In particular Whitman’s result and Lemma 2.9 sho w that ev ery pro jectiv e

lattice satisfies (W). Da y [ 70 ] found a v ery simple pro of of this fact based on a construction

whic h w e will use sev eral times in this section and in Chapters 4 and 6. Giv en a lattice L

and a quotien t I = u/v in L , w e construct a new lattice

L [ I ] = ( L − I ) ∪ ( I × 2 )

with the ordering x ≤ y in L if and only if one of the follo wing conditions holds:

(i) x, y ∈ L − I and x ≤ y in L ;

(ii) x ∈ L − I , y = ( b, j ) and x ≤ b in L ;

(iii) y ∈ L − I , x = ( a, i ) and y ≤ a in L ;

(iv) x = ( a, i ), y = ( b, j ) and a ≤ b in L , i ≤ j in 2 .

L [ I ] is referred to as L with double d quotient u/v , and it is easy to c hec k that L [ I ] is in

fact a lattice ( 2 = { 0 , 1 } is the t w o-elemen t c hain with 0 < 1). Also there is a natural

epimorphism γ : L [ u/v ] → → L defined b y

γ ( x ) =

{

x if x ∈ L − u/v

a if x = ( a, i ) some i ∈ 2 .

W e sa y that a 4-tuple ( a, b, c, d ) ∈ L

4

a (W)- failur e of L if ab ≤ c + d but ab ≰ c, d and

a, b ≰ c + d .

Lemma 2.15 (Da y [ 70 ]). Let ( a, b, c, d ) b e a (W) -failure of L , and let u/v = c + d/ab .

Then there do es not exist an em b edding f : L → L [ u/v ] suc h that γ f is the iden tit y map

on L (i.e. there exists no coretraction of γ ).

Pr oof. Supp ose the con trary . Then f ( x ) = x for eac h x ∈ L − u/v , and f ( v ) ≤ f ( u ).

But f ( v ) = f ( ab ) = f ( a ) f ( b ) = ab = ( v , 1) since a, b ≰ u , and dually f ( u ) = ( u, 0). This

is a con tradiction since b y definition ( v , 1) ≰ ( u, 0). □

F rom the equiv alence of (i) and (ii) of Lemma 2.9 w e no w obtain:

Cor ollar y 2.16

(i) Ev ery lattice whic h is pro jectiv e in L satisfies (W) .

(ii) Ev ery free lattice satisfies (W1), (W2), (W3) and (W) .

As men tioned b efore, the con v erse of (ii) is also true. A partial con v erse of (i) is giv en

b y Theorem 2.19.

Bounded homomorphisms. A lattice homomorphism f : L → L

′

is said to b e

upp er b ounde d — if for ev ery b ∈ L

′

the set f

− 1

( b ] = { x ∈ L : f ( x ) ≤ b } is either empt y

or has a greatest elemen t, denoted b y α

f

( b );

lower b ounde d — if for ev ery b ∈ L

′

the set f

− 1

[ b ) = { x ∈ L : f ( x ) ≥ b } is either empt y

or has a least elemen t, denoted b y β

f

( b );

b ounde d — if f is b oth upp er and lo w er b ounded;

(upp er/lower) b ounde d — if a giv en one of the ab o v e three prop erties holds.

The follo wing lemma lists some easy consequences of the ab o v e definitions.

Lemma 2.17 Let f : L → L

′

and g : L

′

→ L

′′

b e t w o lattice homomorphisms.

(i) If L is a finite lattice, then f is b ounded.

(ii) If f and g are (upp er/lo w er) b ounded then g f is (upp er/lo w er) b ounded.

(iii) If g f is (upp er/lo w er) b ounded and f is an epimorphism, then g is (upp er/lo w er)

b ounded.

(iv) If g f is (upp er/lo w er) b ounded and g is an em b edding, then f is (upp er/lo w er)

b ounded.

(v) If f is an upp er b ounded epimorphism and b ∈ L

′

then α

f

( b ) is the greatest mem b er

of f

− 1

{ b } , and the map α

f

: L

′

→ L is meet preserving. Dually , if f is a lo w er

b ounded epimorphism then β

f

( b ) is the least mem b er of f

− 1

{ b } , and β

f

: L

′

→ L is

join preserving.

A lattice is said to b e upp er b ounde d if it is an upp er b ounded epimorphic image of

some free lattice, and lower b ounde d if the dual condition holds. A lattice whic h is a

b ounded epimorphic image of some free lattice is said to b e b ounde d (not to b e confused

with lattices that ha v e a largest and a smallest elemen t: suc h lattices will b e referred to

as 0,1 - lattices). Of course ev ery b ounded lattice is b oth upp er and lo w er b ounded. W e

shall see later (Theorem 2.23) that, for finitely generated lattices, the con v erse also holds.

The notion of a b ounded homomorphism w as in tro duced b y McKenzie [ 72 ], and he

used it to c haracterize splitting lattices as sub directly irreducible finite b ounded lattices

(Theorem 2.25). W e first pro v e a result of Kostinsky [ 72 ] whic h sho ws that ev ery b ounded

lattice that satisfies Whitman’s condition (W) is pro jectiv e. F or finitely generated lattices

this result w as already pro v ed in McKenzie [ 72 ].

Lemma 2.18 Supp ose F ( X ) is a free lattice generated b y the set X and let f : F ( X ) → L

b e a lo w er b ounded epimorphism. Then for eac h b ∈ L the set { x ∈ X : f ( x ) ≥ b } is finite.

Pr oof. Since f is lo w er b ounded and on to, β

f

( b ) exists. Supp ose it is represen ted b y a

term t ( x

1

, . . . , x

n

) ∈ F ( X ) for some x

1

, . . . , x

n

∈ X , then clearly

{ x ∈ X : f ( x ) ≥ b } = { x ∈ X : x ≥ t ( x

1

, . . . , x

n

) } ⊆ { x

1

, . . . , x

n

} .

□

In particular note that if a finite lattice is a (lo w er) b ounded homomorphic image of a

free lattice F , then F m ust necessarily b e finitely generated.

Theorem 2.19 (Kostinsky [ 72 ]). Ev ery b ounded lattice that satisfies (W) is pro jectiv e

(in L ).

Pr oof. Let f b e a b ounded homomorphism from some free lattice F ( X ) on to a lattice

L , and supp ose that L satisfies (W). W e sho w that L is a retract of F ( X ), and then apply

Lemma 2.9. T o simplify the notation w e will denote the maps α

f and β

f simply b y α and

β .

Let h : F ( X ) → F ( X ) b e the endomorphism that extends the map x → α f ( x ), x ∈ X .

W e claim that for eac h a ∈ F ( X ), β f ( a ) ≤ h ( a ) ≤ α f ( a ), from whic h it follo ws that

f h ( a ) = f ( a ). This is clearly true for x ∈ X . Supp ose it holds for a, a

′

∈ F ( X ). Since β

is join-preserving

β f ( a + a

′

) = β f ( a ) + β f ( a

′

) ≤ h ( a ) + h ( a

′

)

= h ( a + a

′

) ≤ α f ( a ) + α f ( a

′

) ≤ α f ( a + a

′

) and similarly since α is meet-preserving β f ( aa

′

) ≤ h ( aa

′

) ≤ α f ( aa

′

). This establishes the

claim.

W e no w define the map g : L → F ( X ) b y g = hβ . Then g is clearly join-preserving.

Also f g ( b ) = f hβ ( b ) = f β ( b ) = b for all b ∈ L (since f h = f ). Th us w e need only sho w

that g is meet-preserving. Since hβ is orderpreserving, it suffices to sho w that

( ∗ ) hβ ( bc ) ≥ h ( β ( b ) β ( c )) for all b, c ∈ L.

W e first observ e that, b y the preceding lemma, the set S = { x ∈ X : f ( x ) ≥ bc } is finite.

Let

u =

{

β ( b ) β ( c )

∏

S if S ≠ ∅

β ( b ) β ( c ) if S = ∅ .

Then clearly f ( u ) = bc . W e claim that u = β ( bc ). T o see this, let Y b e the set of all

a ∈ F ( X ) suc h that bc ≤ f ( a ) implies u ≤ a . By definition X ⊆ Y , and Y is closed under

meets. Supp ose a, a

′

∈ Y and bc ≤ f ( a ) + f ( a

′

). Since L satisfies (W), w e ha v e

b ≤ f ( a ) + f ( a

′

) or c ≤ f ( a ) + f ( a

′

) or bc ≤ f ( a ) or bc ≤ f ( a

′

) .

Applying β to the first t w o cases w e obtain u ≤ β ( b ) ≤ a + a

′

or u ≤ β ( c ) ≤ a + a

′

, and in

the third and fourth case w e ha v e u ≤ a ≤ a + a

′

or u ≤ a

′

≤ a + a

′

(since a, a

′

∈ Y ). Th us

Y = F ( X ), and it follo ws that u is the least elemen t for whic h f ( u ) ≥ bc , i.e. u = β ( bc ).

No w consider h ( u ) = hβ ( bc ). If S = ∅ then β ( bc ) = β ( b ) β ( c ) and so ( ∗ ) holds.

If S ≠ ∅ then hβ ( bc ) = hβ ( b ) hβ ( c )

∏

h ( S ) so to pro v e ( ∗ ), it is enough to sho w that

h ( β ( b ) β ( c )) ≤ h ( x ) for all x ∈ S . But an y suc h x satisfies f ( β ( b ) β ( c )) = bc ≤ f ( x ), and

applying α w e get β ( b ) β ( c ) ≤ α f ( x ) = h ( x ). Th us h ( β ( b ) β ( c )) ≤ hh ( x ) and, since w e

sho w ed that h ( a ) ≤ α f ( a ), w e ha v e hh ( x ) ≤ α f h ( x ) = α f ( x ) = h ( x ) as required. □

A complete c haracterization of the pro jectiv e lattices in L can b e found in F reese and

Nation [ 78 ].

W e no w describ e a particularit y elegan t algorithm, due to J´ onsson, to determine

whether a finitely generated lattice is b ounded.

Let D

0

( L ) b e the set of all a ∈ L that ha v e no non trivial join-co v er (i.e. the set of

all join-prime elemen ts of L ). F or k ∈ ω let D

k +1

( L ) b e the set of all a ∈ L suc h that

if V is an y non trivial join-co v er of a , then there exists a join-co v er U ⊆ D

k

( L ) of a with

U ≪ V . Note that D

0

( L ) ⊆ D

1

( L ), and if w e assume that D

k − 1

( L ) ⊆ D

k

( L ) for some

k ≥ 1, then for an y a ∈ D

k

( L ) an y non trivial join-co v er V of a there exists a join-co v er

U ⊆ D

k − 1

( L ) ⊆ D

k

( L ) of a with U ≪ V , whence a ∈ D

k +1

( L ). So, b y induction w e ha v e

D

0

( L ) ⊆ D

1

( L ) ⊆ . . . ⊆ D

k

( L ) ⊆ . . . .

Finally , let D ( L ) =

⋃

k ∈ ω

D

k

( L ) and define the sets D

′

k

( L ) and D

′

( L ) dually . J´ onsson’s

algorithm states that a finitely generated lattice is b ounded if and only if D ( L ) = L =

D

′

( L ). This result will follo w from Theorem 2.23.

Lemma 2.20 (J´ onsson and Nation [ 75 ]). Supp ose L is a lattice generated b y a set X ⊆ L ,

let H

0 b e the set of all (finite) meets of elemen ts of X , and for k ∈ ω let H

k +1 b e the set

of all meets of joins of elemen ts of H

k

. Then D

k

( L ) ⊆ H

k for all k ∈ ω .

Pr oof. Note that the H

k are closed under meets, H

0

⊆ H

1

⊆ . . . and L =

⋃

k ∈ ω

H

k

.

Supp ose a ∈ D

0

( L ) and let m ∈ ω b e the smallest n um b er for whic h a ∈ H

m

. If m > 0, then a is of the form a =

∏

n

i =1

∑

U

i

, where eac h U

i is a finite subset of H

m − 1

. U

i is a

join-co v er of a for eac h i = 1 , . . . , n , and since a ∈ D

0

( L ), it m ust b e trivial. Hence there

exists a

i

∈ U

i with a ≤ a

i for eac h i . But then a =

∏

n

i =1 a

i

∈ H

m − 1

, a con tradiction. Th us

D

0

( L ) ⊆ H

0

.

W e pro ceed b y induction. Supp ose D

k

( L ) ⊆ H

k

, a ∈ D

k +1

( L ) and m ≥ k + 1 is the

smallest n um b er for whic h a ∈ H

m

. Again a is of the form a =

∏

n

i =1

∑

U

i with U

i

⊆ H

m − 1

and eac h U

i is a join-co v er of a . If U

i is trivial, pic k a

i

∈ U

i with a ≤ a

i

, and if U

i is

non trivial, pic k a join-co v er V

i

⊆ D

k

( L ) of a with V

i

≪ U

i

. By assumption eac h V

i is a

subset of H

k

. If m > k + 1 then

∑

V

i

∈ H

k +1 and a is the meet of these elemen ts

∑

V

i

and the a

i

, so a ∈ H

m − 1

, a con tradiction. Th us m = k + 1 and D

k +1

( L ) ⊆ H

k +1

. □

F or the next lemma, note that Whitman’s condition (W) is equiv alen t to the follo wing:

for an y t w o finite subset U , V of L , if a =

∏

U ≤

∑

V = b , then V is a trivial join-co v er

of a or U is a trivial meet-co v er of b .

Lemma 2.21 Supp ose L = F ( X ) is freely generated b y X , and let H

k b e as in the previous

lemma. Then D

k

( L ) = H

k and therefore D ( L ) = L .

Pr oof. By the previous lemma, it is enough to sho w that H

k

⊆ D

k

( L ) for eac h k ∈ ω .

If a ∈ H

0

, then a =

∏

n

i =1 x

i for some x

i

∈ X , and Whitman’s condition (W) and (W1)

imply that an y join-co v er of a m ust b e trivial, hence a ∈ D

0

( L ). Next supp ose a ∈ H

1

.

Then a =

∏

n

i =1

∑

U

i for some finite sets U

i

⊆ H

0

= D

0

( L ), some n ∈ ω . If V is a

non trivial join-co v er of a , then (W) implies that for some i

0 w e ha v e

∑

U

i

0

≤

∑

V (see

remark ab o v e). Since U

i

0

⊆ D

0

( L ), V is a trivial join-co v er of eac h u ∈ U

i

0

, and therefore

U

i

0

≪ V . Since U

i

0 is also a join-co v er of a , it follo ws that a ∈ D

1

( L ).

Pro ceeding b y induction, supp ose no w that D

k

( L ) = H

k and a ∈ H

k +1

, for some

k ≥ 1. Then a =

∏

n

i =1

∑

U

i for some U

i

⊆ H

k

, some n ∈ ω , and eac h U

i is a join-co v er

of a . Let V b e an y non trivial join-co v er of a . As b efore (W) implies that

∑

U

i

0

≤

∑

V

for some i

0

. Let W b e the set of all u ∈ U

i

0 suc h that V is a non trivial join-co v er of u ,

and set W

′

= U

i

0

− W . Since W ⊆ H

k

= D

k

( L ), there exists for eac h u ∈ W a join-co v er

V

u

⊆ D

k

1

( L ) of u with V

u

≪ V . It is no w easy to c hec k that U = W

′

∪

⋃

u ∈ W

V

u is a

join-co v er of a whic h refines V and is con tained in D

k

( L ). Hence a ∈ D

k +1

( L ). □

A join-co v er V of a in a lattice L is said to b e irr e dundant if no prop er subset of V is a

join-co v er of a , and minimal if for an y join-co v er U of a , U ≪ V implies V ⊆ U . Observ e

that ev ery join-co v er con tains an irredundan t join-sub co v er (since it is a finite set) and

that the elemen ts of an irredundan t join-co v er are noncomparable. Also, ev ery minimal

join-co v er is irredundan t.

Lemma 2.22 (J´ onsson and Nation [ 75 ]). If F is a free lattice and V is a non trivial

co v er of some a ∈ D

k

( F ) , then there exists a minimal co v er V

0 of a with V

0

≪ V and

V

0

⊆ D

k − 1

( F ) .

Pr oof. First assume that F is freely generated b y a finite set X . Supp ose V is a

non trivial join-co v er of a ∈ D

k

( F ), and let C b e the collection of all irredundan t join-co v ers

U ⊆ D

k − 1

( F ) of a , whic h refine V . C is nonempt y since a ∈ D

k

( F ), and b y Lemma 2.20

D

k

( F ) is finite, hence C is finite. Note that if U ∈ C and U ≪ W ≪ U for some subset W

of F , then for eac h u ∈ U there exists w ∈ W and u

′

∈ U suc h that u ≤ w ≤ u

′

, and since

the elemen ts of U are noncomparable, w e m ust ha v e u = w = u

′

and therefore U ⊆ W . In

particular, it follo ws that C is partially ordered b y the relation ≪ . Let V

0 b e a minimal

(with resp ect to ≪ ) mem b er of C , and supp ose U is an y join-co v er of a with U ≪ V

0

.

Because V is assumed to b e non trivial, so are V

0 and U , and since a ∈ D

k

( F ), there exists

a join-co v er U

0

⊆ D

k − 1

( F ) of a with U

0

≪ U . It follo ws that U

0

≪ V

0

, and since w e ma y

assume that U

0

∈ C , w e ha v e U

0

= V

0

. Therefore V

0

≪ U ≪ V

0 whic h implies V

0

⊆ U .

Th us V

0 is a minimal join-co v er of a .

Assume no w that X is infinite, and c ho ose a finite subset Y of X suc h that V ∪ { a }

b elong to the sublattice F

′

generated b y Y ⊆ F . By the first part of the pro of, there

exists a set V

0

⊆ D

k − 1

( F

′

) ⊆ D

k − 1

( F ) suc h that V

0

≪ V and V

0 is a minimal co v er of a

in F

′

. W e sho w that V

0 is also a minimal co v er of a in F . Let F

0 b e the lattice obtained

b y adjoining a smallest elemen t 0 to F , and let h b e the endomorphism of F

0 that maps

eac h mem b er of Y on to itself and all the remaining elemen ts of X on to 0. Then h maps

ev ery mem b er of F

′

on to itself, and h ( u ) ≤ u for all u ∈ F

0

. Hence, if U is an y join-co v er

of a in F

′

, then the set U

′

= h ( U ) − { 0 } is a join-co v er of a in F

′

and U

′

≪ V

0

, so that

V

0

⊆ U

′

≪ U . Th us V

0

≪ U ≪ V

0

, whic h implies that V

0

⊆ U . □

F or finitely generated lattices w e can no w giv e an in ternal c haracterization of lo w er

b oundedness. This result, together with its dual, implies that an upp er and lo w er b ounded

finitely generated lattice is b ounded.

Theorem 2.23 (J´ onsson and Nation [ 75 ]). F or an y finitely generated lattice L , the

follo wing statemen ts are equiv alen t:

(i) L is lo w er b ounded;

(ii) D ( L ) = L ;

(iii) Ev ery homomorphism of a finitely generated lattice in to L is lo w er b ounded.

Pr oof. Supp ose (i) holds, let f b e a lo w er b ounded epimorphism that maps some free

lattice F on to L , and denote b y β ( a ) = β

f

( a ) the smallest elemen t of the set f

− 1

[ a ) for

all a ∈ L . W e sho w b y induction that

β ( a ) ∈ D

k

( F ) implies a ∈ D

k

( L )

then D ( L ) = L follo ws from the result D ( F ) = F of Lemma 2.21. Since β is a join-

preserving map, the image β ( U ) of a join-co v er U of a is a join-co v er of β ( a ). If β ( U ) is

trivial, then β ( a ) ≤ β ( u ) for some u ∈ U , hence a = f β ( a ) ≤ f β ( u ) = u and U is also

trivial. It follo ws that β ( a ) ∈ D

0

( F ) implies a ∈ D

0

( L ).

Supp ose no w that β ( a ) ∈ D

k

( f ) and that U is a non trivial join-co v er of a . Then β ( U )

is a non trivial join-co v er of β ( a ) and b y Lemma 2.22 there exists a minimal join-co v er

U

0

⊆ D

k − 1

( F ) of β ( a ) with U

0

≪ β ( U ). Clearly f ( U

0

) is a join-co v er of a and f ( U

0

) ≪ U .

F urthermore, the set β f ( U

0

) is a join-co v er of β ( a ) with β f ( U

0

) ≪ U

0

. By the minimalit y

of U

0

, w e ha v e U

0

⊆ β f ( U

0

), and since U

0 is finite, this implies β f ( U

0

) = U

0

⊆ D

k − 1

( F ).

It no w follo ws from the induction h yp othesis that f ( U

0

) ⊆ D

k − 1

, and therefore a ∈ D

k

( L ).

No w assume D ( L ) = L , and consider a homomorphism f : K → L where K is

generated b y a finite set Y . Let H

0

= Y , and for k ∈ ω let H

k +1 b e the set of all joins of

meets of elemen ts in H

k

. F or eac h k ∈ ω define maps β

k

: L → K b y

β

k

( a ) =

∏

{ y ∈ H

k

: f ( y ) ≥ a } .

(In particular

∏

∅ =

∑

Y = 1

K

.) W e claim that for ev ery k ∈ ω and a ∈ D

k

( L ), if the

set f

− 1

[ a ) is nonempt y , then f

− 1

[ a ) = [ β

k

( a )), and β

k

( a ) is therefore the smallest elemen t

of this set. Since D ( L ) = L it then follo ws that f is lo w er b ounded. So supp ose that

a ∈ D

k

( L ) for some k , and f

− 1

[ a ) is nonempt y . If x ∈ K and x ≥ β

k

( a ) then

f ( x ) ≥ f β

k

( a ) =

{

f (1

K

) if { y ∈ H

k

: f ( y ) ≥ a } = ∅

∏

{ f ( y ) : y ∈ H

k and f ( y ) ≥ a } otherwise ,

and in b oth cases f ( x ) ≥ a ( f (1

K

) ≥ a since f

− 1

[ a ) is nonempt y). Th us [ β

k

( a )) ⊆ f

− 1

[ a ).

F or the rev erse inclusion w e ha v e to sho w that for all x ∈ K

( ∗ ) f ( x ) ≥ a implies x ≥ β

k

( a ) .

The set of elemen ts x ∈ K that satisfy ( ∗ ) con tains Y and is closed under meets, hence

it is enough to sho w that it is also closed under joins. F or k = 0, w e ha v e a ∈ D

0

( L ), so

∑

f ( U ) ≥ a implies f ( u ) ≥ a for some u ∈ U , and b y ( ∗ ) u ≥ β

0

( a ), hence

∑

U ≥ β

0

( a ).

Supp ose no w that ( ∗ ) holds for all v alues less than some fixed k > 0. Let x =

∑

U and

assume f ( x ) ≥ a , i.e. f ( U ) is a join-co v er of a . If it is trivial, then ( ∗ ) is satisfied as

b efore, so assume it is non trivial. Then there exists a join-co v er V ⊆ D

k − 1

( L ) of a with

V ≪ f ( U ), and b y the inductiv e h yp othesis x ≥ β

k − 1

( v ) for all v ∈ V . No w the elemen ts

β

k − 1

( v ) are meets of elemen ts in H

k

1

, and the elemen t z =

∑

β

k − 1

( V ) therefore b elongs

to H

k

. Since f ( z ) ≥

∑

V ≥ a , it follo ws from the definition of β

k that z ≥ β

k

( a ), hence

x ≥ β

k

( a ) as required. (iii) implies (i) follo ws immediately from the assumption that L is

finitely generated. □

The equiv alence of (i) and (iii) w as originally pro v ed b y McKenzie [ 72 ]. Note that

(i) ⇒ (ii) ⇒ (iii) is true for an y lattice L , so the ab o v e theorem implies that if L is lo w er

b ounded then D ( L ) = L , and the con v erse holds whenev er L is finitely generated. T ogether

with Lemma 2.21 w e also ha v e that ev ery finitely generated sublattice of a free lattice is

b ounded.

It is fairly easy to compute D ( L ) and D

′

( L ) for an y giv en finite lattice L . Th us

one can c hec k that the lattices N , L

6

, L

7

, . . . , L

15 are all b ounded, and since they also

satisfy Whitman’s condition (W), Theorem 2.19 implies that they are pro jectiv e (hence

sublattices of a free lattice). On the other hand L

1 fails to b e upp er b ounded (dually for

L

2

) and M

3

, L

3

, L

4 and L

5 are neither upp er nor lo w er b ounded (see Figures 2.1 and 2.2).

Note that if U is a finite subset of D

k

( L ) then

∑

U ∈ D

k +1

( L ). Since ev ery join

irreducible elemen t of a distributiv e lattice is join prime, and dually , it follo ws that ev ery

finite distributiv e lattice is b ounded.

W e no w recall a construction whic h is usually used to pro v e that the v ariet y of all

lattices is generated b y its finite mem b ers. In Section 1.2 it w as sho wn that ev ery free

lattice F ( X ) can b e constructed as a quotien t algebra of a w ord algebra W ( X ), whence

elemen ts of F ( X ) are represen ted b y lattice terms (w ords) of W ( X ). The length λ of a

lattice term is defined inductiv ely b y λ ( x ) = 1 for eac h x ∈ X and λ ( p + q ) = λ ( pq ) =

λ ( p ) + λ ( q ) for an y terms p, q ∈ W ( X ). Let X b e a finite set, and for eac h k ∈ ω , construct

a finite lattice P ( X , k ) as follo ws:

T ak e W to b e the finite subset of the free lattice F ( X ) whic h con tains all elemen ts that

can b e represen ted b y lattice terms of length at most k , and let P ( X , k ) b e the set of all finite meets of elemen ts from W , together with largest elemen t 1

F

=

∑

X of F ( X ). Then

P ( X , k ) is a finite subset of F ( X ), and it is a lattice under the partial order inherited from

F ( X ), since it is closed under meets and has a largest elemen t. Ho w ev er, P ( X , k ) is not a

sublattice of F ( X ) b ecause for a, b ∈ P ( X , k ), a +

P b ≥ a +

F b and equalit y holds if and

only if a +

F b ∈ P ( X , k ). Nev ertheless, P ( X , k ) is clearly generated b y the set X .

Lemma 2.24

(i) If p = q is a lattice iden tit y that fails in some lattice, then p = q fails in a finite

lattice of the form P ( X , k ) from some finite set X and k ∈ ω .

(ii) If h : F ( X ) → → P ( X , k ) is the extension of the iden tit y map on X , then h is upp er

b ounded.

Pr oof. (i) Let X b e the set of v ariables that o ccur in p and q , and let k b e the greater of

the lengths of p and q . Since p = q fails in some lattice, p and q represen t differen t elemen ts

of the free lattice F ( X ) and therefore also differen t elemen ts of P ( X , k ). Th us p = q fails

in P ( X , k ). (ii) Note that for a ∈ P ( X , k ) ⊆ F ( X ), h ( a ) = a , and in general h ( b ) ≥

F b for

an y b ∈ F . Therefore h ( b ) ≤

P a implies b ≤

F h ( b ) ≤

P a , and con v ersely b ≤

F a implies

h ( b ) ≤

P h ( a ) = a , whence a is the largest elemen t of f

− 1

( a ] for all a ∈ P ( X , k ). □

Theorem 2.25 (McKenzie [ 72 ]). S is a splitting lattice if and only if S is a finite

sub directly irreducible b ounded lattice

Pr oof. Supp ose S is a splitting lattice, and p = q is its conjugate iden tit y . W e ha v e to

sho w that S is a b ounded epimorphic image of some free lattice F ( X ). As w e noted in the

b eginning of Section 2.3, ev ery splitting lattice is finite, so there exists an epimorphism

h : F ( X ) → → S for some finite set X . The iden tit y p = q do es not hold in S , hence it fails

in F ( X ) and also in P ( X , k ) for some large enough k ∈ ω (b y Lemma 2.24 (i)). Therefore

S ∈ { P ( X , k ) }

V

and since S is sub directly irreducible and P ( X , k ) is finite, it follo ws from

J´ onsson’s Lemma (Corollary 1.7(i)) that S ∈ HS { P ( X , k ) } . So there exists a sublattice L

of P ( X , k ) and an epimorphism g : L → → S . Since g is on to, w e can c ho ose for eac h x ∈ X

an elemen t a

x

∈ L suc h that g ( a

x

) = h ( x ). Let f : F ( X ) → L b e the extension of the map

x → a

x

. By Lemma 2.24 (ii) P ( X , k ) is an upp er b ounded image of F ( X ), hence b y the

equiv alence of (i) and (iii) of (the dual of ) Theorem 2.23 f is upp er b ounded. Since L is

finite, g is ob viously b ounded, and therefore h = g f is upp er b ounded. A dual argumen t

sho ws that h is also lo w er b ounded, whence S is a b ounded lattice.

Con v ersely , supp ose S is a finite sub directly irreducible lattice, and let u/v b e a prime

critical quotien t of S . If S is b ounded, then there exists a b ounded epimorphism h from

some free lattice F ( X ) on to S . Let r b e the smallest elemen t of h

− 1

[ u ) and let s b e the

largest elemen t of h

− 1

( v ]. No w r + s/s is a prime quotien t of F ( X ), for if s < t ≤ r + s

then h ( t ) = u = h ( tr ) = h ( r ), and b y the c hoice of r , tr = r hence r ≤ t = r + s . By

Lemma 1.10 there exists a largest congruence θ on F ( X ) whic h do es not iden tify r + s

and s . Since h ( r + s ) = u ≠ v = h ( s ) w e ha v e k er h ⊆ θ , and equalit y follo ws from the

fact that u/v is a critical quotien t of S . No w Corollary 2.12 implies that S is a splitting

lattice. □

Referring to the remark after Theorem 2.23 w e note that the lattices L

6

, L

7

, . . . , L

15

are examples of splitting lattices. In fact McKenzie [ 72 ] sho ws ho w one can effectiv ely compute a conjugate iden tit y for an y suc h lattice. F or the details of this pro cedure w e

refer the reader to his pap er and also to the more recen t w ork of F reese and Nation [ 83 ].

F rom Corollary 2.12 and the pro of of the ab o v e theorem w e obtain the follo wing:

Cor ollar y 2.26 (McKenzie [ 72 ]). A lattice L is a splitting lattice if and only if L is

isomorphic to F ( n ) /ψ

r s where F ( n ) is some finitely generated free lattice and ψ

r s is the

largest congruence that do es not iden tify some co v ering pair r ≻ s of F ( n ) .

Canonical represen tations and semidistributivit y . A finite set U of a lattice L is

said to b e a join r epr esentation of an elemen t a in L if a =

∑

U . Th us a join represen tation

is a sp ecial case of a join-co v er. U is a c anonic al join represen tation of a if it is irredun-

dan t (i.e. no prop er subset of U is a join represen tation of a ) and refines ev ery other join

represen tation of a . Note that an elemen t can ha v e at most one canonical join represen ta-

tion, since if U and V are b oth canonical join represen tations of a then U ≪ V ≪ U and

b ecause the elemen ts of an irredundan t join represen tation are noncomparable it follo ws

that U ⊆ V ⊆ U . Ho w ev er canonical join represen tations do not exist in general (consider

for example the largest elemen t of M

3

).

Canonical meet represen tations are defined dually and ha v e the same uniqueness prop-

ert y .

A fundamen tal result of Whitman’s [ 41 ] pap er is that ev ery elemen t of a free lattice

has a canonical join represen tation and a canonical meet represen tation. W e briefly outline

the pro of of this result. Denote b y p the elemen t of F ( X ) represen ted b y the term p . A

term p is said to b e minimal if the length of p is minimal with resp ect to the lengths

of all terms that represen t p . If p is formally a join of simpler terms p

1

, . . . , p

n

, none of

whic h is itself a join, then these terms will b e called the join c omp onents of p . The me et

c omp onents of p are defined dually . Note that ev ery term is either a v ariable or it has join

comp onen ts or meet comp onen ts.

Theorem 2.27 (Whitman[ 41 ]). A term p is minimal if and only if p = x ∈ X or p has

join comp onen ts p

1

, . . . , p

n and for eac h i = 1 , . . . , n

(1) p

i is minimal,

(2) p

i

≰

∑

j ≠ i p

j

,

(3) for an y meet comp onen t r of p

i

, r ≠ p ,

or the duals of (1), (2) and (3) hold for the meet comp onen ts of p .

Pr oof. All x ∈ X are minimal, so b y dualit y w e ma y assume that p has join comp onen ts

p

1

, . . . , p

n

. If (1), (2) or (3) fail, then w e can easily construct a term q suc h that q = p ,

but λ ( q ) λ ( p ), whic h sho ws that p is not minimal. (If (1) fails, replace a nonminimal p

i b y

a minimal term; if (2) fails, omit the p

i for whic h p

i

≤

∑

j ≠ i p

j

; if (3) fails, replace p

i b y

its meet comp onen t r whic h satisfies r ≤ p .)

Con v ersely , supp ose p satisfies (1), (2) and (3), and let q b e a minimal term suc h that

q = p . W e w an t to sho w that λ ( p ) = λ ( q ), then p is also minimal. First observ e that

q m ust ha v e join comp onen ts, for if q ∈ X or if q has meet comp onen ts q

1

, . . . , q

m

, then

q ≤ p

1

+ . . . + p

n together with (W3) or (W) imply q ≤ p

i

≤ p or q ≤ q

j

≤ p for some i ,

and since q = p w e m ust ha v e equalit y throughout, whic h con tradicts the minimalit y of q .

So let q

1

, . . . , q

m b e the join comp onen ts of q . F or eac h i ∈ { 1 , . . . , n } , p

i

≤ q

1

+ . . . + q

m

and either p

i

∈ X or p

i has meet comp onen ts (whose images in F ( X ) are not b elo w

p b y condition (3)), so w e can use (W3) or (W) to conclude that p

i

≤ q

i

∗ for some

unique i

∗

∈ { 1 , . . . , m } . Similarly , since q is minimal, it satisfies (1)–(3), and so for

eac h j ∈ { 1 , . . . , m } there exists a unique j

∗

∈ { 1 , . . . , n } suc h that q

j

≤ p

j

∗

. Th us

p

i

≤ q

i

∗ ≤ p

i

∗

∗ and q

j

≤ p

j

∗

≤ q

j

∗

∗ , whence (2) implies i = i

∗

∗ and j = j

∗

∗

. It follo ws that

the map i → i

∗

is a bijection, m = n , p

i

= q

i

∗ and since b oth terms are minimal b y (1),

λ ( p

i

) = λ ( q

i

∗ ). Consequen tly λ ( p ) = λ ( q ). □

Cor ollar y 2.28 Ev ery elemen t of a free lattice has a canonical join represen tation and

a canonical meet represen tation.

Pr oof. Supp ose u is an elemen t of a free lattice, and let p b e a minimal term suc h that

p = u . If p has no join comp onen ts, then (W3) or (W) imply that u is join irreducible, in

whic h case { u } is the canonical join represen tation of u . If p has join comp onen ts p

1

, . . . , p

n

then condition (2) ab o v e implies that U = { p

1

, . . . , p

n

} is irredundan t, and (W3) or (W)

and condition (3) imply that U is a canonical join represen tation of u . The canonical meet

represen tation is constructed dually . □

The existence of canonical represen tations is closely connected to the follo wing w eak

form of distributivit y:

A lattice L is said to b e semidistributive if it satisfies the follo wing t w o implications

for all u, x, y , z ∈ L :

( SD

+

) u = x + y = x + z implies u = x + y z and dually

( SD

·

) u = xy = xz implies u = x ( y + z ) .

Lemma 2.29 If ev ery elemen t of a lattice L has a canonical join represen tation then L

satisfies (SD

+

) .

Pr oof. Let u =

∑

V b e a canonical join represen tation of u , and supp ose u = x + y =

x + z . Then for eac h v ∈ V w e ha v e v ≤ x or v ≤ y , z . It follo ws that v ≤ x + y z for

eac h v ∈ V , whic h implies u ≤ x + y z . The rev erse inclusion alw a ys holds, hence (SD

+

) is

satisfied. □

No w Corollary 2.28 and the preceding lemma together with its dual imply that ev ery

free lattice is semidistributiv e . The next lemma extends this observ ation to all b ounded

lattices.

Lemma 2.30

(i) Bounded epimorphisms preserv e semidistributivit y .

(ii) Ev ery b ounded lattice is semidistributiv e.

Pr oof. (i) Supp ose L is semidistributiv e and f : L → → L

′

is a b ounded epimorphism. Let

u, x, y , z ∈ L

′

b e suc h that u = x + y = x + z . Then β ( u ) = β ( x ) + β ( y ) = β ( x ) + β ( z ) =

β ( x ) + β ( y ) β ( z ), where β = β

f

: L

′

→ L is the join-preserving map asso ciated with f .

Hence

u = f β ( u ) = f ( β ( x ) + β ( y ) β ( z )) = x + y z , whic h sho ws that (SD

+

) holds in L

′

. (SD

·

) follo ws b y dualit y (using α

f

), whence L

′

is

semidistributiv e. No w (ii) follo ws immediately from the fact that ev ery free lattice is

semidistributiv e. □

Since there are lattices in whic h the semidistributiv e la ws fail (the simplest one is the

diamond M

3

) it is no w clear that these lattices cannot b e b ounded. Ho w ev er, there are

also semidistributiv e lattices whic h are not b ounded. An example of suc h a lattice is giv en

at the end of this section (Figure 2.2).

F or finite lattices the con v erse of Lemma 2.29 also holds. T o see this w e need the

follo wing equiv alen t form of the semidistributiv e la ws.

Lemma 2.31 (J´ onsson and Kiefer [ 62 ]). A lattice L satisfies (SD

+

) if and only if for all

u, a

1

, . . . , a

m

, b

1

, . . . , b

n

∈ L

( ∗ ) u = m

∑

i =1 a

i

= n

∑

j =1 b

j implies u = m

∑

i =1 n

∑

j =1 a

i b

j

.

Pr oof. Assuming that L satisfies (SD

+

), w e will pro v e b y induction that the statemen t

P ( m, n ) for all w , a

1

, . . . , a

m

, b

1

, . . . , b

n

∈ L

u = w +

∑

i a

i

= w +

∑

j b

j implies u = w +

∑

i

∑

j a

i b

j

holds for all m, n ≥ 1. Then ( ∗ ) follo ws if w e c ho ose an y w ≤

∑

i

∑

j a

i b

j

.

P(1,1) is precisely (SD

+

), so w e assume that n > 1, and that P(1 , n

′

) holds whenev er

1 ≤ n

′

< n . By h yp othesis u = w + a

1

= w + b

′

n

+ b

n

, where b

′

n

=

∑

n − 1

j =1 b

j

. Therefore

u = ( w + b

′

n

) + a

1

= ( w + b

′

n

) + b

n implies

u = w + b

′

n

+ a

1 b

n b y (SD

+

) , and no w

u = w + a

1 b

n

+ a

1

= w + a

1 b

n

+

∑

n − 1

j =1 b

j implies

u = w + a

1 b

n

+

∑

n − 1

j =1 a

1 b

j

= w +

∑

n

j =1 a

1 b

j b y P( 1 , n − 1) .

Hence P(1 , n ) holds for all n .

No w assume that m > 1 and that P( m

′

, n ) holds for 1 ≤ m

′

< m . By h yp othesis

u = w + a

′

m

+ a

m

= w +

∑

n

j =1 b

j

, where a

′

m

=

∑

m − 1

i =1 a

j

. Consequen tly

u = w + a

′

m

+ a

m

= w + a

′

m

+

∑

n

j =1 b

j implies

u = w + a

′

m

+

∑

n

j =1 a

m b

j b y P( 1 , n ) , and no w

u = ( w +

∑

n

j =1 a

m b

j

) +

∑

m

1

i =1 a

i

= ( w +

∑

n

j =1 a

m b

j

) +

∑

n

j =1 b

j implies

u = w +

∑

n

j =1 a

m b

j

+

∑

m − 1

i =1

∑

n

j =1 a

i b

j

= w +

∑

m

i =1

∑

n

j =1 a

i b

j

b y P( m − 1 , n ) as required. Therefore P( m, n ) holds for all m, n .

Con v ersely , if ( ∗ ) holds and u = a + b = a + c for some u, a, b, c ∈ L , then u =

aa + ab + ac + bc = a + bc . Hence (SD

+

) holds in L . □

Cor ollar y 2.32 (J´ onsson and Kiefer [ 62 ]). A finite lattice satisfies (SD

+

) if and only if

ev ery elemen t has a canonical join represen tation.

Pr oof. Let L b e a finite lattice that satisfies (SD

+

), and supp ose that V and W are t w o

join represen tations of u ∈ L . By the preceding lemma the set { ab : a ∈ V , b ∈ W } is again a join represen tation of u , and it clearly refines b oth V and W . Since L is finite, u

has only finitely man y distinct join represen tations. Com bining these in the same w a y w e

obtain a join represen tation U that refines ev ery other join represen tation of u . Clearly

a canonical join represen tation is giv en b y a subset of U whic h is an irredundan t join

represen tation of u . The con v erse follo ws from Lemma 2.29 □

Th us finite semidistributiv e lattices ha v e the same prop ert y as free lattices in the

sense that ev ery elemen t has canonical join and meet represen tations. F urther results

ab out semidistributivit y app ear in Section 4.2.

Cycles in semidistributiv e lattices. W e shall no w discuss another w a y of c haracteriz-

ing splitting lattices, due to J´ onsson and Nation [ 75 ]. Let L b e a finite lattice and denote

b y J ( L ) the set of all nonzero join-irreducible elemen ts of L . Ev ery elemen t p ∈ J ( L ) has

a unique lo w er co v er, whic h w e denote b y p

∗

. W e define t w o binary relations A and B on

the set J ( L ) as follo ws: for p, q ∈ J ( L ) w e write

pAq if p < q + x, q < p, q ≰ x and q

∗

≤ x for some x ∈ L

pB q if p ≤ p

∗

+ q , p ≰ q and p ≰ p

∗

+ q

∗

.

A third relation σ is defined b y pσ q if pAq or pB q . Note that if pAq then q x = q

∗

,

p + x = q + x and px ≥ q

∗

. So, dep ending on whether or not the last inequalit y is

strict, the elemen ts p, q , x generate a sublattice of L that is isomorphic to either A

1 or

A

2

(Figure 2.6). Also if pB q , then p

∗

≰ q

∗

(else p ≤ p

∗

+ q ≤ q

∗

+ q = q , con tradicting

p ≰ q ) and p + q = p

∗

+ q ≥ p + q

∗

. No w the elemen ts p, p

∗

, q , q

∗ generate a sublattice of

L isomorphic to

B

1 if q

∗

≰ p

∗ and p

∗

+ q > p + q

∗

B

2 if q

∗

≤ p

∗

B

3 if q

∗

≰ p

∗ and p

∗

+ q = p + q

∗

.

If w e assume that L is semidistributiv e, then the last case is excluded since B

3 fails

(SD

+

) ( p

∗

+ q

∗

+ p = p

∗

+ q

∗

+ q ≠ p

∗

+ q

∗

+ pq ). Observ e also that in general the elemen t

x in the definition of A is not unique, but in the presence of (SD

·

) w e can alw a ys tak e

x = κ ( q ), where

κ ( q ) =

∑

{ x ∈ L : q ≰ x and q

∗

≤ x } =

∑

{ x ∈ L : q x = q

∗

} ,

since L is finite and b y (SD

·

) κ ( q ) itself satisfies q κ ( q ) = q

∗

. In this case x is co v ered b y

q + x .

The follo wing lemma from J´ onsson and Nation [ 75 ] motiv ates the ab o v e definitions.

Note that if D ( L ) ≠ L for some finite lattice L , then some join-irreducible elemen t of L is

not in D ( L ), since for an y nonempt y subset U of D

k

( L ),

∑

U is an elemen t of D

k +1

( L ).

Lemma 2.33 If L is a finite semidistributiv e lattice and p ∈ J ( L ) − D ( L ) then there exists

q ∈ J ( L ) − D ( L ) with pσ q .

Pr oof. Since p /∈ D ( L ), there exists a non trivial join-co v er V of p suc h that no join-co v er

U ⊆ D ( L ) of p refines V . Since p ≤

∑

V , w e ha v e

∑

V ≰ κ ( p ), whence v

0

≰ κ ( P ) for

some v

0

∈ V . Cho ose y ≤ v

0 minimal with resp ect to the prop ert y y ≰ k ( p ). Clearly

y ∈ J ( L ) and p ≤ y since V is a non trivial join-co v er. Note that y ≰ κ ( p ) if and only if

p ≤ p

∗

+ y , so b y the minimalit y of y , p ≰ p

∗

+ y

∗

. Th us pB y , and if y /∈ D ( L ), then q = y

yields the desired conclusion.

p

x

q

q

∗

A

1 p

x

q

q

∗

A

2

q p

q

∗ p

∗

B

1 p

q

p

∗

q

∗

B

2 q p

q

∗ p

∗

B

3

Figure 2.6

Otherwise y ∈ D ( L ), and w e can c ho ose an elemen t z ≤ p

∗ sub ject to the condition

p < y + z . W e claim that z /∈ D ( L ). Assume the con trary . Since z < p ≤

∑

V , V is a

join-co v er of z , whic h is either trivial or non trivial. If it is trivial, w e let U = { y , z } , and

if it is non trivial, then there exists a join-co v er W ⊆ D ( L ) of z whic h refines V , and w e

let U = W ∪ { y } . In b oth cases U is a subset of D ( L ) and a join-co v er of p whic h refines

V (since y ≤ v

0

), con tradicting the assumption p /∈ D ( L ).

By Corollary 2.32 ev ery elemen t of L has a canonical join represen tation, so there

exists a finite set U

0

⊆ L suc h that z =

∑

U

0

. Since z /∈ D ( L ), there exists q ∈ U

0 suc h

that q /∈ D ( L ). Letting q

′

=

∑

( U

0

− { q } and x = y + q

∗

+ q

′

w e see that x + q ≥ y + z > p ,

q

∗

≤ x and q < p (since z ≤ p

∗

). F urthermore, q

∗

+ q

′

< z and therefore p ≰ x b y the

minimalit y of z . Consequen tly pAq . □

By a rep eated application of the preceding lemma w e obtain elemen ts p

i

∈ J ( L ) with

p

i σ p

i +1 for i ∈ ω . Since L is finite, this sequence m ust rep eat itself ev en tually , so w e can

assume that p

0 σ p

1 σ · · · σ p

n σ p

0

. Suc h a sequence is called a cycle , and it follo ws that the

nonexistence of suc h cycles in a finite semidistributiv e lattice L implies that D ( L ) = L .

The next result, also from J´ onsson and Nation [ 75 ], sho ws that the con v erse is true is an

arbitrary lattice.

Theorem 2.34 If L is an y lattice whic h con tains a cycle, then D ( L ) ≠ L .

Pr oof. Supp ose p

0 σ p

1 σ · · · σ p

n σ p

0 for some p

i

∈ J ( L ). F rom Figure 2.6 w e can see that

eac h p

i has a non trivial co v er, so p

i

/ ∈ D

0

( L ). Supp ose no p

i b elongs to D

k − 1

( L ), but sa y

p

0

∈ D

k

( L ). If p

0

Ap

1

, then p

0

< p

1

+ x , p

1

< p

0

, p

1

≰ x and p

1 ∗

≤ x for some x ∈ L .

Since { p

1

, x } co v ers p

0

, there exists a co v er U ⊆ D

k − 1

( L ) of p

0 with U ≪ { p

1

, x } . F or

eac h u ∈ U , either u ≤ x or u < p

1

(since p

1

/ ∈ D

k − 1

( L )), but if u < p

1

, then u ≤ p

1 ∗

≤ x .

Hence u ≤ x for all u ∈ U , so that p

0

≤

∑

U ≤ x , a con tradiction.

If p

0

B p

1

, then { p

0 ∗

, p

1

} co v ers p

0

, and therefore there exists a co v er u ⊆ D

k − 1

( L ) of

p

0 with U ≪ { p

0 ∗

, p

1

} . F or eac h u ∈ U , either u ≤ p

0 ∗ or u < p

1

, i.e. u ≤ p

0 ∗ or u ≤ p

1 ∗

.

Therefore p

0

≤

∑

U ≤ p

0 ∗

+ p

1 ∗

, again a con tradiction. By induction w e ha v e p

i

/ ∈ D ( L )

for all i , and so D ( L ) ≠ L . □

Cor ollar y 2.35 F or a finite semidistributiv e lattice L , D ( L ) = L if and only if L con tains

no cycles.

An example of a finite semidistributiv e lattice whic h con tains a cycle is giv e in Fig-

ure 2.7. at the end of this section.

Da y’s c haracterization of finite b ounded lattices. The results of this section are es-

sen tially due to Alan Da y , but the presen tation here is tak en from J´ onsson and Nation [ 75 ].

A more general treatmen t can b e found in Da y [ 79 ].

W e in v estigate the relationship b et w een J ( L ) and J ( Con ( L )). By transitivit y , a con-

gruence relation on a finite lattice is determined uniquely b y the prime quotien ts whic h it

collapses. The next lemma sho ws that w e need only consider prime quotien ts of the form

p/p

∗

, where p ∈ J ( L ).

Lemma 2.36 Let L b e a finite lattice, and supp ose θ ∈ Con ( L ) . Then

(i) θ ∈ J ( Con ( L )) if and only if θ = con ( u, v ) for some prime quotien t u/v of L ;

(ii) if u/v is a prime quotien t of L then there exists p ∈ J ( L ) suc h that p/p

∗

↗ u/v ;

(iii) if L is semidistributiv e, then the elemen t p in (ii) is unique.

Pr oof. (i) In a finite lattice

θ =

∑

{ con ( u, v ) : u/v is prime and uθ v }

so if θ is join-irreducible then θ = con ( u, v ) for some prime quotien t u/v . Con v ersely ,

supp ose ϕ ∈ Con ( L ) is strictly b elo w θ . Then ϕ ⊆ ψ

uv

∩ con ( u, v ), where ψ

uv is the unique

largest congruence that do es not iden tify u and v . Hence ψ

uv

∩ con ( u, v ) is the unique

dual co v er of con ( u, v ), and it follo ws that con ( u, v ) ∈ J ( con ( L )). T o pro v e (ii) w e simply

c ho ose p minimal with resp ect to the condition u = v + p . Then p ∈ J ( L ) and p/p

∗

↗ u/v .

(iii) Supp ose for some q ∈ J ( L ), q ≠ p , w e also ha v e q /q

∗

↗ u/v . Then u = v + p = v + q ,

and b y semidistributivit y u = v + pq . No w p ≠ q implies pq < q or pq < p , so pq ≤ p

∗ or

pq ≤ q

∗

. But then pq ≤ v , hence u = v + pq = v , whic h is a con tradiction. □

F rom (i) and (ii) w e conclude that for an y finite lattice L the map p → con ( p, p

∗

)

from J ( L ) to J ( Con ( L )) is on to. Da y [ 79 ] sho ws that the map is one-one if and only if

L is lo w er b ounded. Let us sa y that a set Q of prime quotien ts in L corresp onds to a

congruence relation θ on L if θ collapses precisely those prime quotien ts in L that b elong

to Q .

Lemma 2.37 A set of prime quotien ts Q in a finite lattice L corresp onds to some θ ∈

Con ( L ) if and only if

( ∗ ) F or an y t w o prime quotien ts r /s and u/v in L , if r /s ∈ Q and if either s ≤ v < u ≤

r + v or su ≤ v < u ≤ r , then u/v ∈ Q .

Pr oof. The t w o conditions of ( ∗ ) can b e rewritten as either r /s ↗ r + v /v ⊇ u/v or

r /s ↘ u/su ⊇ u/v , hence if r /s is collapsed b y some congruence, so is u/v . Therefore ( ∗ )

is clearly necessary .

Supp ose ( ∗ ) holds and let θ =

∑

{ con ( u, v ) : u/v ∈ Q } . If x/y is a prime quotien t

that is collapsed b y θ , then con ( x, y ) ⊆ θ . But con ( x, y ) is join irreducible and Con ( L )

is distributiv e, so con ( x, y ) is in fact join prime, whence con ( x, y ) ⊆ con ( u, v ) for some

u/v ∈ Q . By Lemma 1.11 u/v pro jects w eakly on to x/y , and since ( ∗ ) forces eac h quotien t

in the sequence of transp oses to b e in Q , it follo ws that x/y ∈ Q . □

Theorem 2.38 (J´ onsson and Nation [ 75 ]) . If L is a finite semidistributiv e lattice and

S ⊆ J ( L ) , then the follo wing conditions are equiv alen t:

(i) There exists θ ∈ Con ( L ) suc h that for all p ∈ J ( L ) , pθ p

∗ if and only if p ∈ S .

(ii) F or all p, q ∈ J ( L ) , pσ q and q ∈ S imply p ∈ S .

Pr oof. Assume (i) and let p, q ∈ J ( L ) with pσ q and q ∈ S . Then Figure 2.6 sho ws that

q /q

∗ pro jects w eakly on to p/p

∗

, so if θ collapses q /q

∗

, it also collapses p/p

∗

, whic h implies

p ∈ S .

Con v ersely , supp ose (ii) holds, and let Q b e the set of all prime quotien ts u/v in L ,

suc h that the unique mem b er p ∈ J ( L ) with p/p

∗

↗ u/v b elongs to S . Then p/p

∗

∈ Q

if and only if p ∈ S , so b y the pro ceeding lemma it suffices to sho w that Q satisfies ( ∗ ).

Consider t w o prime quotien ts r /s and u/v in L and let p and q b e the corresp onding

mem b ers of J ( L ), so that q /q

∗

↗ r /s and p/p

∗

↗ u/v . If r /s ∈ Q , then b y uniqueness

q ∈ S . No w p = q ∈ S implies u/v ∈ Q b y definition. Assuming that p ≠ q , w e are going

to sho w that

(1) if s ≤ v < u ≤ r + v then pB q , and

(2) if su ≤ v < u ≤ r then pAq .

Statemen t (ii) then implies p ∈ S , whence u/v ∈ Q as required. Under the h yp othesis of

(1) w e need to sho w that p ≤ p

∗

+ q , p ≰ q and p ≰ p

∗

+ q

∗

. Since q

∗

≤ s ≤ v and p

∗

≤ v ,

w e m ust ha v e p ≰ p

∗

+ q

∗

, else p ≤ v . F or the same reason p ≮ q , and p ≠ q b y assumption.

Finally , p ≰ p

∗

+ q w ould imply p ( p

∗ q ) = p

∗

, whic h together with pv = p

∗ giv es p ( v + q ) = p

∗

b y semidistributivit y . This, ho w ev er, is imp ossible since v + q = s + v + q = r + v ≥ u ≥ p .

This pro v es (1).

No w supp ose that the h yp othesis of (2) is satisfied. Clearly q ≰ s and q

∗

≤ s , so to

pro v e pAq it suffices to sho w that q < p and p < q + s . W e certainly ha v e q + s = r ≥ p

b y the h yp othesis, and this inclusion m ust b e strict, since p = r > s w ould imply p = q

b y the join irreducibilit y of p . Observ e that p ≰ s b ecause ps ≤ su ≤ v and p ≰ v . Since

p ≤ r , this implies r = s + p whic h, together with r = s + q yields r = s + pq . No w q ≰ p

w ould imply pq ≤ q

∗

≤ s , whic h is imp ossible b ecause s + pq = r > s . Th us p ≤ q as

required. □ p

0 x

1

p

3 x

2 p

1

p

2

Figure 2.7

Theorem 2.39 F or an y finite semidistributiv e lattice L , the follo wing conditions are

equiv alen t:

(i) | J ( L ) | = | J ( Con ( L )) |

(ii) D ( L ) = L

(iii) D

′

( L ) = L

(iv) L is b ounded.

Pr oof. It follo ws from the preceding theorem that, for t w o distinct elemen ts p and q of

J ( L ), con ( p, p

∗

) = con ( q , q

∗

) if and only if there exists a cycle con taining b oth p and q .

Consequen tly the map p → con ( p, p

∗

) from J ( L ) to J ( Con ( L )) is one-one if and only if L

con tains no cycles if and only if D ( L ) = L b y Corollary 2.35. Therefore (i) is equiv alen t

to (ii).

Lemma 2.36(iii) and its dual imply that the n um b er of meet irreducible elemen ts of L

is equal to the n um b er of join irreducible elemen ts (to ev ery prime quotien t m

∗

/m where

m is meet irreducible and m

∗

is its dual co v er, corresp onds a unique p ∈ J ( L ) suc h that

p/p

∗

↗ m

∗

/m , and vice v ersa). Therefore the condition | J ( L ) | = | J ( Con ( L )) | is equiv alen t

to its o wn dual, and hence to the dual of D ( L ) = L , namely D

′

( L ) = L .

Lastly (ii) and (iii) together are equiv alen t to (iv) b y Theorem 2.23 and its dual. □

It is in teresting to examine ho w the ab o v e conditions fail in the semidistributiv e lattice

in Figure 2.7, whic h con tains the cycle p

0

A p

1

A p

2

B p

3

B p

0

. If w e add an elemen t a on the

edge c, p

2

, then w e obtain an example of a sub directly irreducible semidistributiv e lattice

whic h is not a splitting lattice. It is not difficult to pro v e that ev ery critical quotien t

of a splitting lattice m ust b e prime, but the example w e just men tioned sho ws that the

con v erse do es not hold ev en for semidistributiv e lattices.

2.4 Splitting lattices generate all lattices

W e will no w pro v e a few lemmas whic h lead up to the result of Da y [ 77 ], that the v ariet y

L of all lattices is generated b y the class of all splitting lattices. This result and some of

the c haracterizations of splitting lattices will b e used at the end of Chapter 6.

Let B b e the class of all b ounded lattices and let B

F b e the class of finite mem b ers of

B . By Theorem 2.25 ( B

F

)

S I is the class of all splitting lattices, and it is clearly sufficien t

to sho w that L = ( B

F

)

V

.

Lemma 2.40 B

F is closed under sublattices, homomorphic images and direct pro ducts

with finitely man y factors.

Pr oof. If L is a sublattice of a lattice B ∈ B

F

, then b y Lemma 2.17 (iv), an y f : F ( X ) →

→ L , where F ( X ) is a finitely generated free lattice, is b ounded. If L is a homomorphic

image of B , sa y h : B → → L , then there exists g : F ( X ) → B suc h that f = hg , and

b y the equiv alence of (i) and (iii) of Theorem 2.23 g is b ounded. h is b ounded since B

is finite, hence f is also b ounded. Lastly , if B

1

, B

2

∈ B

F and f : F ( X ) → → B

1

× B

2 is

an epimorphism, then π

i f is b ounded, where π

i

: B

1

× B

2

→ → B

i is the pro jection map

( i = 1 , 2). F or b

i

∈ B

i

, let β

i

( b

i

) b e the least preimage of b

i under the map π

i f , and

denote the zero of B

i b y 0

i

. Since ( b

1

, 0

2

) is the least elemen t of π

− 1

1

{ b

1

} , β

1

( b

1

) is also the

least elemen t of f

− 1

{ ( b

1

, 0

2

) } , and similarly β

2

( b

2

) is the least elemen t of f

− 1

{ (0

1

, b

2

) } .

It follo ws that β

1

( b

1

) + β

2

( b

2

) is the least preimage of ( b

1

, 0

2

) + (0

1

, b

2

) = ( b

1

, b

2

) under f .

Hence f is lo w er b ounded, and a dual argumen t sho ws that f is also upp er b ounded. □

The t w o elemen t c hain is a splitting lattice, so the ab o v e lemma implies that ev ery

finite distributiv e lattice is b ounded. Recall the construction of the lattice L [ u/v ] from a

lattice L and a quotien t u/v of L (see ab o v e Lemma 2.15).

Lemma 2.41 (Da y [ 77 ]). If L ∈ B

F and I = u/v is a quotien t of L , then L [ I ] ∈ B

F

.

Pr oof. By assumption L is a finite lattice, hence L [ I ] is also finite. Let X b e a finite

set with f : F ( X ) → → L [ I ] a lattice epimorphism and let γ : L [ I ] → → L b e the natural

epimorphism. Since L ∈ B

F

, h = γ f : F ( X ) → → L is b ounded, so for eac h b ∈ L there

exists a least mem b er β

h

( b ) of h

− 1

{ b } . By definition of γ , w e ha v e

γ

− 1

{ b } =

{

{ b } if b ∈ L − I

{ ( b, 0) , ( b, 1) } if b ∈ I .

hence β

h γ ( b ) is the least mem b er of f

− 1

{ b } for eac h b ∈ ( L − I ) ∪ I × { 0 } . Note that for

an y a

1

, a

2

, b

1

, b

2

∈ L if a

i is the least mem b er of f

− 1

{ b

i

} ( i = 1 , 2) then a

1

+ a

2 is the

least mem b er of f

− 1

{ b

1

+ b

2

} . Since for an y t ∈ u/v , ( t, 1) = ( t, 0) + ( v , 1) it is enough

to sho w that f

− 1

{ ( v , 1) } has a least mem b er. f is surjectiv e, so there exists a w ∈ F ( X )

with f ( w ) = ( v , 1). Define

w = w ·

∏

{ x ∈ X : ( v , 1) ≤ f ( x ) } ·

∏

{ β

h

( b ) : b ∈ L − I and v < b } .

Clearly f ( w ) = ( v , 1), and if

S = { p ∈ F ( X ) : ( v , 1) ≤ f ( p ) implies w ≤ p } then X ⊆ S and S is closed under meets. W e need to sho w that S is also closed under joins.

Let p, q ∈ S and supp ose that ( v , 1) ≤ f ( p + q ) = f ( p ) + f ( q ). Note that b y construction

of L [ I ], r + s ∈ I × { 1 } implies r ∈ I × { 1 } or s ∈ I × { 1 } , so if f ( p + q ) ∈ I × { 1 } ,

then ( v , 1) ≤ f ( p ) or ( v , 1) ≤ f ( q ), whence w ≤ p or w ≤ q , whic h certainly implies

w ≤ p + q . On the other hand, if f ( p + q ) ∈ L − I , then γ f ( p + q ) = f ( p + q ), and so

w ≤ β

h γ f ( p + q ) ≤ p + q . Therefore f is lo w er b ounded b y β

f

: L [ I ] → F ( X ), where

β

f

( b ) =

{

β

h γ ( b ) if b ∈ ( L − I ) ∪ I × { 0 }

w + β

h γ ( b ) if b ∈ I × { 1 } .

A dual argumen t sho ws that f is also upp er b ounded, hence L [ I ] ∈ B

F

. □

Let W ( L ) b e the set of all (W)-failures of the lattice L (see Lemma 2.15) and define

I

W

( L ) = { c + d/ab : ( a, b, c, d ) ∈ W ( L ) } .

Lemma 2.42 (Da y [ 77 ]). If L is a lattice that fails (W) , then there exists a lattice L and

a b ounded epimorphism ρ : L → → L satisfying: F or an y ( a

1

, a

2

, a

3

, a

4

) ∈ W ( L ) and an y

x

i

∈ ρ

− 1

{ a

i

} ( i = 1 , 2 , 3 , 4) x

1 x

2

≰ x

3

+ x

4

.

Pr oof. F or eac h I ∈ I

W

( L ) w e construct the lattice L [ I ] and denote b y γ

I the natural

epimorphism from L [ I ] on to L . Note that γ

I is b ounded with the upp er and lo w er b ounds

of γ

− 1

{ b } giv en b y

α

I

( b ) =

{

b if b ∈ L − I

( b, 1) if b ∈ I β

I

( b ) =

{

b if b ∈ L − I

( b, 0) if b ∈ I

resp ectiv ely . Let L

′

b e the pro duct of all the L [ I ] as I ranges through I

W

( L ), and let

π

I

: L

′

→ → L [ I ] b e the I th pro jection map. Recall that for f , g : L

′

→ L w e can define a

sublattice of L

′

b y

Eq ( f , g ) = { x ∈ L

′

: f ( x ) = g ( x ) } .

Let L =

⋂

{ Eq ( γ

I π

I

, γ

J π

J

) : I , J ∈ I

W

( L ) } and tak e ρ : L → L to b e the restriction of

γ

I π

I to L . No w, for ev ery y ∈ L , γ

I α

I

( y ) = y = γ

J α

J

( y ), hence the I -tuple ( α

I

( y )) is

an elemen t of L , and clearly α

ρ

( y ) = ( α

I

( y )) is the greatest elemen t of ρ

− 1

{ y } . Similarly

β

ρ

( y ) = ( β

I

( y )), and therefore ρ is a b ounded epimorphism. T o v erify the last part of the

lemma, it is sufficien t to sho w that for all ( a, b, c, d ) ∈ W ( L ), β

ρ

( a ) β

ρ

( b ) ≰ α

ρ

( c ) + α

ρ

( d ).

This is indeed the case, since c + d/ab = I ∈ I

W

( L ) implies

β

I

( a ) β

I

( b ) = ( ab, 1) ≰ ( c + d, 0) = α

I

( c ) + α

I

( d ) .

□

Note that if L ∈ B

F

, then L is a sublattice of a finite pro duct of lattices L [ I ], hence

b y Lemmas 2.40 and 2.41, L ∈ B

F

.

Theorem 2.43 (Da y [ 77 ]). F or an y lattice L , there is a lattice

^

L satisfying (W) and a

b ounded epimorphism ρ̂ :

^

L → → L .

Pr oof. Let L

0

= L and, for eac h n ∈ ω , let L

n +1

= L

n and ρ

n +1

: L

n +1

→ → L

n b e giv en

b y the preceding lemma.

^

L is defined to b e the inverse limit of the L

n

, ρ

n

, i.e.

^

L is the

sublattice of the pro duct ⟩ ⟨

n ∈ ω

L

n defined b y

x ∈

^

L if and only if ρ

n +1

( x

n +1

) = x

n for all n ∈ ω

where x

i

∈ L

i is the image of x under the pro jection π

i

: ⟩ ⟨

n ∈ ω

L

n

→ → L

i

. W e claim that

^

L satisfies (W). Supp ose a, b, c, d ∈

^

L with a, b ≰ c + d and ab ≰ c, d . Then there exist

indices j , k , l , m suc h that

a

j b

j

≰ c

j

, a

k b

k

≰ d

k

, a

l

≰ c

l

+ d

l and b

m

≰ c

m

+ d

m

.

Since eac h ρ

i is order- preserving, w e ha v e that for an y i ≥ max { j , k , l , m } ,

a

i

, b

i

≰ c

i

+ d

i and a

i b

i

≰ c

i

, d

i

.

No w if a

i b

i

≰ c

i

+ d

i

, then ab ≰ c + d and w e are done. If a

i b

i

≤ c

i

+ d

i

, then b y the

previous lemma a

i +1 b

i +1

≰ c

i +1

+ d

i +1

, and again ab ≰ c + d . Hence

^

L satisfies (W).

Let ρ̂ = π

0

|

^

L :

^

L → L , let α

0

= β

0 b e the iden tit y map on L

0

= L , and for n ≥ 1

define the maps α

n

, β

n

: L → L

n b y

α

n

= α

ρ

n α

n − 1 and β

n

= β

ρ

n β

n − 1

.

Then it is easy to c hec k that for y ∈ L the sequences ( α

n

( y )) and ( β

n

( y )) are the greatest

and least elemen ts of ρ̂

− 1

{ y } resp ectiv ely , hence ρ̂ is a b ounded epimorphism. □

Theorem 2.44 (Da y [ 77 ]). L is generated b y the class of all splitting lattices.

Pr oof. Let L = F

D

(3), the free distributiv e lattice on three generators, sa y x, y , z , and

consider the lattice

^

L constructed in the preceding theorem. L is a finite distributiv e

lattice, hence L ∈ B

F

, and it follo ws that

^

L ∈ ( B

F

)

V

. Cho ose elemen ts x̂ , ŷ , ẑ ∈

^

L whic h

map to x, y , z under ρ̂ :

^

L → → L . Since the set X = { x, y , z } satisfies (W2

′

) and (W3

′

), so

do es the set

^

X = { x̂ , ŷ , ẑ } . In addition

^

L satisfies (W), hence the sublattice of

^

L generated

b y

^

X is isomorphic to F

L

(3). By a w ell kno wn result of Whitman [ 42 ], the free lattice

on coun tably man y generators is a sublattice of F

L

(3), and therefore F

L

( ω ) ∈ ( B

F

)

V

. The

result no w follo ws. □

The t w o statemen ts of the follo wing corollary w ere pro v en equiv alen t to the ab o v e

theorem b y A. Kostinsky (see McKenzie [ 72 ]).

Cor ollar y 2.45

(i) F

L

( n ) is w eakly atomic for eac h n ∈ ω .

(ii) F or an y prop er sub v ariet y V of L , there is a splitting pair ( V

1

, V

2

) of L suc h that

V ⊆ V

1

.

Pr oof. (i) By the ab o v e theorem F

L

( n ) is a sub direct pro duct of splitting lattices S

i

( i ∈ I ). Let f : F

L

( n ) → ⟩ ⟨

i ∈ I

S

i b e the sub direct represen tation, and supp ose r /s is a

non trivial quotien t of F

L

( n ). Then for some index i ∈ I , π

i f ( r ) ≠ π

i f ( s ). Since S

i is finite,

w e can c ho ose a prime quotien t p/q ⊆ π

i f ( r ) /π

i f ( s ). By Theorem 2.25 π

i f : F

L

( n ) → → S

i is a b ounded epimorphism, so there exists a greatest preimage v of q and a least preimage

u of p , and it is easy to c hec k that u + v /v is a prime sub quotien t of r /s (see pro of of

Theorem 2.25).

(ii) This is an immediate consequence of the preceding theorem, since L = ( B

F

)

V

if

and only if ev ery prop er sub v ariet y of L do es not con tain all splitting lattices. □

Note that if F

L

( n ) is w eakly atomic for n ∈ ω , then b y Corollary 2.26 F

L

( n ) is a

sub direct pro duct of splitting lattices, hence F

L

( n ) ∈ ( B

F

)

V

for eac h n ∈ ω . This clearly

implies L = ( B

F

)

V

.

Using some of the results of this section, w e pro v e one last c haracterization of finite

b ounded lattices.

Theorem 2.46 (Da y [ 79 ]). A finite lattice L is b ounded if and only if there is a sequence

of lattices 1 = L

0

, L

1

, . . . , L

n +1

= L and a sequence of quotien ts u

0

/v

0

, . . . , u

n

/v

n with

u

i

/v

i

⊆ L

i suc h that L

i +1

∼

= L

i

[ u

i

/v

i

] ( i = 0 , 1 , . . . , n ) .

Pr oof. The rev erse implication follo ws from Lemma 2.41, since the trivial lattice 1 is

ob viously b ounded.

T o pro v e the forw ard implication, let θ b e an atom in Con ( L ). W e need only sho w

that L can b e obtained from L

n

= L/θ b y finding a suitable quotien t u

n

/v

n in L

n suc h

that L

n

[ u

n

/v

n

]

∼

= L . Since L

n is again a finite b ounded lattice, w e can then rep eat this

pro cess to obtain L

n − 1

, L

n − 2

, . . . , L

0

= 1 .

By Theorem 2.39 the map p → con ( p, p

∗

) is a bijection from J ( L ) to J ( Con ( L )),

and since θ ∈ J ( Con ( L )), there exists a unique p ∈ J ( L ) with θ = con ( p, p

∗

). L is

semidistributiv e, so b y the dual of Lemma 2.36 (iii) w e can find a unique meet irreducible

m ∈ L suc h that m

∗

/m ↘ p/p

∗

, where m

∗

is the unique co v er of m . W e claim that

(1) m/p

∗ transp oses bijectiv ely up on to m

∗

/p , and

(2) xθ y if and only if x = y or { x, y } = { z , p + z } for some z ∈ m/p

∗

.

Letting u

n

= m/θ and v

n

= p/θ , w e then ha v e L

n

[ u

n

/v

n

]

∼

= L .

T o pro v e (1), supp ose x ∈ m/p

∗ but x < ( p + x ) m . Then w e can find q ∈ J ( L ) suc h

that q ≤ ( p + x ) m and q ≰ x . No w p

∗ θ p implies x θ ( p + x ) m , whic h in turn implies q

∗ θ q .

Since the map p → con ( p, p

∗

) is one-one, this forces p = q ≤ m , a con tradiction. Dually

one pro v es that for x ∈ m

∗

/p , x = mx + p .

Since L is a finite lattice w e need only c hec k the forw ard implication of (2) for pairs

( x, y ) ∈ θ of the form x ≺ y . Clearly con ( x, y ) ≤ con ( p, p

∗

), and since con ( p, p

∗

) is an

atom of Con ( L ), equalit y holds. This means that p is the unique join irreducible for whic h

p/p

∗

↗ y /x , and therefore { x, y } = { x, p + x } . The rev erse implication follo ws from the

observ ation that if x = z , sa y , and z ∈ m/p

∗

, then x ≥ p

∗

, x ≱ p and y = p + x . This

implies that p/p

∗

↗ y /x , whence xθ y . □

2.5 Finite lattices that satisfy (W)

W e conclude this c hapter with a result ab out finite lattices that satisfy Whitman’s condi-

tion (W), and some remarks ab out finite sublattices of a free lattice.

2.5. FINITE LA TTICES THA T SA TISFY (W) 45

Theorem 2.47 (Da v ey and Sands[ 77 ]). Supp ose f is an epimorphism from a finite lattice

K on to a lattice L . If L satisfies (W) , then there exists an em b edding g : L → K suc h

that f g is the iden tit y map on L .

Pr oof. Let f b e the epimorphism from K on to L . Since K is finite, f is b ounded, so w e

obtain the meet preserving map α

f

: L → K and the join preserving map β

f

: L → K (see

Lemma 2.17(v)). Let M b e the collection of all join preserving maps γ : L → K whic h are

p oin t wise b elo w α

f

(i.e. γ ( b ) ≤ α

f

( b ) for all b ∈ L ). M is not empt y since β

f

∈ M . No w

define a map g : L → K b y g ( b ) =

∑

{ γ ( b ) : γ ∈ M } . g is clearly join preserving and is in

fact the largest elemen t of M (in the p oin t wise order). Also, since β

f

( b ) ≤ g ( b ) ≤ α

f

( b )

for all b ∈ L , w e ha v e

b = f β

f

( b ) ≤ f g ( b ) ≤ f α

f

( b ) = b

whic h implies that f g is the iden tit y map on L . It remains to sho w that g is meet

preserving, then g is the desired em b edding of L in to K .

Supp ose g ( ab ) ≠ g ( a ) g ( b ) for some a, b ∈ L . Since g is order preserving, w e actually

ha v e g ( ab ) < g ( a ) g ( b ). Define h : L → M b y

h ( x ) =

{

g ( x ) if ab ≰ x

g ( x ) + g ( a ) g ( b ) if ab ≤ x.

Then h /∈ M b ecause h ( ab ) = g ( a ) g ( b ) > g ( ab ), but h is p oin t wise b elo w α

f since for ab ≤ x

w e ha v e h ( x ) = g ( x ) + g ( a ) g ( b ) ≤ α

f

( x ) + α

f

( a ) α

f

( b ) = α

f

( x ) + α

f

( ab ) = α

f

( x ). It follo ws

that h is not join preserving, so there exist c, d ∈ L suc h that h ( c + d ) ≠ h ( c ) + h ( d ). F rom

the definition of h w e see that this is only p ossible if ab ≤ c + d , ab ≰ c and ab ≰ d . Th us

(W) implies that a ≤ c + d or b ≤ c + d . Ho w ev er, either one of these conditions leads to

a con tradiction, since then

h ( c + d ) = g ( c + d ) + g ( a ) g ( b ) = g ( c + d ) = g ( c ) + g ( d ) = h ( c ) + h ( d ) .

□

Actually the result pro v ed in Da v ey and Sands [ 77 ] is somewhat more general, since

it suffices to require that ev ery c hain of elemen ts in K is finite.

Finite sublattices of a free lattice. Another result w orth men tioning is that an y finite

semidistributiv e lattice whic h satisfies Whitman’s condition (W) can b e em b edded in a

free lattice. This longstanding conjecture of J´ onsson w as finally pro v ed b y Nation [ 83 ].

F ollo wing an approac h originally suggested b y J´ onsson, Nation pro v es that a finite semidis-

tributiv e lattice L whic h satisfies (W) cannot con tain a cycle. By Corollary 2.35 and The-

orem 2.39 L is b ounded, and it follo ws from Theorem 2.19 that L can b e em b edded in a

free lattice. (Note that (W) fails in the lattice of Figure 2.7)

Of course an y finite sublattice of a free lattice is semidistributiv e and satisfies (W)

(Corollary 2.16, Lemma 2.30). So in particular Nation’s result sho ws that the finite sub-

lattices of free lattices can b e c haracterized b y the first-order conditions (SD

+

), (SD

.

) and

(W).

Chapter 3

Mo dular V arieties

3.1 In tro duction

Mo dular lattices w ere studied in general b y Dedekind around 1900, and for quite some

time they w ere referred to as Dedekind lattices. The imp ortance of mo dular lattices stems

from the fact that man y algebraic structures giv e rise to suc h lattices. F or example the

lattice of normal subgroups of a group and the lattice of subspaces of a v ector space and

a pro jectiv e space (pro jectiv e geometry) are mo dular. The Jordan H¨ older Theorem of

group theory dep ends only on the (semi-) mo dularit y of normal subgroup lattices and the

theorem of Kuro ˇ s and Ore holds in an y mo dular lattice.

Pro jectiv e spaces pla y an imp ortan t role in the study of mo dular v arieties b ecause their

subspace lattices pro vide us with infinitely man y sub directly irreducible (complemen ted)

mo dular lattices of arbitrary dimension. They also add a geometric fla v or to the study of

mo dular lattices.

The Arguesian iden tit y w as in tro duced b y J´ onsson [ 53 ] (see also Sc h ützen b erger [ 45 ]).

It implies mo dularit y and is a lattice equiv alen t of Desargues’ La w for pro jectiv e spaces.

Some of the results ab out Arguesian lattices are discussed in Section 3.2, but to k eep the

length of this presen tation within reasonable b ounds, most pro ofs ha v e b een omitted.

As w e ha v e men tioned b efore McKenzie [ 70 ] and Bak er [ 69 ] (see also Wille [ 72 ] and

Lee [ 85 ]) sho w ed indep enden tly that the lattice Λ of all lattice sub v arieties has 2 ω

mem b ers.

Moreo v er, Bak er’s pro of sho ws that the lattice Λ

M of all mo dular lattice sub v arieties

con tains the Bo olean algebra 2 ω

as a sublattice.

Con tin uous geometries, as in tro duced b y v on Neumann [ 60 ], are complemen ted mo d-

ular lattices and v on Neumann’s co ordinatization of these structures demonstrates an

imp ortan t connection b et w een rings and mo dular lattices. Using the notion of an n -frame

and its asso ciated co ordinate ring (due to v on Neumann), F reese [ 79 ] sho ws that the v a-

riet y M of all mo dular lattices is not generated b y its finite mem b ers. Herrmann [ 84 ]

extends this result b y sho wing that M is not ev en generated b y its mem b ers of finite

length.

The structure of the b ottom end of Λ

M is in v estigated in Gr¨ atzer [ 66 ] and J´ onsson [ 68 ],

where it is sho wn that the v ariet y M

3 generated b y the diamond M

3 is co v ered b y exactly

t w o v arieties, M

4 and M

3

2 . F urthermore, J´ onsson [ 68 ] pro v ed that ab o v e M

4 w e ha v e

a c hain of v arieties M

n

, eac h generated b y a finite mo dular lattice of length 2, suc h that

M

n +1 is the only join irreducible co v er of M

n

. Hong [ 72 ] adds further detail to this picture r q

p x

y

z

Figure 3.1

b y sho wing, among other things, that M

3

2 has exactly fiv e join irreducible co v ers. The

metho ds dev elop ed b y J´ onsson and Hong ha v e pro v ed to v ery useful for the in v estigation

of mo dular v arieties generated b y lattices of finite length and / or finite width (=maximal

n um b er of pairwise incomparable elemen ts). F reese [ 72 ] extends these metho ds and giv es

a complete description of the v ariet y generated b y all mo dular lattices of width 4.

3.2 Pro jectiv e Spaces and Arguesian Lattices

W e b egin with a discussion of pro jectiv e spaces, since man y of the results ab out mo dular

v arieties mak e use of some of the prop erties of these structures. A some of the results

review ed here will also b e used in Chapter 6.

Definition of a pro jectiv e space. In this section w e will b e concerned with pairs of

sets ( P , L ), where P is a set of p oints and a collection L of subsets of P , called lines . If

a p oin t p ∈ P is an elemen t of a line l ∈ L , then w e sa y that p lies on l , and l p asses

thr ough p . A set of p oin ts is c ol line ar if all the p oin ts lie on the same line. A triangle is

an ordered triple of noncollinear (hence distinct) p oin ts ( p, q , r ).

( P , L ) is said to b e a pr oje ctive sp ac e (sometimes also called pro jectiv e geometry) if it

satisfies:

(P1) eac h line con tains at least t w o p oin ts;

(P2) an y t w o distinct p oin ts p and q are con tained in exactly one line (denoted b y { p, q } );

(P3) for an y triangle ( p, q , r ), if a line in tersects t w o of the lines { p, q } , { p, r } or { q , r }

in distinct p oin ts, then it meets the third side (i.e. coplanar lines in tersect, see

Figure 3.1).

The t w o simplest pro jectiv e spaces, whic h ha v e no lines at all, are ( ∅ , ∅ ) and ( { p } , ∅ ),

while ( { p, q } , {{ p, q }} ) and ( { p, q , r } , {{ p, q , r }} ) ha v e one line eac h, and

( { p, q , r } , {{ p, q } , { p, r } , { q , r }} )

has three lines.

The last t w o examples sho w that w e can ha v e differen t pro jectiv e spaces defined on

the same set of p oin ts. Ho w ev er w e will usually b e dealing only with one space ( P , L ) at

a time whic h w e then simply denote b y the letter P .

A subsp ac e S of a pro jectiv e space P is a subset S of P suc h that ev ery line whic h passes

through an y t w o distinct p oin ts of S is included in S (i.e. p, q ∈ S implies { p, q } ⊆ S ,

where w e define { p, p } = { p } ). The collection of all subspaces of P is denoted b y L ( P ).

Pro jectiv e spaces and mo dular geometric lattices. A lattice L is said to b e upp er-

semimo dular or simply semimo dular if a ≺ b in L implies a + c ≺ b + c or a + c = b + c for

all c ∈ L . Clearly ev ery mo dular lattice is semimo dular.

A ge ometric lattic e is a semimo dular algebraic lattice in whic h the compact elemen ts

are exactly the finite joins of atoms. The next theorem summarizes the connection b et w een

pro jectiv e spaces and (mo dular) geometric lattices.

Theorem 3.1 Let P b e an arbitrary pro jectiv e space. Then

(i) ( L ( P ) , ⊆ ) is a complete mo dular lattice;

(ii) asso ciated with ev ery mo dular lattice M is a pro jectiv e space P ( M ) , where P ( M )

is the set of all atoms of M , and a line through t w o distinct atoms p and q is the set

of atoms b elo w p + q (i.e. { p, q } = { r ∈ P ( M ) : r ≤ p + q } );

(iii) P ( L ( P ))

∼

= P ;

(iv) for an y mo dular lattice M , if M

′

is the sublattice of M generated b y the atoms of

M, and I M

′

is the ideal lattice of M

′

, then I M

′ ∼

= L ( P ( M )) ;

(v) L ( P ) is a mo dular geometric lattice;

(vi) L ( P ( M ))

∼

= M for an y mo dular geometric lattice M

Pr oof. (i) L ( P ) is closed under arbitrary in tersections and P ∈ L ( P ), hence L ( P ),

ordered b y inclusion, is a complete lattice. F or S , T ∈ L ( P ) the join can b e describ ed b y

S + T =

⋃

{ { p, q } : p ∈ S , q ∈ T }

(here w e use (P3), see [ GL T ] p.203). Supp ose R ∈ L ( P ) and R ⊇ T . T o pro v e L ( P )

mo dular, w e need only sho w that R ( S + T ) ⊆ R S + T . Let r ∈ R ( S + T ). Then r ∈ R

and r ∈ S + T , whic h implies r ∈ { p, q } for some p ∈ S , q ∈ T ⊆ R . If r = q then r ∈ T ,

and if r ≠ q then p ∈ { r , q } ⊆ R (b y (P2)), hence p ∈ R S . In either case r ∈ R S + T as

required.

(ii) W e ha v e to sho w that P ( M ) satisfies (P1), (P2) and (P3). (P1) holds b y con-

struction, and (P2) follo ws from the fact that, b y mo dularit y , the join of t w o atoms co v ers

b oth atoms. T o pro v e (P3), supp ose ( p, q , r ) form a triangle, and x, y are t w o distinct

p oin ts (atoms) suc h that x ≤ p + q and y ≤ q + r (see Figure 3.1). It suffices to sho w that

{ x, y } ∩ { p, r } ≠ ∅ . Since p, q , r are noncollinear, p + q + r co v ers p + r b y (upp er semi-)

mo dularit y . Also x + y ≤ p + q + r , hence x + y = ( x + y )( p + q + r ), whic h co v ers or equals

( x + y )( p + r ) b y (lo w er semi-) mo dularit y . If x + y = ( x + y )( p + r ), then x + y ≤ p + r ,

and since x + y and p + r are elemen ts of heigh t 2, w e m ust ha v e x + y = p + r . In this case

{ x, y } = { p, r } and there in tersection is certainly nonempt y . If x + y ≻ ( x + y )( p + r ) = z ,

then z m ust b e an atom, and is in fact the p oin t of in tersection of { x, y } and { p, r } .

(iii) A p oin t p ∈ P corresp onds to the one elemen t subspace (atom) { p } ∈ L ( P ), and

it is easy to c hec k that this map extends to a corresp ondence b et w een the lines of P and

L ( P ).

(iv) Eac h ideal of M

′

is generated b y the set of atoms it con tains, ev ery subspace

of P ( M ) is the set of atoms of some ideal of M

′

, and the (infinite) meet op erations

(in tersection) of b oth lattices are preserv ed b y this corresp ondence. Hence the result

follo ws.

(v) By (iii) P

∼

= P ( M ) for some mo dular lattice M , hence (iv) implies that L ( P )

∼

=

I M

′

. It is easy to c hec k that I M

′

is a geometric lattice, and mo dularit y follo ws from (i).

No w (vi) follo ws from (iv) and the observ ation that if M is a geometric lattice, then

I M

′ ∼

= M . □

Lemma 3.2 (Birkhoff [ 35’ ]). Ev ery geometric lattice is complemen ted.

Pr oof. Let L b e a geometric lattice and consider an y nonzero elemen t x ∈ L . By Zorn’s

Lemma there exists an elemen t m ∈ L that is maximal with resp ect to the prop ert y

xm = 0

L

. W e w an t to sho w x + m = 1

L

. Ev ery elemen t of L is the join of all the atoms

b elo w it, so if x + m < 1

L

, then there is an atom p ≰ x + m , and b y semimo dularit y

m ≺ m + p . W e sho w that x ( m + p ) = 0

L

, whic h then con tradicts the maximalit y of

m , and w e are done. Supp ose x ( m + p ) > 0

L

. Then there is an atom q ≤ x ( m + p ),

and q ≰ m since q ≤ x . Again b y semimo dularit y m ≺ m + q . Also q ≤ m + p , hence

m ≺ m + q ≤ m + p , and together with m ≺ m + p w e obtain m + q = m + p . But this

implies p ≤ m + q ≤ x + m , a con tradiction. □

In fact MacLane [ 38 ] sho w ed that ev ery geometric lattice is relativ ely complemen ted

(see [ GL T ] p.179).

The next theorem is a significan t result that is essen tially due to F rink [ 46 ], although

J´ onsson [ 54 ] made the observ ation that the lattice L is in the same v ariet y as K .

Theorem 3.3 Let V b e a v ariet y of lattices. Then ev ery complemen ted mo dular lattice

K ∈ V can b e 0,1-em b edded in some mo dular geometric lattice L ∈ V .

Pr oof. Let M = F K b e the filter lattice of K , ordered b y rev erse inclusion. Then M

satisfies all the iden tities whic h hold in K , hence M is mo dular and M ∈ V . F or L w e

tak e the subspace lattice of the pro jectiv e space P ( M ) asso ciated with M . Note that the

p oin ts of P ( M ) are the maximal (prop er) filters of K . By Theorem 3.1 (v), L is a mo dular

geometric lattice, and b y (iv) L

∼

= I M

′

, whic h implies that L is also in V . Define a map

f : K → L b y

f ( x ) = { F ∈ P ( M ) : x ∈ F }

for eac h x ∈ K . It is easy to c hec k that f ( x ) is in fact a subspace of P ( M ), that f (0

K

) = ∅ ,

f (1

K

) = P ( M ) and that f is meet preserving, hence isotone. T o conclude that f is also

join preserving, it is therefore sufficien t to sho w that f ( x + y ) ⊆ f ( x ) + f ( y ). This is

trivial for x or y equal to 0

K

, so supp ose x, y ≠ 0

K and F ∈ f ( x + y ). Then x + y ∈ F ,

and w e ha v e to sho w that there exist t w o maximal filters G ∈ f ( x ), H ∈ f ( y ) suc h that

F ≤ G + H (i.e. F ⊇ G + H ). If x ∈ F , then w e simply tak e F = G , and H as an y maximal

filter con taining y , and similarly for y ∈ F (here, and subsequen tly , w e use Zorn’s Lemma

to extend an y filter to a maximal filter). Th us w e ma y assume that x, y /∈ F . F urther

w e ma y assume that xy = 0

K

, since if xy > 0

K

, then w e let y

′

b e a relativ e complemen t of xy in the quotien t y / 0

K

(it is easy to see that ev ery complemen ted mo dular lattice is

relativ ely complemen ted). Clearly xy

′

= xy y

′

= 0

K

, x + y

′

= x + xy + y

′

= x + y and an y

filter that do es not con tain y m ust also exclude y

′

, so w e can replace y b y y

′

.

No w y /∈ F implies [ y ) < [ y ) + F , where [ y ) is the principal filter generated b y y . Hence

b y mo dularit y , w e see that

[0

K

) = [ x ) · [ y ) < [ x ) · ([ y ) + F )

(else [ y ), [ y ) + F and [ x ) generate a p en tagon). So there is a maximal filter G ≤ [ x ) · ([ y ) + F ),

whence it follo ws that x ∈ G and [ y ) + F = [ y ) + F + G . This time x /∈ F giv es G < G + F ,

and to a v oid a p en tagon, w e m ust ha v e [0

K

) = [ y ) · G < [ y ) · ( G + F ). Hence there is a

maximal filter H ≤ [ y ) · ( G + F ), and x ∈ G , y ∈ H and xy = 0

K sho ws that G ≠ H .

Consequen tly F , G and H are three distinct atoms of F K , and since H ≤ G + F , they

generate a diamond. Th us F ≤ G + H as required.

T o see that f is one-one, supp ose x ≰ y , and let x

′

b e a relativ e complemen t of xy in

x/ 0

K

. If F is a maximal filter con taining x

′

, then F ∈ f ( x ) but F /∈ f ( y ) since x

′

y = 0

K

.

Therefore f ( x ) ≠ f ( y ). □

The ab o v e result is not true if w e allo w K to b e an arbitrary mo dular lattice. Hall and

Dilw orth [ 44 ] construct a mo dular lattice that cannot b e em b edded in an y complemen ted

mo dular lattice.

Co ordinatization of pro jectiv e spaces. The dimension of a subspace is defined to b e

the cardinalit y of a minimal generating set. This is equal to the heigh t of the subspace

in the lattice of all subspaces. If it is finite, then it is one greater than the usual notion

of Euclidian dimension, since a line is generated b y a minim um of t w o p oin ts. A t w o-

dimensional pro jectiv e (sub-) space is called a pr oje ctive line and a three-dimensional one

is called a pr oje ctive plane .

It is easy to c haracterize the subspace lattices of pro jectiv e lines: they are all the

(mo dular) lattices of length 2, excluding the three elemen t c hain. Note that except for

the four elemen t Bo olean algebra, these lattices are all simple. A pro jectiv e space in

whic h ev ery line has at least three p oin ts is termed nonde gener ate . A simple geometric

argumen t sho ws that the lines of a nondegenerate pro jectiv e space all ha v e the same

n um b er of p oin ts.

Nondegenerate pro jectiv e spaces are c haracterized b y the fact that their subspace

lattices are directly indecomp osable (not the direct pro duct of subspace lattices of smaller

pro jectiv e spaces) and, in the ligh t of the follo wing theorem, they form the building blo c ks

of all other pro jectiv e spaces.

Theorem 3.4 (Maeda [ 51 ]). Ev ery (mo dular) geometric lattice is the pro duct of directly

indecomp osable (mo dular) geometric lattices.

A pro of of this theorem can b e found in [ GL T ] p.180. There it is also sho wn that a di-

rectly indecomp osable mo dular geometric lattice is sub directly irreducible (b y Lemma 1.13,

it will b e simple if it is finite dimensional).

An imp ortan t t yp e of nondegenerate pro jectiv e space is constructed in the follo wing

w a y:

Let D b e a division ring (i.e. a ring with unit, in whic h ev ery nonzero elemen t has a

m ultiplicativ e in v erse), and let V b e an α -dimensional v ector space o v er D . (F or α = n a

0

a

1

a

2

b

0

b

1 b

2 c

01

c

12

c

20

Figure 3.2

finite, V is isomorphic to

D

D n

, otherwise V is isomorphic to the v ector subspace of

D

D α

generated b y the set { e

γ

: γ ∈ α } , where the co ordinates of the e

γ are all zero except

for a 1 in the γ th p osition.) It is not difficult to c hec k that the lattice L ( V , D ) of all

v ector subspaces of V o v er D is a mo dular geometric lattice, so b y Theorem 3.1, L ( V , D )

determines a pro jectiv e space P suc h that L ( V , D )

∼

= L ( P ). Clearly P has dimension

α , and the p oin ts of P are the one-dimensional v ector subspaces of V . Note that P is

nondegenerate, for if p

u

= { au : a ∈ D } and p

v

= { av : a ∈ D } are t w o distinct p oin ts

of P (i.e. u, v ∈ V , u ≠ av for an y a ∈ D ), then the line through these t w o p oin ts m ust

con tain the p oin t p

u − v

, whic h is differen t from p

u and p

v

(else u − v = av , sa y , giving

u = ( a + 1) v and therefore p

u

= p

v

). Observ e also that the n um b er of p oin ts on eac h line

(=n um b er of one-dimensional subspaces in an y t w o-dimensional subspace) is | D | + 1. The

smallest nondegenerate pro jectiv e space is obtained from L ( Z

2

3

, Z

2

) where Z

2 is the t w o

elemen t field. The subspace lattice, denoted b y P

2

, is giv en in Figure 3.7.

W e sa y that a nondegenerate pro jectiv e space P can b e c o or dinatize d if L ( P )

∼

= L ( V , D )

for some v ector space V o v er some division ring D . T o answ er the question whic h pro jectiv e

spaces can b e co ordinatized, w e need to recall Desargues’ La w.

Tw o triangles a = ( a

0

, a

1

, a

2

) and b = ( b

0

, b

1

, b

2

) in a pro jectiv e space P are c entr al ly

p ersp e ctive if { a

i

, a

j

} ≠ { b

i

, b

j

} and for some p oin t p the p oin ts a

i

, b

i

, p are collinear

( i, j ∈ { 0 , 1 , 2 } ). If w e think of the p oin ts a

i

, b

i as atoms of the lattice L ( P ), then w e can

express this condition b y

( a

0

+ b

0

)( a

1

+ b

1

) ≤ a

2

+ b

2

.

The triangles are said to b e axial ly p ersp e ctive if the p oin ts c

0

, c

1

, c

2 are collinear,

where c

k

= ( a

i

+ a

j

)( b

i

+ b

j

), { i, j , k } = { 0 , 1 , 2 } (see Figure 3.2). This can b e expressed

b y

c

2

≤ c

0

+ c

1

.

Desar gues’ L aw states that if t w o triangles are cen trally p ersp ectiv e then they are

also axially p ersp ectiv e. A pro jectiv e space whic h satisfies Desargues’ La w is said to b e

Desar guesian .

It is a standard result of pro jectiv e geometry that ev ery pro jectiv e space asso ciated

with a v ector subspace lattice is Desarguesian.

Con v ersely , w e ha v e the classical co ordinatization theorem of pro jectiv e geometry , due

to V eblen and Y oung [ 10 ] for the finite dimensional case and F rink [ 46 ] in general.

Theorem 3.5 Let P b e a nondegenerate Desarguesian pro jectiv e space of dimension

α ≥ 3 . Then there exists a division ring D , unique up to isomorphism, suc h that L ( P )

∼

=

L ( D α

, D ) .

F or a pro of of this theorem and further details, the reader should consult [ A TL ]

p.111 or [ GL T ] p.208. Here w e remark only that to construct the division ring D whic h

co ordinatizes P w e ma y c ho ose an arbitrary line l of P and define D on the set l − { p }

where p is an y p oin t of l . The 0 and 1 of D ma y also b e c hosen arbitrarily , and the addition

and m ultiplication are then defined with reference to the lattice op erations in L ( P ). This

leads to the follo wing observ ation:

Lemma 3.6 Let P and Q b e t w o nondegenerate Desarguesian pro jectiv e spaces of dimen-

sion ≥ 3 and let D

P and D

Q b e the corresp onding division rings whic h co ordinate them.

If L ( P ) can b e em b edded in L ( Q ) suc h that the atoms of L ( P ) are mapp ed to atoms of

L ( Q ) , then D

P can b e em b edded in D

Q

.

It is in teresting to note that pro jectiv e spaces of dimension 4 or more automatically

satisfy Desargues’ La w ([ GL T ] p.207), hence an y nonco ordinatizable pro jectiv e space is ei-

ther degenerate, or a pro jectiv e plane that do es not satisfy Desargues’ La w, or a pro jectiv e

line that has k + 1 p oin ts, where k is a finite n um b er that is not a prime p o w er.

Arguesian lattices. The lattice theoretic v ersion of Desargues’ La w can b e generalized

to an y lattice L b y considering arbitrary triples a, b ∈ L

3

(also referred to as triangles in

L ) instead of just triples of atoms. W e no w sho w that under the assumption of mo dularit y

this form of Desargues’ La w is equiv alen t to the A r guesian iden tit y:

( a

0

+ b

0

)( a

1

+ b

1

)( a

2

+ b

2

) ≤ a

0

( a

1

+ d ) + b

0

( b

1

+ d )

where d is used as an abbreviation for

d = c

2

( c

0

+ c

1

) = ( a

0

+ a

1

)( b

0

+ b

1

)(( a

1

+ a

2

)( b

1

+ b

2

) + ( a

0

+ a

2

)( b

0

+ b

2

)) .

A lattice is said to b e A r guesian if it satisfies this iden tit y .

Lemma 3.7 Let p = ( a

0

+ b

0

)( a

1

+ b

1

)( a

2

+ b

2

) , then

(i) the iden tit y p ≤ a

0

( a

1

+ d ) + b

0 is equiv alen t to the Arguesian iden tit y ,

(ii) ev ery Arguesian lattice is mo dular and

(iii) to c hec k whether the Arguesian iden tit y holds in a mo dular lattice, it is enough to

consider triangles a

′

= ( a

′

0

, b

′

0

, c

′

0

) and b

′

= ( b

′

0

, b

′

1

, b

′

2

) whic h satisfy

( ∗ ) a

′

i

+ b

′

i

= a

′

i

+ p

′

= b

′

i

+ p

′

, ( i = 0 , 1 , 2)

where p

′

is defined in the same manner as p .

Pr oof. Since w e alw a ys ha v e b

0

( b

1

+ d ) ≤ b

0

, the Arguesian iden tit y clearly implies p ≤

a

0

( a

1

+ d ) + b

0

. Con v ersely , let L b e a lattice whic h satisfies the iden tit y p ≤ a

0

( a

1

+ d ) + b

0

.

W e first sho w that L is mo dular. Giv en u, v , w ∈ L with u ≤ w , let a

= v , b

0

= u and a

1

= a

2

= b

1

= b

2

= w . Then p = ( v + u ) w and d = w , whence the iden tit y implies

( v + u ) w ≤ v w + u . Since u + v w ≤ ( u + v ) w holds in an y lattice, w e ha v e equalit y , and

so L is mo dular. This pro v es (ii).

T o complete (i), observ e that p and d are unc hanged if w e sw op the a

i

’s with their

corresp onding b

i

’s, hence w e also ha v e p ≤ b

0

( b

1

+ d ) + a

0

. Com bining these t w o inequalities

giv es

p ≤ ( a

0

( a

1

+ d ) + b

0

)( b

0

( b

1

+ d ) + a

0

)

= a

0

( a

1

+ d ) + b

0

( b

0

( b

1

+ d ) + a

0

)

= a

0

( a

1

+ d ) + a

0 b

0

+ b

0

( b

1

+ d )

b y mo dularit y . Also a

0 b

0

≤ c

2

, c

1 sho ws a

0 b

0

≤ d and therefore a

0 b

0

≤ a

0

( a

1

+ d ). This

means w e can delete the term a

0 b

0 and obtain the Arguesian iden tit y .

No w let a, b ∈ L

3

and define a

′

i

= a

i

( b

i

+ p ), b

′

i

= b

i

( a

i

+ p ). Since w e are assuming

that L is mo dular,

a

′

i

+ b

′

i

= a

i

( b

i

+ p ) + b

i

( a

i

+ p ) = ( a

i

( b

i

+ p ) + b

i

)( a

i

+ p )

= ( b

i

+ p )( a

i

+ b

i

)( a

i

+ p )

= ( b

i

+ p )( a

i

+ p ) = ( b

i

+ p ) a

i

+ p = a

′

i

+ p

= b

i

( a

i

+ p ) + p = b

′

i

+ p.

Th us p

′

= ( a

′

0

+ p )( a

′

1

+ p )( a

′

2

+ p ) ≥ p , while a

′

i

≤ a

i and b

′

i

≤ b

i imply p

′

≤ p . So w e

ha v e p = p

′

, and condition ( ∗ ) is satisfied. If the Arguesian iden tit y holds for a

′

, b

′

and w e

define d

′

in the same w a y as d , then clearly d

′

≤ d and

p = p

′

≤ a

′

0

( a

′

1

+ d

′

) + b

′

0

≤ a

0

( a

1

+ d ) + b

0

,

hence the iden tit y holds for the triangles a, b . □

Theorem 3.8 If a mo dular lattice L satisfies Desargues’ La w then L is Arguesian. Con-

v ersely , if L is Arguesian, then L satisfies Desargues’ La w.

Pr oof. Let a

0

, a

1

, a

2

, b

0

, b

1

, b

2

∈ L , p = ( a

0

+ b

0

)( a

1

+ b

1

)( a

2

+ b

2

), c

k

= ( a

i

+ a

j

)( b

i

+ b

j

),

( { i, j , k } = { 0 , 1 , 2 } ) and d = c

2

( c

0

+ c

1

) as b efore. By part (iii) of the preceding lemma

w e ma y assume that

( ∗ ) a

i

+ b

i

= a

i

+ p = b

i

+ p i = 0 , 1 , 2 .

Define b

2

= b

2

+ b

0

( a

1

+ b

1

). The follo wing calculation sho ws that the triangles ( a

0

, a

1

, a

2

)

and ( b

0

, b

1

, b

2

) are cen trally p ersp ectiv e:

( a

0

+ b

0

)( a

1

+ b

1

) = ( p + b

0

)( a

1

+ b

1

) b y ( ∗ )

= p + b

0

( a

1

+ b

1

) b y mo dularit y

≤ a

2

+ b

2

+ b

0

( a

1

+ b

1

) = a

2

+ b

2

.

Therefore Desargues’ La w implies that

c

2

≤ ( a

1

+ a

2

)( b

1

+ b

2

) + ( a

2

+ a

0

)( b

2

+ b

0

)

= ( a

1

+ a

2

)( b

1

+ b

2

+ b

0

( a

1

+ b

1

)) + ( a

2

+ a

0

)( b

2

+ b

0

)

= ( a

1

+ a

2

)( b

2

+ ( b

1

+ b

0

)( a

1

+ b

1

)) + c

1

= ( a

1

+ a

2

)( b

1

+ b

2

+ a

1

( b

0

+ b

1

)) + c

1

= ( a + a

2

)( b

1

+ b

2

) + a

1

( b

0

+ b

1

) + c

1

= c

0

+ c

1

+ a

1

( b

0

+ b

1

) , whence c

2

= c

2

( c

0

+ c

1

+ a

1

( b

0

+ b

1

)) = c

2

( c

0

+ c

1

) + a

1

( b

0

+ b

1

) = d + a

1

( b

0

+ b

1

). It follo ws

that

a

1

+ d = a

1

+ c

2

= a

1

+ ( a

0

+ a

1

)( b

0

+ b

1

)

= ( a

1

+ b

1

+ b

0

)( a

0

+ a

1

)

= ( a

1

+ p + b

0

)( a

0

+ a

1

) b y ( ∗ )

= ( a

1

+ p + a

0

)( a

0

+ a

1

) b y ( ∗ )

= ( a

0

+ a

1

) ≥ a

0

,

so w e finally obtain a

0

( a

1

+ d ) + b

0

= a

0

+ b

0

≥ p .

Con v ersely , supp ose L is Arguesian (hence mo dular) and ( a

0

, a

1

, a

2

), ( b

0

, b

1

, b

2

) are

cen trally p ersp ectiv e, i.e.( a

0

+ b

0

)( a

1

+ b

1

) ≤ a

2

+ b

2

. Let c

0

= ( a

1

+ a

2

)( c

1

+ c

2

) and

tak e a

′

0

= c

0

, a

′

1

= b

1

, a

′

2

= a

1

, b

′

0

= c

1

, b

′

1

= b

0

, b

′

2

= a

0 in the (equiv alen t form of the)

Arguesian iden tit y p

′

≤ a

′

0

( a

′

1

+ d

′

) + b

′

0

. W e claim that under these assignmen ts p

′

= c

2

and a

′

0

( a

′

1

+ d

′

) + b

′

0

≤ c

0

+ c

1 from whic h it follo ws that the t w o triangles are axially

p ersp ectiv e. Firstly ,

c

0

+ c

1

= ( a

1

+ a

2

+ c

1

)( c

1

+ c

2

)

= ( a

1

+ ( a

0

+ a

2

)( b

0

+ a

2

+ b

2

))( c

1

+ c

2

)

≥ ( a

1

+ ( a

0

+ a

2

)( b

0

+ ( a

0

+ b

0

)( a

1

+ b

1

)))( c

1

+ c

2

)

= ( a

1

+ ( a

0

+ a

2

)( a

0

+ b

0

)( b

0

+ a

1

+ b

1

))( c

1

+ c

2

)

≥ ( a

1

+ a

0

( b

0

+ a

1

+ b

1

))( c

1

+ c

2

)

= ( a

1

+ a

0

)( b

0

+ a

1

+ b

1

)( c

1

+ c

2

)

≥ ( a

0

+ a

1

)( b

0

+ b

1

)( c

1

+ c

2

) = c

2

so p

′

= ( c

0

+ c

1

)( b

1

+ b

0

)( a

1

+ a

0

) = c

2

. Secondly ,

d

′

= ( c

0

+ b

1

)( c

1

+ b

0

)(( c

0

+ a

1

)( c

1

+ a

0

) + ( b

1

+ a

1

)( b

0

+ a

0

))

≤ ( b

0

+ b

2

)(( a

0

+ a

2

)( a

1

+ a

2

) + ( a

0

+ b

0

)( a

1

+ b

1

))

≤ ( b

0

+ b

2

)(( a

0

+ a

2

)( a

1

+ a

2

) + b

2

) (b y cen tral p ersp.)

= ( b

0

+ b

2

)( a

0

+ a

2

)( a

1

+ a

2

) + b

2

= c

1

( a

1

+ a

2

) + b

2

whic h implies

a

′

0

( a

′

1

+ d

′

) + b

′

0

= c

0

( b

1

+ d

′

) + c

1

≤ ( a

1

+ a

2

)( b

1

+ b

2

+ c

1

( a

1

+ a

2

)) + c

1

= ( a

1

+ a

2

)( b

1

+ b

2

) + c

1

( a

1

+ a

2

) + c

1

= c

0

+ c

1

□

The first statemen t of this theorem app eared in Gr¨ atzer, J´ onsson and Lakser [ 73 ], and

the con v erse is due to J´ onsson and Monk [ 69 ]. In [ GL T ] p.205 it is sho wn that for an y

Desarguesian pro jectiv e plane P the atoms of L ( P ) satisfy the Arguesian iden tit y and that

this implies that L ( P ) is Arguesian. Hence it follo ws from the preceding theorem that P

is Desarguesian if and only if L ( P ) satisfies (the generalized v ersion of ) Desargues’ La w.

Since mo dularit y is c haracterized b y the exclusion of the p en tagon N , whic h is isomor-

phic to its dual, it follo ws that the class of all mo dular lattices M is self-dual (i.e. M ∈ M

implies that the dual of M is also in M ). The preceding theorem can b e used to pro v e

the corresp onding result for the v ariet y of all Arguesian lattices.

Lemma 3.9 (J´ onsson[ 72 ]). The v ariet y of all Arguesian lattices is self-dual.

Pr oof. F or mo dular lattices the Arguesian iden tit y is equiv alen t to Desargues’ La w b y

Theorem 3.8. Let L b e an Arguesian lattice and denote its dual b y L . Lemma 3.7 (ii)

implies that L is mo dular, and b y the ab o v e remark, so is L . W e sho w that the dual of

Desargues’ La w holds in L , i.e. for all x

0

, x

1

, x

2

, y

0

, y

1

, y

2

∈ L

( ∗ ) x

0 y

0

+ x

1 y

1

≥ x

2 y

2

implies that

( ∗ ∗ ) x

0 x

1

+ y

0 y

1

≥ ( x

1 x

2

+ y

1 y

2

)( x

0 x

2

+ y

0 y

2

) .

Then L satisfies Desargues’ La w and is therefore Arguesian.

Assume ( ∗ ) holds, and let a

0

= x

0 x

2

, a

1

= y

0 y

2

, a

2

= x

0 y

0

, b

0

= x

1 x

2

, b

1

= y

1 y

2

,

b

2

= x

1 y

1 and c

k

= ( a

i

+ a

j

)( b

i

+ b

j

) ( { i, j , k } = { 0 , 1 , 2 } ). Then

( a

0

+ b

0

)( a

1

+ b

1

) = ( x

0 x

2

+ x

1 x

2

)( y

0 y

2

+ y

1 y

2

) ≤ x

2 y

2

≤ a

2

+ b

2

b y ( ∗ ), so it follo ws from Desargues’ La w that c

2

≤ c

0

+ c

1

. But c

0

≤ y

0 y

1

, c

1

≤ x

0 x

1 and

c

2 equals the righ t hand side of ( ∗ ∗ ). Therefore ( ∗∗ ) is satisfied. □

So far w e ha v e only considered the most basic prop erties of Arguesian lattices. Ex-

tensiv e researc h has b een done on these lattices, and man y imp ortan t results ha v e b een

obtained in recen t y ears. W e men tion some of the results no w.

Recall that the collection of all equiv alence relations (partitions) on a fixed set form an

algebraic lattice, with in tersection as meet. If t w o equiv alence relations p erm ute with eac h

other under the op eration of comp osition then their join is simply the comp osite relation.

A lattice is said to b e line ar if it can b e em b edded in a lattice of equiv alence relations

in suc h a w a y that an y pair of elemen ts is mapp ed to a pair of p erm uting equiv alence

relations. (These lattices are also referred to as lattices that ha v e a typ e 1 r epr esentation ,

see [ GL T ] p.198). An example of a linear lattice is the lattice of all normal subgroups of

a group (since groups ha v e p erm utable congruences), and similar considerations apply to

the “sub ob ject” lattices asso ciated with rings, mo dules and v ectorspaces.

J´ onsson [ 53 ] sho w ed that an y linear lattice is Arguesian, and p osed the problem

whether the con v erse also holds. A recen t example of Haiman [ 86 ] sho ws that this is

not the case, i.e. there exist Arguesian lattices whic h are not linear.

Most of the mo dular lattices whic h ha v e b een studied are actually Arguesian. The ques-

tion ho w a mo dular lattice fails to b e Arguesian is in v estigated in Da y and J´ onsson [ 89 ].

Pic k ering [ 84 ] [ a ] pro v es that there is a non-Arguesian, mo dular v ariet y of lattices, all

of whose mem b ers of finite length are Arguesian. This result sho ws that Arguesian lattices

cannot b e c haracterized b y the exclusion of a finite list of lattices or ev en infinitely man y

lattices of finite length. F or reasons of space the details of these results are not included

here.

The cardinalit y of Λ

M

. In this section w e discuss the result of Bak er [ 69 ] whic h sho ws

that there are uncoun tably man y mo dular v arieties. W e b egin with a simple observ ation

ab out finite dimensional mo dular lattices.

Lemma 3.10 Let L and M b e t w o mo dular lattices, b oth of dimension n < ω . If a map

f : L → M is one-one and order-preserving then f is an em b edding.

Pr oof. W e ha v e to sho w that

( ∗ ) f ( x + y ) = f ( x ) + f ( y ) and f ( xy ) = f ( x ) f ( y ) .

Since f is assumed to b e order-preserving, f ( x + y ) ≥ f ( x ) + f ( y ), f ( xy ) ≤ f ( x ) f ( y ) and

equalit y holds if x is comparable with y . F or x, y noncomparable w e use induction on the

length of the quotien t x + y /xy .

Observ e firstly that if u ≻ v in L then u, v are successiv e elemen ts in some maximal

c hain of L , and since M has the same dimension as L and f is one-one it follo ws that

f ( u ) ≻ f ( v ). If the length of x + y /xy is 2, then x and y co v er xy and x, y are b oth

co v ered b y x + y , so ( ∗ ) holds in this case. No w supp ose the length of x + y /xy is n > 2

and ( ∗ ) holds for all quotien ts of length < n . Then either x + y /x or x/xy has length ≥ 2.

By mo dularit y x/xy

∼

= x + y /y , and b y symmetry w e can assume that there exists x

′

suc h

that x < x

′

< x + y . The quotien ts x

′

+ y /x

′

y and x + x

′

y /x ( x

′

y ) = x

′

/xy ha v e length

< n , hence

f ( x

′

) = f ( x + x

′

y ) = f ( x ) + f ( x

′

) f ( y ) = ( f ( x ) + f ( y )) f ( x

′

) .

It follo ws that f ( x

′

) ≤ f ( x ) + f ( y ) and so f ( x + y ) = f ( x

′

+ y ) = f ( x

′

) + f ( y ) ≤ f ( x ) + f ( y ).

Similarly f ( xy ) ≥ f ( x ) f ( y ). □

Let P b e a finite partially ordered set and define N ( P ) to b e the class of all lattices that

do not con tain a subset order-isomorphic to P . F or example if 5 is the linearly ordered

set { 0 , 1 , 2 , 3 , 4 } then N ( 5 ) is the class of all lattices of length ≤ 4.

Lemma 3.11 F or an y finite partially ordered set P

(i) N ( P ) is closed under ultrapro ducts, sublattices and homomorphic images;

(ii) an y sub directly irreducible lattice in the v ariet y N ( P )

V

is a mem b er of N ( P ) .

Pr oof. (i) The prop ert y of not con taining a finite partially ordered set can b e expressed

as a first-order sen tence and is therefore preserv ed under ultrapro ducts. If L is a lattice and

a sublattice of L con tains a cop y of P , then of course so do es L . Finally , if a homomorphic

image of L con tains P then for eac h minimal p ∈ P c ho ose an in v erse image p ∈ L , and

thereafter c ho ose an in v erse image q of eac h q ∈ P co v ering a minimal elemen t in P suc h

that q ≥

∑

{ p : p ≤ q , p ∈ P } . Pro ceeding in this w a y one obtains a cop y of P in L .

(ii) This is an immediate consequence of Corollary 1.5. □

Theorem 3.12 (Bak er [ 69 ]). There are uncoun tably man y mo dular lattice v arieties.

Pr oof. Let Π b e the set of all prime n um b ers, and for eac h p ∈ Π denote b y F

p the

p -elemen t Galois field. Let L

p

= L ( F

3

p

, F

p

) and observ e that eac h L

p is a finite sub directly

irreducible lattice since it is the subspace lattice of a finite nondegenerate pro jectiv e space.

W e also let A b e the class of all Arguesian lattices of length ≤ 4.

No w define a map f from the set of all subsets of Π to Λ

M b y

f ( S ) = A

V

∩

⋂

{ N ( L

q

)

V

: q /∈ S } .

W e claim that f is one-one. Supp ose S , T ⊆ Π and p ∈ S − T . Then f ( T ) ⊆ N ( L

p

)

V

and

since L

p

/ ∈ N ( L

p

) and L

p is sub directly irreducible it follo ws from the preceding lemma

that L

p

/ ∈ f ( T ).

On the other hand w e m ust ha v e L

p

∈ f ( S ) since L

p

/ ∈ N ( L

q

) for some q /∈ S w ould

imply that L

p con tains a subset order-isomorphic to L

q

. By Lemma 3.10 L

q is actually a

sublattice of L

p and it follo ws from Lemma 3.6 that F

q is a subfield of F

p

. This ho w ev er

is imp ossible since q ≠ p ∈ S . □

By a more detailed argumen t one can sho w that the map f ab o v e is in fact a lattice

em b edding, from whic h it follo ws that Λ

M con tains a cop y of 2 ω

as a sublattice.

3.3 n -F rames and F reese’s Theorem

Pro ducts of pro jectiv e mo dular lattices. By a pro jectiv e mo dular lattice w e mean a

lattice whic h is pro jectiv e in the v ariet y of all mo dular lattices.

Lemma 3.13 (F reese[ 76 ]). If A and B are pro jectiv e mo dular lattices with greatest and

least elemen t then A × B is a pro jectiv e mo dular lattice.

Pr oof. Let f b e a homomorphism from a free mo dular lattice F on to A × B , and c ho ose

elemen ts u, v ∈ F suc h that f ( u ) = (1

A

, 0

B

) and f ( v ) = (0

A

, 1

B

). By Lemma 2.9 it suffices

to pro duce an em b edding g : A × B → F suc h that f g is the iden tit y on A × B .

Clearly f follo w ed b y the pro jection π

A on to the first co ordinate maps the quotien t

u/uv on to A . Assuming that A is pro jectiv e mo dular, there exists an em b edding g

A

:

A → u/uv suc h that π

A f g

A is the iden tit y on A . Similarly , if B is pro jectiv e mo dular,

there exists an em b edding g

B

: B → v /uv suc h that π

B f g

B

= id

B

. Define g b y g ( a, b ) =

g

A

( a ) + g

B

( b ) for all ( a, b ) ∈ A × B . Then g is join preserving, and clearly f g is the iden tit y

on A × B . T o see that g is also meet preserving, observ e that b y the mo dularit y of F

g ( a, b ) = g

A

( a ) + v u + g

B

( b ) = ( g

A

( a ) + v ) u + g

B

( b ) = ( g

A

( a ) + v )( u + g

B

( b )) .

Hence

g ( a, b ) g ( c, d ) = ( g

A

( a ) + v )( u + g

B

( b ))( g

A

( c ) + v )( u + g

B

( d ))

= ( g

A

( a ) g

A

( c ) + v )( u + g

B

( b ) g

B

( d )) = g ( ac, bd ) ,

where the middle equalit y follo ws from the fact that in a mo dular lattice the map t → t + v

is an isomorphism from u/uv to u + v /v . □

V on Neumann n -frames. Let { a

i

: i = 1 , . . . , n } and { c

1 j

: j = 2 , . . . , n } b e subsets of

a mo dular lattice L for some finite n ≥ 2. W e sa y that ϕ = ( a

i

, c

1 j

) is an n -fr ame in L

if the sublattice of L generated b y the a

i is a Bo olean algebra 2 n

with atoms a

1

, . . . , a

n

,

and for eac h j = 2 , . . . , n the elemen ts a

1

, c

1 j

, a

j generate a diamond in L (i.e. a

1

+ c

1 j

=

a

j

+ c

1 j

= a

1

+ a

j and a

1 c

1 j

= a

j c

1 j

= a

1 a

j

). The top and b ottom elemen t of the Bo olean

algebra are denoted b y 0

ϕ

(= a

1 a

2

) and 1

ϕ

(=

∑

n

i =1 a

i

) resp ectiv ely , but they need not

equal the top and b ottom of L (denoted b y 0

L and 1

L

). If they do, then ϕ is called a

sp anning n -fr ame .

If the elemen ts a

1

, . . . , a

n

∈ L are the atoms of a sublattice isomorphic to 2 n

, then

they are said to b e indep endent o v er 0 = a

1 a

2

. If L is mo dular this is equiv alen t to the

conditions a

i

≠ 0 and a

i

∑

j ≠ i a

j

= 0 for all i = 1 , . . . , n (see [ GL T ] p.167).

The index 1 in c

1 j indicates that an n -frame determines further elemen ts c

ij for distinct

i, j ≠ 1 as follo ws: let c

j 1

= c

1 j and

c

ij

= ( a

i

+ a

j

)( c

i 1

+ c

1 j

) .

These elemen ts fit nicely in to the n -frame, as is sho wn b y the next lemma.

Lemma 3.14 Let ϕ = ( a

i

, c

1 j

) b e an n -frame in a mo dular lattice and supp ose c

ij is defined

as ab o v e. Then, for distinct i, j ∈ { 1 , . . . , n }

(i) a

i

+ c

ij

= a

i

+ a

j

= c

ij

+ a

j

;

(ii) c

ij

∑

r ≠ j a

r

= 0

ϕ

;

(iii) a

i

∑

r ≠ k c

k r

= 0

ϕ for an y fixed index k ;

(iv) a

i

, c

ij

, a

j generate a diamond;

(v) c

ij

= ( a

i

+ a

j

)( c

ik

+ c

k j

) for an y k distinct from i, j .

Pr oof. (i) Using mo dularit y and the n -frame relations, w e compute

a

i

+ c

ij

= a

i

+ ( a

i

+ a

j

)( c

i 1

+ c

1 j

)

= ( a

i

+ a

j

)( a

i

+ c

i 1

+ c

1 j

)

= ( a

i

+ a

j

)( a

i

+ a

1

+ a

j

) = a

i

+ a

j

.

The second part follo ws b y symmetry .

(ii) W e first sho w that c

ij

∑

r ≠ j a

r

≤ a

i

.

a

i

+ c

ij

∑

r ≠ j a

r

= ( a

i

+ c

ij

)

∑

r ≠ j a

r b y mo dularit y since i ≠ j

= ( a

i

+ a

j

)

∑

r ≠ j a

r

= a

i since the a

i

’s generate 2 n

.

Hence if i = 1 then 0

ϕ

≤ c

1 j

∑

r ≠ j a

r

≤ c

1 j a

1

= 0

ϕ

. The general case will follo w in the

same w a y once w e ha v e pro v ed (iv).

(iii) W e first fix i = k = 1 and sho w that a

1

∑

m

r =2 c

1 r

≤

∑

m − 1

r =2 c

1 r for 3 ≤ m ≤ n .

a

1

∑

m

r =2 c

1 r

+

∑

m

1

r =2 c

1 r

= ( c

12

+ . . . + c

1 m

)( a

1

+ c

12

+ . . . + c

1 m − 1

)

= ( c

12

+ . . . + c

1 m

)( a

1

+ a

2

+ . . . + a

m − 1

)

= c

12

+ . . . + c

1 m − 1

+ c

1 m

∑

m − 1

r =1 a

r

= c

12

+ . . . + c

1 m − 1

+ 0

ϕ b y part (ii) .

Th us 0

ϕ

≤ a

1

∑

n

r =2 c

1 r

≤ a

1

∑

n − 1

r =2 c

1 r

≤ . . . ≤ a

1 c

12

= 0

ϕ

.

Let e =

∑

n

r =2 c

1 r and supp ose i ≠ 1. Then c

1 i

+ a

i e = ( c

1 i

+ a

i

) e = ( c

1 i

+ a

1

) e =

c

1 i

+ a

1 e = c

1 i

+ 0

ϕ

, so a

i e ≤ a

i c

1 i

= 0

ϕ

. Hence (iii) holds for k = 1 and an y i .

No w (iv) follo ws from (i) and the calculation

0

ϕ

≤ a

i c

ij

= a

i

( a

i

+ a

j

)( c

i 1

+ c

ij

) = a

i

( c

1 i

+ c

1 j

) ≤ a

i e = 0

ϕ

.

Therefore (ii) holds in general. Using this one can sho w in the same w a y as for k = 1,

that a

k

∑

m

r = k +1 c

k r

≤

∑

m − 1

r = k +1 c

k r for k + 1 ≤ m ≤ n and, letting c

′

=

∑

n

r = k +1 c

k r

,

a

k

( c

′

+

∑

m

r =1 c

k r

) ≤ c

′

+

∑

m − 1

r =1 c

r k for 1 ≤ m ≤ k − 1. Assuming i ≠ k , let e =

∑

r ≠ k c

r k

.

Then one sho ws as b efore that c

k i

+ a

i e = c

k i

, whence a

i e = 0

ϕ

. Th us (iii) holds in general.

F or k = 1 (v) holds b y definition. Supp ose i = 1 ≠ j , k .

( a

1

+ a

j

)( c

1 k

+ c

k j

) = ( a

1

+ a

j

)( c

1 k

+ ( a

k

+ a

j

)( c

k 1

+ c

1 j

))

= ( a

1

+ a

j

)( c

1 k

+ a

k

+ a

j

)( c

k 1

+ c

1 j

)

= ( a

1

+ a

j

)( a

1

+ a

k

+ a

j

) c

k 1

+ c

1 j

= 0

ϕ

+ c

1 j b y (ii) .

The case j = 1 ≠ i, k is handled similarly . Finally supp ose that i, j , k , 1 are all distinct

and note that c

ik

≤ a

i

+ a

j

+ a

k

.

( a

i

+ a

j

)( c

ik

+ c

k j

) = ( a

i

+ a

j

)(( a

i

+ a

j

+ a

k

)( c

i 1

+ c

1 k

) + c

k j

)

= ( a

i

+ a

j

)( c

i 1

+ c

1 k

+ c

k j

)

= ( a

i

+ a

j

)( c

i 1

+ ( a

1

+ a

j

)( c

1 k

+ c

k j

))

= ( a

i

+ a

j

)( c

i 1

+ c

1 j

) = c

ij

□

A concept equiv alen t to that of an n -frame is the follo wing: A mo dular lattice L

con tains an n -diamond δ = ( a

1

, . . . , a

n

, e ) if the a

i are indep enden t o v er 0

δ

= a

1 a

2 and e

is a relativ e complemen t of eac h a

i in 1

δ

/ 0

δ

(1

δ

=

∑

n

j =1 a

j

). The concept of an n -diamond

is due to Huhn [ 72 ] (he referred to it as an ( n − 1)-diamond).

Note that although e seems to b e a sp ecial elemen t relativ e to the a

i

, this is not really

true since an y n elemen ts of the set { a

1

, . . . , a

n

, e } are indep enden t, and the remaining

elemen t is a relativ e complemen t of all the others.

Lemma 3.15 Let δ = ( a

i

, e ) b e an n -diamond and define c

1 j

= e ( a

1

+ a

j

) , then ϕ

δ

= ( a

i

, c

1 j

)

is an n -frame. Con v ersely , if ϕ = ( a

i

, c

1 j

) is an n -frame and e =

∑

n

j =2 c

1 j then δ

ϕ

= ( a

i

, e )

is an n -diamond. F urthermore ϕ

δ

ϕ

= ϕ and δ

ϕ

δ

= δ .

Pr oof. Since e is a relativ e complemen t for eac h a

i in 1

δ

/ 0

δ

, a

1 e ( a

1

+ a

j

) = 0

δ

=

a

j e ( a

1

+ a

j

) and

a

1

+ e ( a

1

+ a

j

) = ( a

1

+ e )( a

1

+ a

j

) = 1( a

1

+ a

j

) = a

1

+ a

j

= a

j

+ e ( a

1

+ a

j

) ,

so ϕ

δ

= ( a

i

, e ( a

1

+ a

j

)) is an n -frame.

Con v ersely , if e =

∑

n

j =2 c

1 j then a

i e = 0

ϕ b y Lemma 3.14 (iii) and

a

i

+ e = c

12

+ . . . + a

i

+ c

1 i

+ . . . + c

1 n

= c

12

+ . . . + a

i

+ a

1

+ . . . + c

1 n

= a

1

+ . . . + a

n

= 1 .

Hence δ

ϕ

= ( a

i

, e ) is an n -diamond.

Also e ( a

1

+ a

j

) = c

1 j

+ (

∑

r ≠ j c

1 r

)( a

1

+ a

j

) = c

1 j since (

∑

r ≠ j c

1 r

)( a

1

+ a

j

) = 0

ϕ can

b e pro v ed similar to Lemma 3.14 (iii). Finally , if δ = ( a

i

, e ) is an y n -diamond, and w e let

e

′

=

∑

n

j =2 c

1 j

, then e

′

≤ e and in fact e

′

= e

′

+ ( a

1

+ a

2

) e = ( e

′

+ a

1

+ a

2

) e = 1

δ e = e . □

Lemma 3.16 (F reese[ 76 ]). Supp ose β = ( a

i

, e ) is an ( n + 1 )-tuple of elemen ts of a mo dular

lattice suc h that the a

i form an indep enden t set o v er 0

β

= a

1 a

2

, 0

β

≤ e ≤ 1

β

= j oin n

i =1 a

1

and e is incomparable with eac h a

i

. Define ( i ranges o v er 1 , . . . , n )

b =

∑

a

i e ≤ e ≤ c =

∏

( a

i

+ e )

d =

∑

( a

i

+ b ) c = b +

∑

a

i c =

∑

a

i c and

β

∗

= ( a

i

+ b, e ) , β

∗

= ( a

i c, ed ) , β

∗

∗

= (( a

i

+ b ) c, ed ) .

(i) If a

i

+ e = 1 for all i then β

∗

is an n -diamond in 1 /b .

(ii) If a

i e = 0

β

≠ a

i c for all i then β

∗ is an n -diamond in d/ 0

β

.

(iii) If b ≠ ( a

i

+ b ) c for all i then β

∗

∗ is an n -diamond in d/b .

Pr oof. (i) Since b ≤ e and a

i

≰ e w e ha v e a

i

+ b ≠ b for all i . The follo wing calculation

sho ws that the a

i

+ b are indep enden t o v er b :

( a

i

+ b )

∑

j ≠ i

( a

j

+ b ) = b + a

i

(

∑

j ≠ i a

j

+

∑

n

k =1 a

k e )

= b + a

i

(

∑

j ≠ i a

j

+ a

i e )

= b + a

i

∑

j ≠ i a

j

+ a

i e

= b + 0

β

+ a

i e = b.

F urthermore ( a

i

+ b ) + e = a

i

+ b = 1 b y assumption, and ( a

i

+ b ) e = b + a

i e = b .

(ii) Since a

i c ≠ 0

β and 0

β

≤ a

i c

∑

j ≠ i a

j c ≤ a

i

∑

j ≠ i a

j

= 0

β

, the a

i c are indep enden t

o v er 0

β

. Also e ≤ c and a

i e ≤ a

i c ≤ d imply ( a

i c )( ed ) = a

i ed = a

i e = 0

β b y assumption,

and a

i c + ed = ( a

i c + e ) d = c ( a

i

+ e ) d = cd = d .

No w (iii) follo ws from (i) and (ii). □

Supp ose M and L are t w o mo dular lattices and f is a homomorphism from M to L .

If ϕ = ( a

i

, c

1 j

) is an n -frame in M and the elemen ts f ( a

i

), f ( c

1 j

) are all distinct, then

( f ( a

i

) , f ( c

1 j

)) is an n -frame in L (since the diamonds generated b y a

1

, c

1 i

, a

i are simple

lattices). Risking a sligh t abuse of notation, w e will denote this n -frame b y f ( ϕ ). Of

course similar considerations apply to n -diamonds.

The next result sho ws that n -diamonds (and hence n -frames) can b e “pulled bac k”

along epimorphisms.

Cor ollar y 3.17 (Huhn [ 72 ], F reese [ 76 ]). Let M and L b e mo dular lattices and let

f : M → → L b e an epimorphism. If δ = ( a

i

, e ) is an n -diamond in L then there is an

n -diamond

^

δ = ( â

i

, ê ) in M suc h that f (

^

δ ) = δ .

Pr oof. It follo ws from Lemma 3.13 that 2 n

is a pro jectiv e mo dular lattice, so w e can

find a

1

, . . . , a

n

∈ M suc h that f ( a

i

) = a

i and the a

i are indep enden t o v er a

1 a

2

. Cho ose

e ∈ f

− 1

{ e } suc h that a

1 a

2

≤ e ≤

∑

n

i =1 a

i and let β = ( a

i

, e ). Since δ is an n -diamond,

eac h a

i is incomparable with e . Defining b , c , d in the same w a y as b, c, d in the previous

lemma, w e see that f ( b ) = 0

δ

, f ( c ) = 1

δ and f (( a

i

+ b ) c ) = a

i

. Therefore b ≠ ( a

i

+ b ) c ,

whence

^

δ = β

∗

∗ is the required n -diamond. □

Lemma 3.18 (Herrmann and Huhn[ 76 ]). Let ϕ = ( a

i

, c

1 j

) b e an n -frame in a mo dular

lattice L and let u

1

∈ L satisfy 0

ϕ

≤ u

1

≤ a

1

. Define u

i

= a

i

( u

1

+ c

1 i

) for i ≠ 1 and

u =

∑

n

i =1 u

i

. Then ϕ u

= ( u + a

i

, u + c

1 j

) and ϕ

u

= ( ua

i

, uc

1 j

) are n -frames in 1

ϕ and u/ 0

ϕ

resp ectiv ely .

A pro of of this result can b e found in F reese [ 79 ]. W e think of ϕ u

( ϕ

u

) as b eing

obtained from ϕ b y a reduction o v er (under) u .

The canonical n -frame. The follo wing example sho ws that n - frames o ccur naturally

in the study of R -mo dules:

Let ( R , + , − , · , 0

R

, 1

R

) b e a ring with unit, and let L ( R n

, R ) b e the lattice of all (left-)

submo dules of the (left-) R -mo dule R n

. W e denote the canonical basis of R n

b y e

1

, . . . , e

n

(i.e. e

i

= (0

R

, . . . , 0

R

, 1

R

, 0

R

, . . . , 0

R

) with the 1

R in the i th p osition), and let

a

i

= R e

i

= { r e

i

: r ∈ R }

c

ij

= R ( e

i

− e

j

) i, j = 1 , . . . , n i ≠ j .

Then it is not difficult to c hec k that L ( R n

, R ) is a mo dular lattice and that ϕ

R

= ( a

i

, c

1 j

)

is a (spanning) n -frame in L ( R n

, R ), referred to as the c anonic al n -fr ame of L ( R n

, R ).

Definition of the auxillary ring. Let L b e a mo dular lattice con taining an n -frame

ϕ = ( a

i

, c

1 j

) for some n ≥ 3. W e define an auxil lary ring R

ϕ asso ciated with the frame ϕ

as follo ws:

R

ϕ

= R

12

= { x ∈ L : xa

2

= a

1 a

2 and x + a

2

= a

1

+ a

2

}

and for some k ∈ { 3 , . . . , n } , x, y ∈ R

ϕ

π ( x ) = ( x + c

1 k

)( a

2

+ a

k

) , π

′

( x ) = ( x + c

2 k

)( a

1

+ a

k

)

x ⊕ y = ( a

1

+ a

2

)[( x + a

k

)( c

1 k

+ a

2

) + π ( y )]

x ⊖ y = ( a

1

+ a

2

)[ a

k

+ ( c

2 k

+ x )( a

2

+ π

′

( y ))]

x ⊙ y = ( a

1

+ a

2

)[ π ( x ) + π

′

( y )]

0

R

= a

1

, 1

R

= c

12

.

Theorem 3.19 If n ≥ 4 , or L is an Arguesian lattice and n = 3 , then ( R

ϕ

, ⊕ , ⊖ , ⊙ , 0

R

, 1

R

)

is a ring with unit, and the op erations are indep enden t of the c hoice of k .

This theorem is due to v on Neumann [ 60 ] for n ≥ 4 and Da y and Pic k ering [ 83 ] for

n = 3. The presen tation here is deriv ed from Herrmann [ 84 ], where the theorem is stated

without pro of in a similar form. The pro of is long, as man y prop erties ha v e to b e c hec k ed,

and will b e omitted here as w ell. The theorem ho w ev er is fundamen tal to the study of

mo dular lattices.

It is in teresting to compare the definition of R with the definition D in the classical

co ordinatization theorem for pro jectiv e spaces ([ GL T ] p.209). The elemen t a

2 corresp onds

to the p oin t at infinit y , and the op erations of addition and m ultiplication are defined in

the same w a y .

There is nothing sp ecial ab out the indices 1 and 2 in the definition of R

ϕ

= R

12

. W e

can replace them throughout b y distinct indices i and j to obtain isomorphic rings R

ij

. F or

example the isomorphism b et w een R

12 and R

1 j

( j ≠ 1 , 2) is induced b y the pro jectivit y

R

12

⊆ a

1

+ a

2

/ 0 ↗ a

1

+ a

2

+ c

2 j

/c

2 j

↘ a

1

+ a

j

/ 0 ⊇ R

1 j

.

(Since in a mo dular lattice ev ery transp osition is bijectiv e, it only remains to sho w that

this induced map preserv es the resp ectiv e op erations. F or readers more familiar with v on

Neumann’s L -n um b ers, w e note that they are n ( n − 1)- tuples of elemen ts β

ij

∈ R

ij

, whic h

corresp ond to eac h other under the ab o v e isomorphisms.)

Co ordinatization of complemen ted mo dular lattices. The auxillary ring construc-

tion is actually part of the v on Neumann co ordinatization theorem, whic h w e will not use,

but men tion here briefly (for more detail, the reader is referred to v on Neumann [ 60 ]).

Theorem 3.20 Let L b e a complemen ted mo dular lattice con taining a spanning n -frame

( 4 ≤ n ∈ ω ) and let R b e the auxillary ring. Then L is isomorphic to the lattice L

f

( R n

, R )

of all finitely generated submo dules of the R -mo dule R n

.

Notice that if R happ ens to b e a division ring D , then D n

will b e a v ector space o v er

D , and L

f

( D n

, D )

∼

= L ( D n

, D ). Hence the ab o v e theorem extends the co ordinatization of (finite dimensional) pro jectiv e spaces to arbitrary complemen ted mo dular lattices con-

taining a spanning n -frame ( n ≥ 4). Moreo v er, J´ onsson [ 59 ] [ 60’ ] sho w ed that if L is

a complemen ted Arguesian lattice, then the ab o v e theorem also holds for n = 3. F ur-

ther generalizations to wider classes of mo dular lattices app ear in Baer [ 52 ], Inaba [ 48 ],

J´ onsson and Monk [ 69 ], Da y and Pic k ering [ 83 ] and Herrmann [ 84 ].

Characteristic of an n -frame. Recall that the char acteristic of a ring R with unit 1

R

is the least n um b er r = c har R suc h that adding 1

R to itself r times equals 0

R

. If no suc h

r exists, then c har R = 0.

W e define a related concept for n -frames as follo ws:

Let ϕ = ( a

i

, c

1 j

) b e an n -frame in some mo dular lattice L ( n ≥ 3), and c ho ose k ∈

{ 3 , . . . , n } . The pro jectivit y

a

1

+ a

2

/ 0 ↗ a

1

+ a

2

+ a

k

/a

k

↘ c

1 k

+ a

2

/ 0 ↗ a

1

+ a

2

+ a

k

/c

2 k

↘ a

1

+ a

2

/ 0

induces an automorphism α

ϕ on the quotien t a

1

+ a

2

/ 0 giv en b y

α

ϕ

( x ) = (( x + a

k

)( c

1 k

+ a

2

) + c

2 k

)( a

1

+ a

2

) .

Let r b e a natural n um b er and denote b y α r

ϕ the automorphism α

ϕ iterated r times. W e

sa y that ϕ is an n-fr ame of char acteristic r if α r

ϕ

( a

1

) = a

1

.

Lemma 3.21 Supp ose ϕ = ( a

i

, c

1 j

) is an n -frame of c haracteristic r , and R is the auxillary

ring of ϕ . Then the c haracteristic of R divides r .

Pr oof. By definition 0

R

= a

1 and 1

R

= c

12

. F rom the definition of x ⊕ y w e see that for

x ∈ R , α

ϕ

( x ) = x ⊕ 1

R

(since π (1

R

) = ( c

21

+ c

1 k

)( a

2

+ a

k

) = c

2 k

). This also sho ws that

α

ϕ

| R is indep enden t of the c hoice of k . The condition α r

ϕ

( a

1

) = a

1 therefore implies

0

R

⊕ r terms

1

R

⊕ 1

R

⊕ . . . ⊕ 1

R

= 0

R

whence the result follo ws. □

The next result sho ws that the automorphism α

ϕ is compatible with the op eration of

reducing an n -frame. F or a pro of the reader is referred to the original pap er.

Lemma 3.22 (F reese [ 79 ]). Let ϕ , u , ϕ u

and ϕ

u b e as in Lemma 3.18. If x ∈ a

1

+ a

2

/ 0

ϕ

then

(i) x + u ∈ a

1

+ a

2

+ u/u and α

ϕ u ( x + u ) = α

ϕ

( x ) + u ;

(ii) xu ∈ a

1 u + a

2 u/ 0

ϕ and α

ϕ

u

( xu ) = α

ϕ

( x ) u .

It follo ws that if ϕ is an n -frame of c haracteristic r , then so are ϕ u

and ϕ

u

. The lemma

b elo w sho ws ho w one can obtain an n -frame of an y giv en c haracteristic.

Lemma 3.23 (F reese [ 79 ]). Let ϕ = ( a

i

, c

1 j

) b e an n -frame and r an y natural n um b er. If

w e define a = α r

ϕ

( a

1

) , u

2

= a

2

( a + a

1

) , u

1

= a

1

( u

2

+ c

12

) , u

i

= a

i

( u

1

+ c

1 i

) and u =

∑

n

i =1 u

i

then ϕ u

is an n -frame of c haracteristic r .

Pr oof. Note that u

2

, defined as ab o v e, agrees with the definition of u

2 in Lemma 3.18

since

a

2

( u

1

+ c

12

) = a

2

( a

1

( u

2

+ c

12

) + c

12

)

= a

2

( u

1

+ c

12

)( u

2

+ c

12

)

= a

2

( u

2

+ c

12

) = a

2 c

12

+ u

2

= u

2

.

Let R b e the auxillary ring of ϕ . By definition the elemen ts of R are all the relativ e

complemen ts of a

2 in a

1

+ a

2

/ 0

ϕ

. Since x ∈ R implies α

ϕ

( x ) = x ⊕ 1

R

∈ R , it follo ws that

α

ϕ

( x ) is again a relativ e complemen t of a

2 in a

1

+ a

2

/ 0

ϕ

(this can also b e v erified easily

from the definition of α

ϕ

). Th us a = α r

ϕ

( a

1

) ∈ R and a + a

2

= a

1

+ a

2

. By the preceding

lemma

α r

ϕ u

( a

1

+ u ) = α r

ϕ

( a

1

) + u

= a + u + a

2

( a + a

1

)

= ( a + a

2

)( a + a

1

) + u

= ( a

1

+ a

2

)( a + a

1

) + u = a + a

1

+ u.

Also a

1

+ u

2

= ( a

1

+ a

2

)( a

1

+ a ) = a

1

+ a sho ws that a

1

+ u ≥ a , whence α r

ϕ u

( a

1

+ u ) = a

1

+ u . □

W e can no w pro v e the result corresp onding to Theorem 3.17 for n -frames of a giv en

c haracteristic.

Theorem 3.24 (F reese [ 79 ]). Let M and L b e mo dular lattices and let f : M → → L b e

an epimorphism. If ϕ = ( a

i

, c

1 j

) is an n -frame of c haracteristic r in L , then there is an

n -frame

^

ϕ = ( â

i

, ĉ

1 j

) of c haracteristic r in M suc h that f (

^

ϕ ) = ϕ .

Pr oof. F rom Theorem 3.17 w e obtain an n -frame ϕ = ( a

i

, c

1 j

) in M suc h that f ( ϕ ) = ϕ .

If w e let u

2

= a

2

( α r

ϕ

( a

1

) + a

1

) and u b e as in the preceding lemma, then w e see that

ϕ u

= ( a

i

+ u, c

1 j

+ u ) is an n -frame of c haracteristic r in M . Since ϕ has c haracteristic r

b y assumption,

f ( u

2

) = f ( a

2

( α r

ϕ

( a

1

) + a

1

)) = a

2

( α r

ϕ

( a

1

) + a

1

) = a

2

( a

1

+ a

1

) = 0

ϕ

,

from whic h it easily follo ws that f ( u

1

) = f ( a

1

( u

2

+ c

12

) = 0

ϕ and f ( u

i

) = 0

ϕ

. Therefore

f ( u ) = 0

ϕ and f ( ϕ u

) = ϕ , so w e can tak e

^

ϕ = ϕ u

. □

M is not generated b y its finite mem b ers. This is the main result of F reese [ 79 ], and

follo ws immediately from the theorem b elo w, where M

F is the class of all finite mo dular

lattices.

Theorem 3.25 (F reese [ 79 ]). There exists a mo dular lattice L suc h that L /∈ ( M

F

)

V

.

Pr oof. The lattice L is constructed (using a tec hnique due to Hall and Dilw orth [ 44 ]) as

follo ws:

Let F and K b e t w o coun tably infinite fields of c haracteristic p and q resp ectiv ely ,

where p and q are distinct primes. Let L

p

= L ( F

4

, F ) b e the subspace lattice of the

4-dimensional v ector space F

4

o v er F and let ϕ = ( a

i

, c

1 j

) b e the canonical 4-frame in L

p

(the index i = 1 , 2 , 3 , 4 and j = 2 , 3 , 4 through out). Note that ϕ is a spanning 4-frame

of c haracteristic p . Similarly let L

q

= L ( K

4

, K ) with canonical 4-frame ϕ

′

= ( a

′

i

, c

′

1 j

) of

c haracteristic q . Since | K | = ω , there are precisely ω one-dimensional subspaces in the

quotien t a

′

1

+ a

′

2

/ 0

ϕ

′ , hence a

′

1

+ a

′

2

/ 0

ϕ

′

∼

= M

ω

(the coun table t w o-dimensional lattice). The

quotien t 1

ϕ

/a

3

+ a

4 of L

p is isomorphic to a

1

+ a

2

/ 0

ϕ via the map x → x ( a

1

+ a

2

) and since

(i)

0

0

′

a

1 a

2 a

3 a

4 a

′

1

a

′

2 a

′

3 a

′

4

a

3

+ a

4

1

1

′

(ii)

Figure 3.3

| F | = ω , w e see that 1

ϕ

/a

3

+ a

4 is also isomorphic to M

ω

. Let σ : 1

ϕ

/a

3

+ a

4

→ a

′

1

+ a

′

2

/ 0

ϕ

′

b e an y isomorphism whic h satisfies

σ ( a

1

+ a

3

+ a

4

) = a

′

1

σ ( a

2

+ a

3

+ a

4

) = a

′

2

σ ( c

12

+ a

3

+ a

4

) = c

′

12

The lattice L is constructed b y “lo osely gluing” the lattice L

q o v er L

p via the isomorphism

σ , i.e. let L b e the disjoin t union of L

p and L

q and define x ≤ y in L if and only if

x, y ∈ L

p and x ≤ y in L

p or

x, y ∈ L

q and x ≤ y in L

q or

x ∈ L

p

, y ∈ L

q and x ≤ z , σ ( z ) ≤ y for some z ∈ 1

ϕ

/a

3

+ a

4

.

Then it is easy to c hec k that L is a mo dular lattice. (The conditions on σ are needed to

mak e the t w o 4-frames fit together nicely .) Let D b e the finite distributiv e sublattice of

L generated b y the set { a

i

, a

′

i

: i = 1 , 2 , 3 , 4 } (see Figure 3.3 (i)). Notice that D is the

pro duct of the four elemen t Bo olean algebra and the lattice in Figure 3.3 (ii). Both these

lattices are finite pro jectiv e mo dular lattices, so b y Lemma 3.13 D is a pro jectiv e mo dular

lattice.

Supp ose no w that L ∈ ( M

F

)

V

= HSP M

F

. Then L is a homomorphic image of some

lattice L ∈ SP M

F

, and hence L is r esidual ly finite (i.e. a sub direct pro duct of finite

lattices). But hereafter w e sho w that an y lattice whic h has L as a homomorphic image

cannot b e residually finite, and this con tradiction will conclude the pro of.

Let f b e the homomorphism from L → → L . Since D is a pro jectiv e mo dular sublattice

of L , w e can find elemen ts a

i

, a

′

i in L whic h generate a sublattice isomorphic to D , and

f ( a

i

) = a

i

, f ( a

′

i

) = a

′

i

. Let us assume for the momen t that

( ∗ ) there exist further elemen ts c

1 j and c

′

1 j in L suc h that ϕ = ( a

i

, c

1 j

) is a 4-frame of c haracteristic p , ϕ

′

= ( a

′

i

, c

′

1 j

) is a 4-frame of c haracteristic q and f ( ϕ ) = ϕ ,

f ( ϕ

′

) = ϕ

′

.

If L is residually finite, then w e can find a finite mo dular lattice M and a homomor-

phism g : L → M whic h maps the (finite) 4-frames ϕ and ϕ

′

in a one to one fashion in to

M , where w e denote them b y

^

ϕ = ( â

i

, ĉ

1 j

) and

^

ϕ

′

( â

′

i

, ĉ

′

1 j

) resp ectiv ely . By Lemmas 3.19

and 3.21 they giv e rise to t w o auxillary rings R ⊆ â

1

+ â

2

/ 0

^

ϕ and R

′

⊆ â

′

1

+ â

′

2

/ 0

^

ϕ

′ of

c haracteristic p and q resp ectiv ely . Since M is a finite lattice, R and R

′

are finite rings,

so | R | = p m

and | R

′

| = q n

for some n, m ∈ ω . Also, since 0

R

= â

1

≠ ĉ

12

= 1

R

, R has at

least t w o elemen ts.

No w in M the elemen ts â

i

, â

′

i generate a sublattice

^

D

∼

= D , hence â

1

+ â

2

/ 0

^

ϕ

↗

â

′

1

+ â

′

2

/ 0

^

ϕ

′

, â

1

+ 0

^

ϕ

′

= â

′

1 and â

2

+ 0

^

ϕ

′

= â

′

2

(see Figure 3.3 (i)). It follo ws that the t w o

quotien ts are isomorphic, and c hec king the definition of R

ϕ ab o v e Theorem 3.19, w e see

that this isomorphism restricts to an isomorphism b et w een R and R

′

. Th us | R | = | R

′

| ,

whic h is a con tradiction, as p and q are distinct primes and | R | ≥ 2. Consequen tly L is

not residually finite, whic h implies that L is not a mem b er of ( M

F

)

V

.

W e no w complete the pro of with a justification of ( ∗ ). This is done b y adjusting the

elemen ts a

i

, a

′

i in sev eral steps, thereb y constructing the required 4-frames. Since w e will

b e w orking primarily with elemen ts of L , w e first of all c hange the notation, denoting the

4-frames ϕ , ϕ

′

in L b y

^

ϕ = ( â

i

, ĉ

1 j

),

^

ϕ

′

= ( â

′

i

, ĉ

′

1 j

) and the a

i

, a

′

i in L b y a

i

, a

′

i

. Also the

condition that the elemen ts a

i

, a

′

i generate a sublattice isomorphic to D (Figure 3.3 (i))

will b e abbreviated b y D ( a

i

, a

′

i

). T o c hec k that D ( a

i

, a

′

i

) holds, one has to v erify that the a

i

are indep enden t o v er a

1 a

2

, the a

′

i are indep enden t o v er a

′

1 a

′

2

= 0

′

, 1 /a

3

+ a

4

↗ a

′

1

+ a

′

2

/ 0

′

,

a

′

1

= a

1

+ 0

′

and a

′

2

= a

2

+ 0

′

. Actually , once the transp osition has b een established, it is

enough to sho w that a

1

≤ a

′

1 and a

2

≤ a

′

2 since then 0

′

≤ a

′

1

( a

2

+ 0

′

) ≤ a

′

1 a

′

2

= 0

′

implies

a

′

1

= (1 + 0

′

) a

′

1

= ( a

1

+ a

2

+ 0

′

) a

′

1

= a

1

+ ( a

2

+ 0

′

) a

′

1

= a

1

+ 0

′

,

and a

′

2

= a

2

+ 0

′

follo ws similarly .

Step 1 : Let 1

′

=

∑

4

i =1 a

′

i and ê

′

= ĉ

′

12

+ ĉ

′

13

+ ĉ

′

14

. By Lemma 3.15 ( â

′

i

, ê

′

) is a 4-

diamond in L . Since ê

′

∈ 1

^

ϕ

′

/ 0

^

ϕ

′

, w e can c ho ose e

′

∈ 1

′

/ 0

′

suc h that f ( e

′

) = ê

′

. Clearly

e

′

is incomparable with eac h a

′

i

. Defining b

′

=

∑

a

′

i e

′

, c

′

=

∏

( a

′

i

+ e

′

), d

′

=

∑

( a

′

i

+ b

′

) c

′

( i = 1 , 2 , 3 , 4) corresp onding to b, c, d in Lemma 3.16 it is easy to c hec k that b

′

≤ d

′

≤ c

′

,

( a

′

i

+ b

′

) c

′

= a

′

i c

′

+ b

′

, f ( b

′

) = 0

^

ϕ

′

, f ( c

′

) = 1

^

ϕ

′

= f ( d

′

) and f (( a

′

i

+ b

′

) c

′

) = â

′

i

, so com bining

part (iii) of that lemma with Lemma 3.15 sho ws that

ϕ

′

= ( a

′

i

, c

′

1 j

) = ( a

′

i c

′

+ b

′

, ( a

′

1 c

′

+ a

′

j c

′

+ b

′

) e

′

d

′

)

is a 4-frame in d

′

/b

′

and f ( ϕ

′

) =

^

ϕ

′

.

No w let 0 = ( a

1

+ a

2

) b

′

and consider the elemen ts a

i

= a

i d

′

+ 0 . Since D ( â

i

, â

′

i

) holds,

â

1

+ â

2

≰ 0

^

ϕ

′

, whence f ( 0 ) = 0

^

ϕ and f ( a

i

) = â

i

. In particular it follo ws that â

i

≠ 0 . W e

sho w that the a

i are indep enden t o v er 0 . Observ e that a

3

+ a

4

≤ 0

′

≤ b

′

≤ d

′

implies

a

3

= a

3

+ 0 and a

4

= a

4

+ 0 . Since a

1

≤ a

′

1

, a

2

≤ a

′

2

, d

′

≤ c

′

and ϕ

′

is a 4-frame,

a

1

∑

i ≠1 a

i

= ( a

1 d

′

+ 0 )( a

2 d

′

+ a

3

+ a

4

+ 0 )

≤ ( a

′

1 c

′

+ b

′

)( a

′

2 c

′

+ b

′

) = b

′

.

Since a

1

≤ a

1

+ a

2

, the left hand side is ≤ 0

′

, and the opp osite inequalit y is ob vious.

Similarly a

2

∑

i ≠2 a

i

= 0 . Also

a

3

∑

i ≠3 a

i

= ( a

3

+ 0 )( a

1 d

′

+ a

2 d

′

+ a

4

+ 0 )

= 0 + a

3

( a

1 d

′

+ a

2 d

′

+ a

4

+ 0 ) = 0

b ecause a

1 d

′

+ a

2 d

′

+ a

4

+ 0 ≤ a

1

+ a

2

+ a

4

, and lik ewise for a

4

∑

i ≠4 a

i

= 0 .

Let 1 =

∑

4

i =1 a

i and observ e that 0

ϕ

′ = b

′

. W e pro ceed to sho w that D ( a

i

, a

′

i

) holds.

Note firstly that a

′

i d

′

= a

′

i c

′

since a

′

i d

′

= a

′

i

∑

4

k =1 a

′

k c

′

= a

′

i

( a

′

i c

′

+

∑

k ≠ i a

′

k c

′

= a

′

i c

′

+ 0

′

.

No w

1 + b

′

= a

1 d

′

+ a

2 d

′

+ a

3

+ a

4

+ 0 + b

′

≤ a

′

1 d

′

+ a

′

2 d

′

+ b

′

= a

′

1 c

′

+ a

′

2 c

′

+ b

′

= a

′

1

+ a

′

2

,

and a

1 d

′

+ b

′

≥ a

1 d

′

+ 0 = ( a

1

+ 0

′

) d

′

= a

′

1 d

′

together with a similar computation for a

2

sho ws that 1 + b

′

= a

′

1

+ a

′

2

. F urthermore

1 b

′

= ( a

1 d

′

+ a

2 d

′

+ a

3

+ a

4

+ 0 ) b

′

= a = 3 + a = 4 + 0 + ( a

1 d

′

+ a

2 d

′

) b

′

= a

3

+ a

4

+ 0 = a

3

+ a

4

.

Since a

i

= a

i d

′

+ ( a

1

+ a

2

) b

′

≤ a

′

i c

′

+ b

′

= a

′

i w e ha v e D ( a

i

, a

′

i

).

Step 2 : Using Lemmas 3.18 and 3.23 w e no w construct a new 4-frame

ϕ

′

= ( a

′

i

, c

′

1 j

) = ϕ

′ u

= ( a

′

i

+ u, c

′

1 j

+ u ) ,

where u is deriv ed from u

2

= a

′

2

( α q

ϕ

′

( a

′

1

) + a

′

1

). By Lemma 3.23 ϕ

′

is a 4-frame of c har-

acteristic q . Since

^

ϕ

′

in L has c haracteristic q , it follo ws that f ( u ) = 0

^

ϕ

′ and f ( ϕ

′

) =

^

ϕ

′

(see pro of of Theorem 3.24). Moreo v er, if w e define 0 = ( a

1

+ a

2

) u and a

i

= a

i

+ 0 then

f ( a

i

) = â

i and calculations similar to the ones in Step 1 sho w that the a

i

, a

′

i generate a

cop y of D .

Step 3 : In this step w e first construct a new 4-frame ϕ = ( a

i

, c

1 j

) deriv ed from the

elemen ts a

i of Step 2 suc h that f ( ϕ ) =

^

ϕ . Then w e adjust ϕ

′

accordingly to obtain

ϕ

′

= ( a

′

i

, c

′

1 j

) satisfying f ( ϕ

′

) =

^

ϕ

′

, D ( a

i

, a

′

i

) and c

′

12

= c

12

+ 0

ϕ

′ .

Since ĉ

23

+ ĉ

24

≤ â

2

+ â

3

+ â

4

, it is p ossible to c ho ose e ∈ L suc h that f ( e ) = ĉ

23

+ ĉ

24 and

a

1 a

2

≤ e ≤ a

2

+ a

3

+ a

4

. Let c

12

= c

′

12

( a

1

+ a

2

) and observ e that f ( c

12

) = ĉ

′

12

( â

1

+ â

2

) = ĉ

12

b y the c hoice of σ in the construction of L . Let e = c

12

+ e and define b, c, d as in

Lemma 3.16. Since f ( e ) = ĉ

12

+ ĉ

23

+ ĉ

24

= ê is a relativ e complemen t of eac h â

i

,

considerations similar to the ones in Step 1 sho w that

ϕ = ( a

i

, c

1 j

) = ( a

i c + b, ( a

1 c + a

j c + b ) ed )

is a 4-frame in d/b and f ( ϕ ) =

^

ϕ .

Let u

′

1

= a

1 c + 0

ϕ

′ , u

′

i

= a

′

i

( u

′

1

+ c

′

1 i

) u

′

=

∑

4

i =1 u

′

i

and v

′

1

= a

1 e + 0

ϕ

′ , v

′

i

= a

′

i

( v

′

1

+ c

′

1 i

) v

′

=

∑

4

i =1 v

′

i

.

Then 0

ϕ

′ ≤ v

′

1

≤ u

′

1

≤ a

1 and t w o applications of Lemma 3.18 sho w that

ϕ

′

= ( a

′

, c

′

1 j

) = ϕ

′

u

′ v

′

= ( a

′

i u

′

+ v

′

, c

′

1 j u

′

+ v

′

) is a 4-frame in u

′

/v

′

. Also since ϕ

′

has c haracteristic q , Lemma 3.22 implies that ϕ

′

has

c haracteristic q . F urthermore, it is easy to c hec k that f ( u

′

) = 1

^

ϕ

′ and f ( v

′

) = 0

^

ϕ

′

, whence

f ( ϕ

′

) =

^

ϕ

′

.

W e no w sho w that the elemen ts a

i

, a

′

i generate a cop y of D . F rom D ( a

i

, a

′

i

) w e deduce

that

c

12

+ 0

ϕ

′ = c

′

12

( a

1

+ a

2

) + 0

ϕ

′ = c

′

12

( a

1

+ a

2

+ 0

ϕ

′ = c

′

12

( a

′

1

+ a

′

2

) = c

′

12

a

1

+ c

12

= a

1

+ c

′

12

( a

1

+ a

2

) = ( a

1

+ c

′

12

)( a

1

+ a

2

)

= ( a

1

+ 0

ϕ

′ + c

′

12

)( a

1

+ a

2

) = ( a

′

1

+ a

′

2

)( a

1

+ a

2

) = a

1

+ a

2

.

Similarly a

2

+ c

12

= a

1

+ a

2 and a

1 c

12

= a

1 a

2

= a

2 c

12

. Since c

12

≤ e ≤ c ,

c

12

+ a

1 e = ( c

12

+ a

1

) e = ( c

12

+ a

2

) e = c

12

+ a

2 e

c

12

+ a

1 c = c

12

+ a

2 c.

Moreo v er

u

′

2

= a

′

2

( a

1 c + 0

ϕ

′ + c

′

12

) = a

′

2

( a

1 c + 0

ϕ

′ + c

12

)

= a

′

2

( a

2 c + 0

ϕ

′ + c

12

) = a

′

2

( a

2 c + c

′

12

)

= a

2 c + a

′

2 c

′

12

= a

2 c + 0

ϕ

′ .

A similar calculation yields v

′

2

= a

2 e + 0

ϕ

′ . No w a

2 c + u

′

3

+ u

′

4

≤ a

′

2

+ a

′

3

+ a

′

4 implies

a

′

1 u

′

= a

′

1

( a

1 c + a

2 c + 0

ϕ

′ + u

′

3

+ u

′

4

) = a

1 c + 0

ϕ

′ ,

and similarly a

′

2 u

′

= a

2 c + 0

ϕ

′ . T ogether with a

3 c + a

4 c ≤ v

′

w e compute

d + v

′

=

∑

4

i =1 a

i c + v

′

=

∑

4

i =1 a

i c + 0

ϕ

′ + v

′

= a

′

1 u

′

+ a

′

2 u

′

+ v

′

= a

′

1

+ a

′

2

,

d v

′

= d ( a

′

1

+ a

′

2

)( a

1 e + a

2 e + 0

ϕ

′ + v

′

3

+ v

′

4

)

= d ( a

1 e + a

2 e + 0

ϕ

′ + ( a

′

1

+ a

′

2

)( v

′

3

+ v

′

4

))

= d ( a

1 e + a

2 e + 0

ϕ

′ )

= ( a

1 c + a

2 c + a

3 c + a

4 c )0

ϕ

′ + a

1 e + a

2 e

= a

3 c + a

4 c + ( a

1 c + a

2 c )0

ϕ

′ + a

1 e + a

2 e

= a

3 c + a

4 c + b = a

3

+ a

4

.

Since a

1

+ v

′

= a

1 c + b + v

′

= a

1 c + 0

ϕ

′ + v

′

= a

1 u

′

+ v

′

= a

′

1 and similarly a

2

+ v

′

= a

′

2

,

w e ha v e D ( a

i

, a

′

i

).

Lastly w e w an t to sho w that c

′

12

= c

12

+ 0

ϕ

′ . Since d =

∑

n

i =1 a

i c + b , e ≤ a

2

+ a

3

+ a

4

and e ≤ e ≤ c ,

c

12

= ( a

1 c + a

2 c + b ) ed = ( a

1 c + a

2 c ) e + b

= ( a

1 c + a

2 c )( a

1

+ a

2

)( c

12

+ e ) + b

= ( a

1 c + a

2 c )( c

12

+ ( a

1

+ a

2

) e ) + b

= ( a

1 c + a

2 c )( c

12

+ a

2 e ) + b

= c

12

( a

1 c + a

2 c ) + a

2 e + b

≤ c

′

12 u

′

+ v

′

= c

′

12

,

where w e used c

12

≤ c

′

12

, a

1 c + a

2 c ≤ u

′

and a

2 e ≤ b ≤ v

′

in the last line. Also a

2

≤ a

′

2

implies v

′

≤ ( a

2

+ v

′

) c

′

12

≤ a

′

2 c

′

12

= v

′

, and since w e already kno w that d/ a

3

+ a

4

↗ a

′

1

+ a

′

2

/v

′

the calculation,

c

′

12

= ( d + v

′

) c

′

12

= ( a

1

+ a

2

+ v

′

) c

′

12

= ( c

12

+ a

2

+ v

′

) c

′

12

= c

12

+ ( a

2

+ v

′

) c

′

12

= c

12

+ v

′ completes this step.

Step 4 : As in Step 2 w e use Lemma 3.18 to construct a new 4-frame

ϕ = ( a

i

, c

1 j

) = ϕ u

= ( a

i

+ u, c

1 j

+ u ) ,

where u is deriv ed from u

2

= a

2

( α p

ϕ

( a

1

) + a

1

) and u

1

= a

1

( u

2

+ c

12

). By Lemma 3.23 ϕ is

a 4-frame of c haracteristic p and as b efore f ( ϕ ) =

^

ϕ .

Let w

′

1

= u

1

+ v

′

, w

′

i

= a

′

i

( w

′

1

+ c

′

1 i

), w

′

=

∑

4

i =1 w

′

i and consider the 4-frame

ϕ

′

= ( a

′

i

, c

′

1 j

) = ϕ

′ w

′

= ( a

′

i

+ w

′

, c

′

1 j

+ w

′

) .

Since ϕ

′

w as of c haracteristic q , so is ϕ

′

(Lemma 3.22).

It remains to sho w that D ( a

i

, a

′

i

) holds. Note that 1

ϕ

= 1

ϕ

= d and 0

ϕ

′ = w

′

≥ w

i

≥

v

′

≥ a

3

+ a

4

. Therefore

1

ϕ

+ w

′

= a

1

+ a

2

+ a

3

+ a

4

+ w

′

= a

′

1

+ a

′

2

+ w

′

= a

′

1

+ a

′

2

.

Also u

2

= a

2

( u

1

+ c

12

) (see pro of of Lemma 3.23) and u

1

= a

1

( u

2

+ c

12

) imply u

2

+ c

12

=

u

1

+ c

12

. T ogether with c

′

12

= c

12

+ v

′

from Step 3 w e ha v e

w

′

1

+ c

′

12

= u

1

+ c

12

+ v

′

= u

2

+ c

12

+ v

′

w

′

2

= a

′

2

( w

′

1

+ c

′

12

) = a

′

2

( u

2

+ c

12

+ v

′

)

= u

2

+ v

′

+ a

′

2 c

12

= u

2

+ v

′

A last calculation sho ws that

1

ϕ w

′

= 1

ϕ

( u

1

+ u

2

+ w

′

3

+ w

′

4

)

= u

1

+ u

2

+ 1

ϕ

( a

′

1

+ a

′

2

)( w

′

3

+ w

′

4

)

= u

1

+ u

2

+ 1

ϕ v

′

= u

1

+ u

2

+ a

3

+ a

4

= u + a

3

+ a

4

= a

3

+ a

4

.

Since a

1

≤ a

′

1

, a

2

≤ a

′

2 and u = 0

ϕ

≤ w

′

it follo ws that a

1

≤ a

′

1 and a

2

≤ a

′

2

. Hence

D ( a

i

, a

′

i

) holds.

Denoting ϕ, ϕ

′

b y ϕ , ϕ

′

and

^

ϕ ,

^

ϕ

′

b y ϕ, ϕ

′

w e see that condition ( ∗ ) is no w satisfied. □

Note that the lattice L in the preceding theorem has finite length.

Let M

Fl b e the class of all mo dular lattices of finite length, and denote b y M

Q the

collection of all subspaces of v ector spaces o v er the rational n um b ers.

By a result of Herrmann and Huhn [ 75 ] M

Q

⊆ ( M

F

)

V

. F urthermore Herrmann [ 84 ]

sho ws that an y mo dular v ariet y that con tains M

Q cannot b e b oth finitely based and

generated b y its mem b ers of finite length. F rom these results and F reese’s Theorem one

can obtain the follo wing conclusions.

Cor ollar y 3.26

(i) Both ( M

F

)

V

and ( M

Fl

)

V

are not finitely based.

(ii) ( M

F

)

V

⊂ ( M

Fl

)

V

⊂ M and all three v arieties are distinct.

(iii) The v ariet y of Arguesian lattices is not generated b y its mem b ers of finite length.

3.4 Co v ering Relations b et w een Mo dular V arieties

The structure of the b ottom of Λ

M

. In Section 2.1 w e sa w that the distributiv e

v ariet y D is co v ered b y exactly t w o v arieties, M

3 and N . The latter is nonmo dular, and

its co v ers will b e studied in the next c hapter. Whic h v arieties co v er M

3

? Gr¨ atzer [ 66 ]

sho w ed that if a finitely generated mo dular v ariet y V prop erly con tains M

3

, then M

4

∈ V

or M

3

2 ∈ V or b oth these lattices are in V (see Figure 2.1 and 3.6). The restriction that

V should b e finitely generated w as remo v ed b y J´ onsson [ 68 ]. In fact J´ onsson sho w ed that

for an y mo dular v ariet y V the condition M

3

2 / ∈ V is equiv alen t to V b eing generated b y

its mem b ers of length ≤ 2. The next few lemmas lead up to the pro of of this result.

Recall from Section 1.4 that principal congruences in a mo dular lattice can b e describ ed

b y sequences of transp ositions, whic h are all bijectiv e. Tw o non trivial quotien ts in a

mo dular lattice are said to b e pro jectiv e to eac h other if they are connected b y some

(alternating) sequence of (bijectiv e) transp ositions. F or example the sequence a

0

/b

0

↗

a

1

/b

1

↘ . . . ↗ a

n

/b

n mak es a

0

/b

0 and a

n

/b

n pro jectiv e to eac h other in n steps. This

sequence is said to b e normal if b

k

= b

k − 1 b

k +1 for ev en k and a

k

= a

k − 1

+ a

k +1 for o dd k

( k = 1 , . . . , n − 1). It is str ongly normal if in addition for ev en k w e ha v e b

k − 1

+ b

k +1

≥ a

k

and for o dd k a

k − 1 a

k +1

≤ b

k

.

Lemma 3.27 (Gr¨ atzer [ 66 ]). In a mo dular lattice an y alternating sequence of transp osi-

tions can b e replaced b y a normal sequence of the same length.

Pr oof. Pic k an y three consecutiv e quotien ts from the sequence. By dualit y w e ma y

assume that a/b ↗ x/y ↘ c/d . If this part of the sequence is not normal (i.e. a + c < x ),

then w e replace x/y b y a + c/y ( a + c ). T o see that a/b ↗ a + c/y ( a + c ) w e only ha v e

to observ e that ay ( a + c ) = ay = b and, b y mo dularit y , a + y ( a + c ) = ( a + y )( a + c ) =

x ( a + c ) = a + c . Similarly a + c/y ( a + c ) ↘ c/d . Notice also that the normalit y of adjacen t

parts of the sequence is not disturb ed b y this pro cedure, for supp ose u/v is the quotien t

that precedes a/b in the sequence, then v y = b implies v y ( a + c ) = b ( a + c ) = b . Th us w e

can replace quotien ts as necessary , un til the sequence is normal. □

Gr¨ atzer also observ ed that the six elemen ts of a normal sequence a/b ↗ x/y ↘ c/d

are generated b y a , y and c . Hence, in a mo dular lattice, they generate a homomorphic

image of the lattice in Figure 3.4 (i) (this is the homomorphic image of the free mo dular

lattice F

M

( a, y , c ) sub ject to the relations a + y = a + c = y + c ).

If the sequence is also strongly normal, then y = y + ac , and so a , y and c generate a

homomorphic image of the lattice in Figure 3.4 (ii). Of course the dual lattices are gen-

erated b y a (strongly) normal sequence a/b ↘ x/y ↗ c/d . Figure 3.4 (ii) also sho ws that

strongly normal sequences cannot o ccur in a distributiv e lattice, unless all the quotien ts

are trivial. Ho w ev er J´ onsson [ 68 ] pro v ed the follo wing:

Lemma 3.28 Supp ose L is a mo dular lattice and p/q and r /s are non trivial quotien ts of L

that are pro jectiv e in n steps. If no non trivial sub quotien ts of p/q and r /s are pro jectiv e

in few er than n steps, then either n ≤ 2 or else p/q and r /s are connected b y a strongly

normal sequence, also in n steps.

Pr oof. Let p/q = a

0

/b

0

∼ a

1

/b

1

∼ . . . ∼ a

n

/b

n

= r /s (some n ≥ 3) b e the sequence that

connects the t w o quotien ts. By Lemma 3.27 w e can assume that it is normal. If it is not

strongly normal, then for some k with 0 < k < n w e ha v e a

k − 1

/b

k − 1

↗ a

k

/b

k

↘ a

k +1

/b

k +1

, x

c y

a

d + ac b + ac

d ac

b

bd

(i) x

y

c a

d b

(ii)

Figure 3.4

but a

k

1 a

k +1

≰ b

k

, or dually . Let c

k − 1

= b

k − 1

+ a

k − 1 a

k +1

, and for i ≤ n , i ≠ k − 1 w e

define c

i to b e the elemen t of a

i

/b

i that corresp onds to c

k − 1 under the giv en (bijectiv e)

transp ositions. With reference to Figure 3.4 (i) it is straigh tforw ard to v erify that

c

k − 1

/b

k − 1

↘ a

k − 1 a

k +1

/b

k − 1 b

k +1

↗ c

k +1

/b

k +1

.

Since 0 < k < n and n ≥ 3 w e ha v e k > 1 or k < n − 1 (or b oth). In the first case

c

k − 2

/b

k − 2

↘ a

k − 1 a

k +1

/b

k − 1 b

k +1

↗ c

k +1

/b

k +1

and in the second

c

k − 1

/b

k − 1

↘ a

k − 1 a

k +1

/b

k − 1 b

k +1

↗ c

k +2

/b

k +2

.

Either w a y it follo ws that the non trivial subin terv als c

0

/b

0 of p/q and c

n

/b

n of r /s are

pro jectiv e in n − 1 steps. This ho w ev er con tradicts the assumption of the lemma. □

Lemma 3.29 (J´ onsson [ 68 ]). Let L b e a mo dular lattice suc h that M

3

2 is not a homomor-

phic image of a sublattice of L . If ( v < x, y , z < u ) and ( v

′

< x

′

, y

′

, z

′

< u

′

) are diamonds

in L suc h that y

′

= y u

′

and z = z

′

+ v , then u/v ↘ u

′

/v

′

(refer to Figure 3.5(i)).

Pr oof. Observ e firstly that the conditions imply u/y ↘ z

′

/v

′

, since y + z

′

= ( y + v ) + z

′

=

y + z = u and y z

′

= y ( u

′

z

′

) = y

′

z

′

= v

′

. Let w = v + u

′

. Then w ≥ v + z

′

= z and

u ≥ y

′

, z

′

imply u ≥ u

′

, hence w ∈ u/z . W e sho w that w = u and dually v u

′

= v

′

, whic h

giv es the desired conclusion.

Note that w e cannot ha v e w = z since then the t w o diamonds w ould generate a

sublattice that has M

3

2 as homomorphic image. So supp ose z < w < u . Because all

the edges of a diamond are pro jectiv e to another, the six elemen ts w , v , x, y , z , u generate

the lattice in Figure 3.5 (ii). Under the transp osition u/y ↘ z

′

/v

′

the elemen t xw + y

(i) u

v + u

′

u

′

z y

x

x

z

′

y

′

v

v

′

(ii)

(iii) u

w = v + u

′

x + y w

u

′

z xw + y w y

x

y

′

+ w

′

xw

x

′

z

′

y

′

v

w

′

v

′

Figure 3.5

is sen t to w

′

= z

′

( xw + y ), and together with v

′

, x

′

, y

′

, z

′

, u

′

these elemen ts generate the

lattice in Figure 3.5 (iii). It is easy to c hec k that ( xw + y w < x + y w , xw + y , w < u )

and (( x

′

+ w

′

)( y

′

+ w

′

) < y

′

+ w

′

, z

′

+ x

′

( y

′

+ w

′

) , x

′

+ w

′

< u

′

) are diamonds (they app ear

in Figure 3.5 (ii) and (iii)). W e claim that w /xw + y w ↘ u

′

/y

′

+ w

′

. Indeed, since

u

′

≤ w ≤ ( x + u

′

)( y + u

′

) w e ha v e

xw + y x + u

′

= u

′

+ xw + u

′

+ y w = ( u

′

+ x ) w + ( u

′

+ y ) w = w

y

′

+ w

′

= y

′

+ z

′

( xw + y ) = ( y

′

+ z

′

)( xw + y )

= u

′

( xw + y ) = u

′

( xw + y ) w = u

′

( xw + y w ) .

But this means that the t w o diamonds form a sublattice of L that is isomorphic to the lat-

tice in Figure 3.5 (iv), and therefore has M

3

2 as a homomorphic image. This con tradiction

sho ws that w e m ust ha v e u = w . □

Lemma 3.30 (J´ onsson [ 68 ]). If L is a mo dular lattice suc h that M

3

2 is not a homomorphic

image of a sublattice of L , then an y t w o quotien ts in L that are pro jectiv e to eac h other

ha v e non trivial sub quotien ts that are pro jectiv e to eac h other in three steps or less.

Pr oof. It is enough to pro v e the theorem for t w o quotien ts a/b and c/d that are pro jectiv e

in four steps, since longer sequences can b e handled b y rep eated application of this case.

W e assume that no non trivial sub quotien ts of a/b and c/d are pro jectiv e in less than four

steps and deriv e a con tradiction. By Lemma 3.28 there exists a strongly normal sequence

of transp ositions

a/b = a

0

/b

0

↗ a

1

/b

1

↘ a

2

/b

2

↗ a

3

/b

3

↘ a

4

/b

4

= c/d

or dually . Asso ciated with this sequence are three diamonds ( b

0

+ b

2

< a

0

+ b

2

, b

1

, b

0

+ a

2

<

a

1

), ( b

2

< b

1 a

3

, a

2

, a

1 b

3

< a

1 a

3

) and ( b

2

+ b

4

< a

2

+ b

4

, b

3

, a

2

+ b

4

< a

3

). The first and the

second, and the second and the third diamond satisfy the conditions of Lemma 3.29, since

b

1 a

3

= b

1

( a

1 a

3

) , b

0

+ a

2

= a

2

+ ( b

0

+ b

2

)

a

1 b

3

= b

3

( a

1 a

3

) , a

2

+ b

4

= a

2

+ ( b

0

+ b

4

) whence w e conclude that

( ∗ ) a

1

/b

0

+ b

2

↘ a

1 a

2

/b

2

↗ a

3

/b

2

+ b

4

.

This enables us to sho w that a/b and c/d are pro jectiv e in 2 steps. In fact

( ∗ ∗ ) a

0

/b

0

↗ a

2

+ b

0

+ b

4

/a

1

+ a

3

↘ a

4

/b

4

as is sho wn b y the follo wing calculations

a

0

+ ( a

2

+ b

0

+ b

4

) = a

1

+ b

4

= a

1

+ a

1 a

3

+ b

2

+ b

4

( a

1

≥ a

1 a

3

+ b

2

)

= a

1

+ a

3

( a

1 a

3

+ ( b

2

+ b

4

) = a

3 b y ( ∗ ))

a

0

( a

2

+ b

0

+ b

4

) = b

0

+ a

0

( a

2

+ b

4

) ( b y mo dularit y )

= b

0

+ a

0 a

1

( a

2

+ b

4

) ( a

1

≥ a

0

)

= b

0

+ a

0

( a

2

+ a

1 b

4

) ( b y mo dularit y )

≤ b

0

+ a

0

( a

2

+ b

2

) = b

0

+ a

1 a

2

= b

0

,

where the inequalit y holds since a

1 b

4

= a

1 a

3 b

4

≤ a

1 a

3

( b

2

+ b

4

) = b

2 b y ( ∗ ). The second

part of ( ∗ ∗ ) follo ws b y symmetry . Since a/b and c/d w ere assumed to b e pro jectiv e in not

less than 4 steps, this con tradiction completes the pro of. □

Lemma 3.31 Supp ose L is a mo dular lattice with b < a ≤ d < c in L . If a/b and c/d are

pro jectiv e in three steps, then a/b transp oses up on to a lo w er edge of a diamond and c/d

transp oses do wn on to an upp er edge of a diamond.

Pr oof. Since a ≤ d , no non trivial subin terv als of a/b and c/d are pro jectiv e to eac h other

in less than three steps. Hence b y Lemma 3.29 a/b and c/d are connected b y a strongly

normal sequence of length 3, sa y

a/b = a

0

/b

0

↗ a

1

/b

1

↘ a

2

/b

2

↗ a

3

/b

3

= c/d

(the dual case cannot apply). Then a/b transp oses up on to a

0

+ b

2

/b

0

+ b

2 of the diamond

( b

0

+ b

2

< a

0

+ b

2

, b

1

, b

0

+ a

2

< a

1

) (see Figure 3.4(ii)) and c/d transp oses do wn on to

a

1 a

3

/b

1 b

3 of ( b

2

< b

1 a

3

, a

2

, a

1 b

3

< a

1 a

3

) as required. □

Theorem 3.32 (J´ onsson [ 68 ]). F or an y v ariet y V of mo dular lattices the follo wing con-

ditions are equiv alen t:

(i) M

3

2 / ∈ V ;

(ii) ev ery sub directly irreducible mem b er of V has dimension t w o or less;

(iii) the inclusion a ( b + cd )( c + d ) ≤ b + ac + ad holds in V .

Pr oof. Supp ose M

3

2 / ∈ V but some sub directly irreducible lattice L in V has dimension

greater than t w o. Then L con tains a four elemen t c hain a > b > c > d . Since L is

sub directly irreducible con ( a, b ) and con ( b, c ) cannot ha v e trivial in tersection, and therefore

some non trivial sub quotien ts a

′

/b

′

of a/b and p/q of b/c are pro jectiv e to eac h other.

By Lemma 3.30 w e can assume that they are pro jectiv e in three steps. Similarly some

non trivial sub quotien ts p

′

/q

′

of p/q and c

′

/d

′

of c/d are pro jectiv e to eac h other, again in

three steps. Since all transp ositions are bijectiv e, p

′

/q

′

is also pro jectiv e to a sub quotien t of d c

b a

Figure 3.6

a

′

/b

′

in three steps. F rom Lemma 3.31 w e infer that p

′

/q

′

transp oses up on to a lo w er edge

of a diamond and do wn on to an upp er edge of a diamond. It follo ws that the t w o diamonds

generate a sublattice of L whic h has M

3

2 as homomorphic image. This con tradicts (i),

th us (i) implies (ii).

Ev ery v ariet y is generated b y its sub directly irreducible mem b ers, so to pro v e that (ii)

implies (iii), w e only ha v e to observ e that the inclusion a ( b + cd )( c + d ) ≤ b + ac + ad

holds in ev ery lattice of dimension 2. Indeed, in suc h a lattice w e alw a ys ha v e c ≤ d or

d ≤ c or cd = 0. In the first case a ( b + cd )( c + d ) = a ( b + c ) d ≤ ad ≤ b + ac + ad , in the

second a ( b + cd )( c + d ) = a ( b + d ) c ≤ ac ≤ b + ac + ad and in the third a ( b + cd )( c + d ) =

ab ( c + d ) ≤ b ≤ b + ac + ad .

Finally , Figure 3.6 sho ws that the inclusion fails in M

3

2 , and therefore (iii) implies

(ii). □

F or an y cardinal α ≥ 3 there exists up to isomorphism exactly one lattice M

α with

dimension 2 and α atoms (see Figure 2.2). F or α = n ∈ ω eac h M

n generates a v ariet y

M

n

, while for α ≥ ω all the lattices M

α generate the same v ariet y M

ω since they all ha v e

the same finitely generated sublattices. Clearly M

n

⊆ M

ω

, and b y J´ onsson’s Lemma

M

n +1 co v ers M

n for 3 ≤ n ∈ ω . The ab o v e theorem implies that M

3

2 / ∈ M

n for all

n ≥ 3, and con v ersely , if V is a v ariet y of mo dular lattices that satisfies M

3

2 / ∈ V , then V

is either T , D , M

ω or M

n for some n ∈ ω , n ≥ 3. Th us w e obtain:

Cor ollar y 3.33 (J´ onsson [ 68 ]). In the lattice Λ , the v ariet y M

n

(3 ≤ n ∈ ω ) is co v ered

b y exactly three v arieties: M

n +1

, M

n

+ M

3

2 and M

n

+ N .

Pr oof. M

n

∩ M

3

2 = M

3 is co v ered b y M

3

2 , and M

n

∩ N = D is co v ered b y N . By

the distributivit y of Λ, M

n

∩ M

3

2 and M

n

∩ N co v er M

n

. Supp ose a v ariet y V prop erly

includes M

n

. If V con tains a nonmo dular lattice, then N ∈ V , hence M

n

+ N ⊆ V . If V

con tains only mo dular lattices, then either M

3

2 ∈ V or M

3

2 / ∈ V . In the first case w e ha v e

M

n

+ M

3

2 ⊆ V , while in the latter case Theorem 3.32 implies that V = M

k for some

n < k ∈ ω . Hence M

n +1

⊆ V , and the pro of is complete. □

The pro of in fact sho ws that, for n ≥ 3, C ( M

n

) = {M

n +1

, M

n

+ M

3

2 , M

n

+ N }

strongly co v ers M

n

(see Section 2.1). But this is to b e exp ected in view of Theorem 2.2

and the result that ev ery finitely generated lattice v ariet y is finitely based (Section 5.1).

A

1

A

2

A

3

M

3

M

3

3 M

3 n

·

·

·

·

·

·

Figure 3.7

Observ e that M

3 has t w o join irreducible co v ers ( M

4 and M

3

2 ) whereas M

n

(4 ≤

n ∈ ω ) has only one.

F urther results on mo dular v arieties. Consider the lattices in Figure 3.7. The main

result of Hong [ 72 ] is the follo wing:

Theorem 3.34 Let L b e a sub directly irreducible mo dular lattice and supp ose

A

1

, A

2

, A

3

, M

3 n / ∈ HS { L } .

Then the dimension of L is less than or equal to n .

The pro of of this theorem is based on a detailed analysis of ho w the diamonds that

are asso ciated with a normal sequence of quotien ts fit together.

W e list some consequences of this result. Let M

3 n , A

1

, A

2

, A

3 and P

2 b e the v arieties

generated b y the lattices M

3

2 , A

1

, A

2

, A

3 and P

2 resp ectiv ely .

Cor ollar y 3.35 (Hong [ 70 ]). F or 2 ≤ n ∈ ω the v ariet y M

3 n is co v ered b y the v arieties

M

3 n +1 , M

3 n + M

4

, M

3 n + A

1

, M

3 n + A

2

, M

3 n + A

3

, M

3 n + P

2

, M

3 n + N .

Let M m

n b e the v ariet y generated b y all mo dular lattices whose length do es not exceed

m and whose width do es not exceed n (1 ≤ m, n ≤ ∞ ). Note that Theorem 3.32 implies

M

2

∞

= M

ω

, and since ev ery lattice of length at most 3 can b e em b edded in the subspace

lattice of a pro jectiv e plane ([ GL T ] p.214), M

3

∞ is the v ariet y generated b y all suc h

subspace lattices.

Cor ollar y 3.36 (Hong [ 72 ]). The v ariet y M

3

∞ is strongly co v ered b y the collection

{M

3

∞

+ M

3

2 , M

3

∞

+ A

1

, M

3

∞

+ A

2

, M

3

∞

+ A

3

, M

3

∞

+ N }

F rom Theorem 2.2 one ma y no w deduce that M

3

∞ is finitely based.

Considering the v arieties M

∞

n

, w e first of all note that since M

3 has width 3, M

∞

1 and

M

∞

2 are b oth equal to the distributiv e v ariet y D . The t w o mo dular v arieties whic h co v er

M

3 are generated b y mo dular lattices of width 4, hence M

∞

3

= M

3

.

The v ariet y M

∞

4 is in v estigated in F reese [ 77 ]. It is not finitely generated since it

con tains simple lattices of arbitrary length (Figure 3.8 (i)). F reese obtains the follo wing

result:

Theorem 3.37 The v ariet y M

∞

4 is strongly co v ered b y the follo wing collection of ten

v arieties:

{M

∞

4

+ { L }

V

: L = A

2

, A

3

, . . . , A

8

, M

5

, P

2

, N } .

He also giv es a complete list of the sub directly irreducible mem b ers of this v ariet y , and

sho ws that it has uncoun tably man y sub v arieties. F urther remarks ab out the v arieties

M m

n app ear at the end of Chapter 5.

(i)

A

4

A

5

= M

3

3

A

6

A

7

M

5

A

8 P

2

= L ( Z

3

2

, Z

2

)

Figure 3.8

Chapter 4

Nonmo dular V arieties

4.1 In tro duction

The first significan t results sp ecifically ab out nonmo dular v arieties app ear in a pap er b y

McKenzie [ 72 ], although earlier studies b y J´ onsson concerning sublattices of free lattices

con tributed to some of the results in this pap er (see also Kostinsky [ 72 ], J´ onsson and

Nation [ 75 ]). Splitting lattices are c haracterized as sub directly irreducible b ounded ho-

momorphic images of finitely generated free lattices, and an effectiv e pro cedure for deciding

if a lattice is splitting, and to find its conjugate equation (see Section 2.3) is giv en. Also

included in McKenzie’s pap er are sev eral problems whic h stim ulated a lot of researc h in

this direction. One of these problems w as solv ed when Da y [ 77 ] sho w ed that the class of

all splitting lattices generates the v ariet y of all lattices (Section 2.3).

McKenzie [ 72 ] also lists fifteen sub directly irreducible lattices L

1

, L

2

, . . . , L

15

, (see

Figure 2.2) eac h of whic h generates a join irreducible v ariet y that co v ers the smallest

nonmo dular v ariet y N . Da v ey, P ogun tk e and Riv al [ 75 ] pro v ed that a v ariet y , generated

b y a lattice whic h satisfies the double c hain condition, is semidistributiv e if and only if

it do es not con tain one of the lattices M

3

, L

1

, . . . , L

5

. J´ onsson pro v ed the same result

without the double c hain condition restriction, and in J´ onsson and Riv al [ 79 ] this is used

to sho w that McKenzie’s list of join irreducible co v ers of N is complete.

F urther results in this direction b y Rose [ 84 ] pro v e that there are eigh t c hains of

semidistributiv e v arieties, eac h generated b y a finite sub directly irreducible lattice L n

6

, L n

7

,

L n

8

, L n

9

, L n

10

, L n

13

, L n

14

, L n

15

( n ≥ 0, see Figure 2.2), suc h that L

0

i

= L

i

, and { L n +1

i

}

V

is the

only join irreducible co v er of { L n

i

}

V

for i = 6 , 7 , 8 , 9 , 10 , 13 , 14 , 15.

Extending some results of Rose, Lee [ 85 ] giv es a fairly complete description of all the

v arieties whic h do not con tain an y of M

3

, L

2

, L

3

, . . . , L

12

. In particular, these v arieties

turn out to b e lo cally finite.

Ruc k elshausen [ 78 ] obtained some partial results ab out the co v ers of M

3

+ N , and

Nation [ 85 ] [ 86 ] has dev elop ed another approac h to finding the co v ers of finitely generated

v arieties, whic h he uses to sho w that { L

1

}

V

has ten join irreducible co v ers, and that ab o v e

{ L

12

}

V

there are exactly t w o join irreducible co v ering c hains of v arieties. These results

are men tioned again in more detail at the end of Section 4.4.

The notions of splitting lattices and b ounded homomorphic images ha v e b een discussed

in Section 2.3, so this c hapter co v ers the results of J´ onsson and Riv al [ 79 ], Rose [ 84 ] and

Lee [ 85 ].

z y

x z x y z

y

x z y

x

M

3

( x, y , z )

x + y = y + z

= x + z

xy = y z = xz

L

1

( x, y , z )

( L

2 is dual )

y ( x + z ) = xz

( x + y ) z = xy

( x + y )( x + z ) = x

x ≤ y + z

L

3

( x, y , z )

x + z = y + z

xy = xz

x + y z = x + y

( x + y ) z = y z

L

4

( x, y , z )

( L

5 is dual )

x + z = y + z

( x + y ) z = xy

Figure 4.1

4.2 Semidistributivit y

Recall from Section 2.3 that a lattice L is semidistributive if for an y u, v , x, y , z ∈ L

( SD

+

) u = x + y = x + z implies u = x + y z and dually

( SD

·

) u = xy = xz implies u = x ( y + z ) .

A glance at Figure 4.1 sho ws that the lattices M

3

, L

1

, L

2

, L

3

, L

4 and L

5 fail to b e semidis-

tributiv e and hence they cannot b e a sublattice of an y semidistributiv e lattice. The next

lemma implies that for finite lattices the con v erse is also true. Giv en a lattice L and three

nonc omp ar able elemen ts x, y , z ∈ L w e will write L

i

( x, y , z ) to indicate that these elemen ts

generate a sublattice of L isomorphic to L

i

, i = 1 , 2 , 3 , 4 , 5 (Figure 4.1). Algebraically this

is v erified b y c hec king that the corresp onding defining relations (b elo w Figure 4.1) hold.

W e denote b y I L and F L the ideal and filter lattice of L resp ectiv ely ( F L is ordered

b y rev erse inclusion). L is em b edded in I L via the map x → ( x ] and in F L via x → [ x ).

W e iden tify L with its image in I L and F L . Of course I L ( F L ) is (dually) algebraic with

the (dually) compact elemen ts b eing the principal ideals (filters) of L . Hence b oth lattices

are w eakly atomic (i.e. in an y quotien t u/v w e can find r , s ∈ u/v suc h that r ≻ s ). In

particular, giv en a, b ∈ L , there exists c ∈ I L satisfying a ≤ c ≺ a + b .

Note also that I L is upp er c ontinuous , i.e. for an y x ∈ I L and an y c hain C ⊆ I L , w e

ha v e x

∑

C =

∑

y ∈ C xy (see [ A TL ] p. 15).

Lemma 4.1 (J´ onsson and Riv al [ 79 ]). If a lattice L is not semidistributiv e, then either

I F I L or F I F L con tains a sublattice isomorphic to one of the lattices M

3

, L

1

, L

2

, L

3

, L

4

or L

5

.

Pr oof. Supp ose that L is not semidistributiv e. By dualit y w e ma y assume that there

(i) u

x

z w y

xz xy

y z

(ii) z w y

xz xy

(iii) u

y + z

s + t x

z

t s

st

xz

Figure 4.2

exist u, x, y , z ∈ L suc h that

( ∗ ) u = x + y = x + z but x + y z < u.

As a first observ ation w e ha v e that x, y and z m ust b e noncomparable. By the w eak

atomicit y of I L , w e can find x

′

∈ I L suc h that x + y z ≤ x

′

≺ u , whence it follo ws that

u = x

′

+ y = x

′

+ z , y z ≤ x

′

≺ u.

In F I L w e can then find minimal elemen ts y

′

, z

′

sub ject to the conditions u = x

′

+ y

′

=

x

′

+ z

′

, y

′

≤ y and z

′

≤ z . No w x

′

y

′

< y

′

since equalit y w ould imply x

′

= u . F urthermore,

if x

′

y

′

< w ≤ y

′

, then x

′

< x

′

+ w (equalit y w ould imply w ≤ x

′

y

′

) and x

′

+ w ≤ x

′

+ y

′

= u .

Hence x

′

+ w = u and b y the minimalit y of y

′

, w = y

′

. It follo ws that y

′

co v ers x

′

y

′

, and

similarly z

′

co v ers x

′

z

′

. So, dropping the primes, w e ha v e found u, x, y , z ∈ F I L satisfying

( ∗ ) and

( ∗ ∗ ) z ≤ x ≺ u, xy ≺ y , xz ≺ z see Figure 4.2 (i).

Since xy ≺ y ,w e ha v e either y ( xy + z ) = xy or y ≤ xy + z , and similarly z ( xz + y ) = xz

or z ≤ xz + y . W e will sho w that in eac h of the four cases that arise, the lattice F I L or

I F I L m ust con tain M

3 or one of the L

i

( i = 1 , . . . , 5) as a sublattice.

Case 1 : y ≤ xy + z and z ≤ xz + y . Since x, y and z are noncomparable, so are xy and

xz ( xy ≤ xz w ould imply y ≤ xy + z ≤ xz + z = z ). Let w = xy + xz , then y , z ≰ w ≤ x

and w ≰ y , z since xy ≺ y and xz ≺ z . The follo wing calculations sho w that w e in fact

ha v e L

2

( w , y , z ): w y + w z = xy + xz = w ; w ≥ xy z = y z ; y + xz ≤ y + z and equalit y

follo ws from the assumption that y + xz ≥ z ; similarly z + xy = y + z (see Figure 4.1 (ii),

4.2 (i) and (ii)).

Case 2 : y ≤ xy + z and z ( xz + y ) = xz . Let s = x ( y + z ) and t = xz + y . The most

general relationship b et w een x, s, t and z is pictured in Figure 4.2 (iii). W e will sho w that

either L

5

( s, t, z ) or L

3

( z , s + t, x ) (see Figure 4.1). Clearly sz = x ( y + z ) z = xz = xt b y

assumption. F urthermore t and z are noncomparable ( z ≰ t since tz = xz < z , y ≤ t ≰ z

since y ≰ z ), as are s and z ( z ≰ s ≤ x , s ≰ z else s + z = z = y + z ), and t ≰ s since y ≤ t ,

s ≤ x but y ≰ x . Supp ose no w that s + t = y + z . Then s ≰ t (else y + z = s + t = t ≥ z ,

(i) u

z

n

+ t

s = z

n

+ xt

t x

z

n st

xt

xz

n

(ii) y

n +1

y

n xy

n +1 y

n +1 z

n +1

xy

n +1 z

n +1

xy

n

(iii) y

∞ x

t

y

2

.

.

.

.

.

.

xy

∞

y

1

y xy

2

xy

1

xy

Figure 4.3

con tradicting t ≱ z ) and therefore s, t, z are noncomparable. Also st = xt since t ≤ y + z ,

th us st + z = xt + z ≥ xy + z ≥ y + z (b y assumption), whence st + z = y + z . This sho ws

L

5

( s, t, z ). On the other hand s + t < y + z implies that z , s + t, x are noncomparable, and

so L

3

( z , s + t, x ) follo ws from the calculations:

u = z + x = s + t + x ( since x ≺ u )

z ( s + t ) = z x ( since z x ≺ x )

z + x ( s + t ) = z + s = z + ( s + t )

( z + s + t ) x = ( y + z ) x = s = ( s + t ) x.

Case 3 : y ( xy + z ) = xy and z ≤ xz + y . This case is symmetric to the preceding case.

Case 4 : y ( xy + z ) = xy and z ( xz + y ) = xz . W e claim that for n = 0 , 1 , . . . one can

find increasing c hains of elemen ts y

n

∈ y + z /y and z

n

∈ y + z /z suc h that ( ∗ ) and ( ∗∗ )

hold with y and z replaced b y y

n and z

n

. Indeed, let y

0

= y , z

0

= z and

y

n +1

= y

n

+ xz

n

, z

n +1

= z

n

+ xy

n

.

Then y

0

≤ y + z and z

0

≤ y + z and if w e supp ose that y

n

, z

n

≤ y + z then clearly

y

n +1

= y

n

+ xz

n

≤ y + z and z

n +1

≤ y + z . No w supp ose that ( ∗ ) and ( ∗∗ ) hold with

y and z replaced b y y

n and z

n for some n ≥ 0. W e sho w that the same is true for y

n +1

and z

n +1

. Firstly x + y

n +1

= x + y

n

+ xz

n

= x + y

n

= u b y h yp othesis, and similarly

x + z

n +1

= u . F urther w e ma y assume that y

n z

n +1

= xy

n and z

n y

n +1

= xz

n

, for otherwise

one of the three previous cases w ould apply . No w z ≤ z

n +1 and z ≰ x , so z

n +1

≰ x and

hence xz

n +1

< z

n +1

. If xz

n +1

< t < z

n +1 then put s = z

n

+ xt (Figure 4.3 (i)). W e sho w

that either L

3

( z

n

, t, x ) or L

4

( s, t, x ) or L

3

( z

n

, st, x ), from whic h it follo ws that w e ma y

assume xz

n +1

≺ z

n +1

. u = z

n

+ x = t + x since x ≺ u , and xz

n

= tz

n since xz

n

≺ z

n

.

Also xt ≤ x ( z

n

+ t ) ≤ xz

n +1

≤ xt sho ws that xt = x ( z

n

+ t ) = xz

n +1 and x, t, z

n are

noncomparable.

No w either z

n

+ t = s , whic h implies L

3

( z

n

, t, x ), or z

n

+ t > s in whic h case w e

ha v e L

4

( s, t, x ) (if st = xt ) or L

3

( z

n

, st, x ) (if st > xt ). Similarly w e ma y assume

that xy

n +1

≺ y

n +1

. Finally w e can assume that y

n +1 z

n +1

≤ x , otherwise w e obtain

L

5

( y

n +1 z

n +1

, xy

n +1

, y

n

) (Figure 4.3 (ii)).

In I F I L w e no w form the join y

∞ of all the y

n and the join z

∞ of all the z

n

. Clearly

u = x + y

∞

= x + z

∞

, y

∞

+ z

∞

= y + z .

F urthermore, x ≰ y

∞ since x is compact and x ≰ y

n for all n . Therefore xy

∞

< y

∞ and

if xy

∞

≤ t < y

∞ then there exists m ∈ ω suc h that for all n ≥ m t ≱ y

n

, hence ty

n

= xy

n

(Figure 4.3 (iii)). W e compute

t = ty

∞

=

∑

n ≥ m ty

n

=

∑

n ≥ m xy

n

= xy

∞

where the second and last equalit y mak e use of the upp er con tin uit y of I F I L . Th us

xy

∞

≺ y

∞ and similarly xz

∞

≺ z

∞

. Also, for eac h m , y

m z

∞

=

∑

n ∈ ω y

m z

n

≤ x , hence

y

∞ z

∞

≤ x . Lastly , xy

n

≤ xz

n +1 implies

xy

∞

=

∑

xy

n

≤

∑

xz

n +1

= xz

∞

and similarly xz

∞

≤ xy

∞

. Consequen tly xy

∞

= xz

∞

= y

∞ z

∞

.

Dropping the subscripts w e no w ha v e u, x, y , z ∈ I F I L satisfying ( ∗ ), ( ∗∗ ) and xy =

xz = y z . Let t = x ( y + z ). If t = y z then L

4

( y , z , x ) holds, and if t > y z then w e consider

the four cases dep ending on whether or not the equations y + z = y + t and y + z = t + z

hold. If b oth hold, then w e get M

3

( w , y , z ), if b oth fail then w e let s = ( y + w )( w + z )

to obtain L

1

( s, y , z ) (here w e use xy ≺ y , xz ≺ z , see Figure 4.3 (iv)), and if just one

equation holds, sa y y + t < z + t = y + z , then L

4

( y , t, z ) follo ws. This completes the

pro of. □

Semidistributiv e v arieties. If L is a finite lattice, then I F I L

∼

= F I F L

∼

= L , so L is

semidistributiv e if and only if L excludes M

3

, L

1

, L

2

, L

3

, L

4 and L

5

. W e sa y that a variety

V of lattic es is semidistributive if ev ery mem b er of V is semidistributiv e. The next theorem

c haracterizes all the semidistributiv e v arieties.

Theorem 4.2 (J´ onsson and Riv al [ 79 ]). F or a giv en lattice v ariet y V , the follo wing

statemen ts are equiv alen t:

(i) V is semidistributiv e.

(ii) M

3

, L

1

, L

2

, L

3

, L

4

, L

5

/ ∈ V .

(iii) Both the filter and ideal lattice of F

V

(3) are semidistributiv e.

(iv) Let y

0

= y , z

0

= z and, for n ∈ ω let y

n +1

= y + xz

n and z

n +1

= z + xy

n

. Then for

some natural n um b er m the iden tit y

(SD

·

m

) x ( y + z ) = xy

m

and its dual (SD

+

m

) hold in V .

Pr oof. Since eac h of the lattices in (ii) fail to b e semidistributiv e, (i) implies (ii), and

(ii) implies (i) follo ws from Lemma 4.1 and the fact that L ∈ V implies I F I L, F I F L ∈ V .

Also (i) implies (iii) since I F

V

(3) , F F

V

(3) ∈ V .

(iii) implies (iv): By dualit y it suffices to sho w that, for some m, x ( y + z ) = xy

m in the

free lattice F

V

(3) of V generated b y x, y , z . By induction one easily sees that y

n

≤ y

n +1 and z

n

≤ z

n +1

. In I F

V

(3) w e define y

∞ as the join of all the y

n and z

∞ as the join of

all the z

n

. No w xy

n

≤ xz

n +1 and xz

n

≤ xy

n +1

, hence b y the upp er con tin uit y of I F

V

(3),

xy

∞

= xz

∞

= v , sa y . Also y

n

+ z

n

= y + z for eac h n implies y

∞

= z

∞

= y + z . By

semidistributivit y w e therefore ha v e v = x ( y

∞

+ z

∞

) = x ( y + z ). Hence v =

∑

n ∈ ω xy

n is

a compact elemen t of I F

V

(3), so for some m ∈ ω , x ( y + z ) = xy

m

.

(iv) implies (i): If L ∈ V is not semidistributiv e, then there are elemen ts x, y , z in L

suc h that xy = xz < x ( y + z ) or dually . Then, for all n , y

n

= y and z

n

= z , whence

xy

n

< x ( y + z ). Consequen tly the iden tit y fails for eac h n . □

The fourth statemen t sho ws that semidistributivit y cannot b e c haracterized b y a set

of iden tities, and so the class of all semidistributiv e lattices do es not form a v ariet y .

Semidistributivit y and w eak transp ositions. F or the notions of w eak pro jectivit y

w e refer the reader to Section 1.4. The next result concerns the p ossibilit y of shortening

a sequence of w eak transp ositions. Supp ose in some lattice L a quotien t x

0

/y

0 pro jects

w eakly on to another quotien t x

n

/y

n in n > 2 steps, sa y

x

0

/y

0

↗

w x

1

/y

1

↘

w x

2

/y

2

↗

w

. . . x

n

/y

n

.

If there exists a quotien t u/v suc h that

x

0

/y

0

↘

w u/v ↗

w x

2

/y

2

,

then w e can shorten the sequence of w eak transp ositions b y replacing the quotien ts x

1

/y

1

and x

2

/y

2 b y the single quotien t u/v . In a distributiv e lattice this can alw a ys b e done,

since w e ma y tak e u/v = x

0 x

2

/y

0 y

2

. The nonexistence of suc h a quotien t u/v is therefore

connected with the presence of a diamond or a p en tagon as a sublattice of L . If L is

semidistributiv e, then this sublattice m ust of course b e a p en tagon. The aim of Lemma 4.3

is to describ e the lo cation of the p en tagon relativ e to the quotien ts x

i

/y

i

.

W e in tro duce the follo wing terminology and notation: A quotien t c/a in a lattice L is

said to b e an N -quotien t if there exists b ∈ L suc h that a + b = a + c and ab = ac . In this

case a, b, c ∈ L generate a sublattice isomorphic to the p en tagon N , a condition whic h w e

abbreviate b y writing N ( c/a, b ).

Lemma 4.3 (J´ onsson and Riv al [ 79 ]). Let L b e a semidistributiv e lattice and supp ose

x

0

/y

0

↗

w x

1

/y

1

↘

w x

2

/y

2 in L . Then either

(i) there exist a, b, c ∈ L with N ( c/a, b ) , and b/bc is a sub quotien t of x

0

/y

0 or

(ii) there exist a, b, c, t ∈ L with N ( c/a, b ) , y

0

< t ≤ x

0 and t/y

0

↗

w a + b/b or

(iii) there exists a sub quotien t p/q of x

0

/y

0 suc h that p/q ↘ u/v ↗ x

2

/y

2 for some

quotien t u/v .

Pr oof. Let x

′

0

= x

0

( y

1

+ x

2

). (i) If x

′

0

+ y

1

< x

2

+ y

1

, then the elemen ts a = x

′

0

+ y

1

,

b = x

0 and c = y

1

+ x

2 giv e N ( c/a, b ) and b/bc = x

0

/x

′

0

⊆ x

0

/y

0

(Figure 4.4 (i)).

(ii) Supp ose x

′

0

+ y

1

= x

2

+ y

1

. By the semidistributivit y of L , x

2

+ y

1

= x

′

0 x

2

+ y

1

=

x

0 x

2

+ y

1

, hence ( x

0 x

2

+ y

2

) + y

1

= x

2

+ y

1

. If x

0 x

2

+ y

2

< x

2

, then the elemen ts

a = x

0 x

2

+ y

2

, b = y

1

, c = x

2 satisfy n ( c/a, b ), and a + b/b transp oses do wn on to the

sub quotien t x

′

/x

0 y

1 of x

0

/y

0

(Figure 4.4 (ii)).

(i) x

1

x

2

+ y

1

= c

a b = x

0

x

2 y

1

x

′

0

y

2

y

0

(ii) x

1

x

2

+ y

1

x

0

x

2

= c y

1

= b

x

′

0

x

0 x

2

+ y

2

= a

y

2 x

0 y

1

x

0 x

2

y

0

x

0 y

2

Figure 4.4

(iii) If x

0 x

2

+ y

2

= x

2

, then

x

0

/y

0

⊇ p/q = x

0 y

1

+ x

0 x

2

/x

0 y

1

↘ x

0 x

2

/x

0 y

2

↗ x

2

/y

2

.

□

Lemma 4.4 (Rose [ 84 ]). If L is a semidistributiv e lattice and x

0

/y

0

↗

β x

1

/y

1

↘

β x

2

/y

2

in L , then x

0

/y

0

↘ x

0 x

2

/y

0 y

2

↗ x

2

/y

2

.

Pr oof. Since w e are dealing with transp ositions, y

0

= x

0 y

1

, y

2

= x

2 y

1 and x

1

= y

1

+ x

0

=

y

1

+ x

1

. By semidistributivit y x

1

= y

1

+ x

0 x

2

. No w the bijectivit y of the transp ositions

implies y

0

+ x

0 x

2

= ( y

0

+ x

0 x

2

+ y

2

) x

0

= x

1 x

0

= x

0

, and similarly y

2

+ x

0 x

2

= x

2

. Also

y

0

( x

0 x

2

) = x

0 y

1 x

2

= y

0 y

1 and y

2

( x

0 x

2

) = y

0 y

1

. □

3-generated semidistributiv e lattices. Let F

1

, F

2

, F

3

, F

4 b e the lattices in Figure 4.5.

It is easy to c hec k that eac h of these lattices is freely generated b y the elemen ts x, y , z

sub ject to the defining relations listed b elo w.

Lemma 4.5 (J´ onsson and Riv al [ 79 ], Rose [ 84 ]). Let L b e a semidistributiv e lattice

generated b y the three x, y , z with x ≤ xy + z and xz ≤ y .

(i) If L excludes L

12 then L ∈ H F

1

.

(ii) If L excludes L

12 and L

7 then L ∈ H F

2

.

(iii) If L excludes L

12 and L

8 then L ∈ H F

3

.

(iv) If L excludes L

12

, L

7 and L

8 then L ∈ H F

4

.

Pr oof. (i) x ≤ xy + z is equiv alen t to xy + z = x + z , so it suffices to sho w that

under the ab o v e assumptions ( x + y ) z = y z . The free lattice determined b y the elemen ts

x, z , xy , y z and the defining relations x ≤ xy + z and xz ≤ y is pictured in Figure 4.6(i).

Let y

0

= x + y z , y

1

= xy + y

0 z , y

2

= y z + xy

1 and w = xy + y z . T o a v oid L

12 w e m ust

ha v e y = y

2

.

y

z

x y

z

x y

z

x y

z

x

F

1

( x + y ) z = y z

xy + z = x + z

F

2

( x + y ) z = y z

xy + z = x + z

x + y ( x + z )

= ( x + y )( x + z )

F

3

( x + y ) z = y z

xy + z = x + z

( x + y z ) y

= xy + y z

F

4

( x + y ) z = y z

xy + z = x + z

( x + y z ) y

= xy + y z

x + y ( x + z )

= ( x + y )( x + z )

Figure 4.5

(i) xy + z = x + z

x + y z = y

0

z

y

1

y

2 x

xy

1

y

2 z

w

.

.

.

.

.

.

.

.

.

y z xy

xz

(ii) z

x

w

(iii) t

y

z

Figure 4.6

(i) c

′

x = c

a

′

= y z = b

a

(ii) q

p

c

b a

(iii) u

c

v

c

′

a

′

a

Figure 4.7

Since w + y

0 z = y

1

= y

2

= w + xy

1

, semidistributivit y implies y

1

= y

2

= w y

0 z xy

1

= w .

F urther w e compute y

0 z = y

1 z = w z = y z . Again b y semidistributivit y y z = ( y

0

+ y ) z =

( x + y z + y ) z = ( x + y ) z , as required.

(ii) Let s = ( x + y )( y + z ) and t = x + y ( x + z ), then the sublattice of F

1 generated b y

y , z and t is isomorphic to L

7

(Figure 4.6 (iii)) with critical quotien t s/t .

(iii) is dual to (ii), and (iv) follo ws from (ii) and (iii). □

Lemma 4.6 (Rose [ 84 ]). Let L b e a semidistributiv e lattice that excludes L

11 and L

12

. If

a, b, c, u, v ∈ L with N ( u/v , b ) , a < c and u/v pro jects w eakly on to c/a , then N ( c/a, b ) .

Pr oof. W e sho w that u/v ↗

w c/a implies N ( c/a, b ), then the result follo ws b y rep eated

application of this result and its dual. Let x = u , y = a and z = b (Figure 4.7 (i)).

Then x ≤ xy + z and xz ≤ y , hence b y Lemma 4.5 x, y , z generate a homomorphic image

of F

1

(Figure 4.5). Computing in this lattice, w e ha v e bc = z ( x + y ) = z y = ba and

b + a = z + y = z + ( x + y ) = b + c ,whic h implies N ( c/a, b ). □

Cor ollar y 4.7 Supp ose u/v and c/a are non trivial quotien ts in a semidistributiv e lattice

L that excludes L

11 and L

12

. If b ∈ L and ( a, c ) ∈ con ( u, v ) , then N ( u/v , b ) implies

N ( c/a, b ) .

Pr oof. By Lemma 1.11 there is a sequence a = e

0

< e

1

< . . . < e

n

= c suc h that

u/v pro jects w eakly on to e

i

/e

i − 1 for eac h i = 1 , . . . , n . By Lemma 4.6 N ( u/v ) implies

N ( e

i

/e

i − 1

, b ), hence e

i b < e

i − 1 and e

i − 1

+ b > e

i

. It follo ws that ab = e

1 b = . . . = e

n b = cb

and a + b = c + b , whence N ( c/a, b ). □

Figure 4.7 (ii) sho ws that the ab o v e result do es not hold if L includes L

11 or (b y

dualit y) L

12

. The next result sho ws just ho w useful the preceding few lemmas are.

Theorem 4.8 (Rose [ 84 ]). Let L b e a sub directly irreducible semidistributiv e lattice that

excludes L

11 and L

12

. Then L has a unique critical quotien t.

Pr oof. Supp ose to the con trary that c/a and p/q are t w o distinct critical quotien ts of

L . Then ( p, q ) ∈ con ( a, c ), hence b y Lemma 1.11 there exists p

′

∈ p/q suc h that p

′

> q and c/a pro jects w eakly on to p

′

/q in k steps. W e ma y assume that c/a ⊈ p/q (else p/c

or a/q is critical and can replace p/q ), and p/q ⊈ c/a . Consequen tly k ≥ 1, p

′

/q ⊈ c/a

and therefore w e can find a non trivial quotien t u/v ⊈ c/a suc h that c/a ∼

w u/v . By

dualit y , supp ose that c/a ↗

w u/v , and put a

′

= cv . Since c/a

′

is also critical, w e get

( a

′

, c ) ∈ con ( a

′

, v ). Again b y Lemma 1.11 there exists c

′

∈ c/a , c

′

> a

′

suc h that v /a

′

pro jects w eakly on to c

′

/a

′

(see Figure 4.7 (iii)). Consider a shortest sequence

v /a

′

= x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

= c

′

/a

′

.

Clearly n ≥ 2 since c

′

≰ v . Observ e also that if n = 2, then w e cannot ha v e v /a

′

↘

w

x

1

/y

1

↗

w c

′

/a

′

, since that w ould imply c

′

= a

′

+ x

1

≤ v .

First supp ose that v /a

′

↗

w x

1

/y

1

↘

w x

2

/y

2

. Then only (i) or (ii) of Lemma 4.2 can

apply , since the sequence cannot b e shortened if n ≥ 3, and for n = 2 this follo ws from

the observ ation ab o v e. If (i) holds, then there exist a

′′

, b, c

′′

∈ L suc h that N ( c

′′

/a

′′

, b ) and

b/bc

′′

⊆ v /a

′

. Since c

′

/a

′

is critical, ( a

′

, c

′

) ∈ con ( a

′′

, c

′′

), whence b y Corollary 4.7 w e ha v e

N ( c

′

/a

′

, b ). If (ii) holds, then there exist a

′′

, b, c

′′

, t ∈ L suc h that N ( c

′′

/a

′′

, b ), t/a

′′

⊆ v /a

′

and t/a

′

↗

w a

′′

+ b/b . Again w e get N ( c

′

/a

′

, b ) from Corollary 4.7. But in b oth cases w e

also ha v e b ≤ a

′

, so this is a con tradiction.

No w supp ose that v /a

′

↘

w x

1

/y

1

↗

w x

2

/y

2

. As w e already noted, this implies n ≥ 3,

so w e ma y only apply the dual parts of (i) or (ii) of Lemma 4.2. That is, there exist

a

′′

, b, c

′′

, t ∈ L with N ( c

′′

/a

′′

, b ) and either a

′′

+ b/b ⊆ v /a

′

or v /t ⊆ v /a

′

, v /t ↘

w b/bc

′′

.

Again Corollary 4.7 giv es N ( c

′

/a

′

, b ). In the first case this con tradicts b ≥ a

′

, and in the

second, since b/bc

′′

↗ v /t , w e ha v e v = b + t ≥ b + a

′

≥ c

′

, and this con tradicts a

′

= v c

′

. □

Notice that if a lattice has a unique critical quotien t c/a , then this quotien t is prime

(i.e. c co v ers a ), c is join irreducible, a is meet irreducible, and con ( a, c ) iden tifies no t w o

distinct elemen ts except c and a . T o get a feeling for the ab o v e theorem, the reader should

c hec k that the lattices N , L

6

, L

7

, L

8

, L

9

, L

10

, L

13

, L

14 and L

15 eac h ha v e a unique critical

quotien t, where as L

11 and L

12 eac h ha v e t w o.

4.3 Almost Distributiv e V arieties

Recall the definition of the iden tities (SD

·

m

) and (SD

+

m

) in Theorem 4.2. Of course (SD

·

0

)

and (SD

+

0

) only hold in the trivial v ariet y , while

(SD

·

1

) x ( y + z ) = x ( y + xz )

holds in the distributiv e v ariet y , but fails in M

3 and N (Figure 4.8). Th us (SD

·

1

) (and b y

dualit y (SD

+

1

)) is equiv alen t to the distributiv e iden tit y . The first iden tities that are of

in terest are therefore

(SD

·

2

) x ( y + z ) = x ( y + x ( z + xy ))

(SD

+

2

) x + y z = x + y ( x + z ( x + y )) .

Neardistributiv e lattices. A lattice, or a lattice v ariet y , is said to b e ne ar distributive

if it satisfies the iden tities (SD

·

2

) and (SD

+

2

). This definition app ears in Lee [ 85 ]. By

Theorem 4.2 ev ery neardistributiv e lattice is semidistributiv e, and it is not difficult (though

somewhat tedious) to c hec k that N , L

6

, . . . , L

10

, L

13

, L

14 and L

15 are all neardistributiv e.

(i) x

z

y

(ii) z y

x

(iii) x z

y

Figure 4.8

On the other hand Figure 4.8 (iii) sho ws that (SD

·

2

) fails in L

11

, and b y dualit y (SD

+

2

)

fails in L

12

.

Theorem 4.9 (Lee [ 85 ]). A lattice v ariet y V is neardistributiv e if and only if V is

semidistributiv e and con tains neither L

11 or L

12

.

Pr oof. The forw ard implication follo ws immediately from the remarks ab o v e. Con v ersely ,

supp ose that L

11

, L

12

/ ∈ V and V is semidistributiv e but not neardistributiv e. W e sho w

that this leads to a con tradiction. By dualit y w e ma y assume that (SD

·

2

) do es not hold in

V , so for some lattice L ∈ V , x, y , z , a, c ∈ L w e ha v e x ( y + x ( z + xy )) = a < c = x ( y + z ).

Let L b e a homomorphic image of L suc h that c / a is a critical quotien t in L . Clearly

L excludes L

11 and L

12

, hence Theorem 4.8 implies that c / a is prime and a is meet

irreducible. Th us a = x or a = y + x ( z + x y ). But c ≤ x , whence a = y + x ( z + x y ) ≥ y .

This ho w ev er is imp ossible, since x ≥ y implies a = y + x ( z y ) = y + c = c . □

F or finite lattices w e can get an ev en stronger result.

Theorem 4.10 (Lee [ 85 ]). A finite lattice L is neardistributiv e if and only if L is semidis-

tributiv e and excludes L

11 and L

12

.

Pr oof. The forw ard direction follo ws immediately from Theorem 4.9. Con v ersely , sup-

p ose L is finite, semidistributiv e and excludes L

11 and L

12

, but is not neardistribu-

tiv e. Then b y Theorem 4.9, { L }

V

con tains a lattice K , where K is one of the lattices

M

3

, L

1

, . . . , L

5

, L

11

, L

12

. Since K is sub directly irreducible, J´ onsson’s Lemma implies

K ∈ HS { L } . It is also easy to c hec k that ev ery c hoice of K satisfies Whitman’s condition

(W), hence Theorem 2.47 implies that K is isomorphic to a sublattice of L . This ho w ev er

con tradicts the assumption that L is semidistributiv e and excludes L

11

, L

12

. □

It is not kno wn whether the ab o v e theorem also holds for infinite lattices. Note that

Theorem 4.8 implies that an y finite sub directly irreducible neardistributiv e lattice has a

unique critical quotien t.

Rose [ 84 ] observ ed that an y semidistributiv e lattice whic h con tains a cycle m ust in-

clude either L

11 or L

12

(refer to Section 2.3 for the definition of a cycle). This fol-

lo ws easily from Corollary 4.7 and the fact that if p σ p

2 σ . . . σ p

n σ p

0 is a cycle then

L

6 v

y c = x

u

a = z

L

8 v

u

y c = x

a = z

L

9 y

c = x v

u

a = z

Figure 4.9

con ( p

i

, p

i

∗

) ⊆ con ( p

i +1

, p

i +1

∗

) (see Figure 2.6), whence all the quotien ts p

i

/ p

i

∗ gener-

ate the same congruence. In particular, Theorem 4.10 and Corollary 2.35 therefore imply

that ev ery finite neardistributiv e lattice is b ounded.

Almost distributiv e lattices. The next definition is also from Lee [ 85 ]. A lattice or

a lattice v ariet y is said to b e almost distributive if it is neardistributiv e and satisfies the

inclusion

(AD

·

) v ( u + c ) ≤ u + c ( v + a ) , where a = xy + xz , c = x ( y + xz ) ,

and it dual (AD

+

).

Ev ery distributiv e lattice is almost distributiv e, since the distributiv e iden tit y implies

u + c ( v + a ) = ( u + c )( u + v + a ) ≥ ( u + c ) v . On the other hand L

11 and L

12 fail to b e

almost distributiv e, since they are not neardistributiv e. F urther in v estigation sho ws that

(AD

·

) fails in L

6

, L

8 and L

9

(see Figure 4.9), and b y dualit y (AD

+

) do es not hold in L

7

and L

10

, while the next lemma sho ws that N , L

13

, L

14 and L

15 are almost distributiv e.

Recall from Section 2.3 Da y’s construction of “doubling” a quotien t u/v in a lattice

L to obtain a new lattice L [ u/v ]. Here w e only need the case where L is a distributiv e

lattice D , and u = v = d ∈ D . In this case w e denote the new lattice b y D [ d ]. Note that

N , L

13

, L

14 and L

15 can b e obtained from a distributiv e lattice in this w a y .

Lemma 4.11 (Lee [ 85 ]). F or an y distributiv e lattice D and d ∈ D , the lattice D [ d ] is

almost distributiv e.

Pr oof. By dualit y it suffices to sho w that D [ d ] satisfies (SD

·

2

) and (AD

·

). If (SD

·

2

) fails,

then w e can find x, y , z , a, c ∈ D [ d ] suc h that x ( y + x ( z + xy )) = a < c = x ( y + z ). Let

u b e the image of u ∈ D [ d ] under the natural epimorphism D [ d ] → → D (i.e. u = u for

all u ≠ d , and ( d, 0) = ( d, 1) = d ). Since D is distributiv e, w e m ust ha v e a = c , whence

a = ( d, 0) and c = ( d, 1). Clearly a is meet irreducible b y the construction of D [ d ], and

this leads to a con tradiction as in Theorem 4.9. T o sho w that (AD

·

) holds in D [ d ], let us

no w denote b y u, v , x, y , z , a, c the elemen ts of D [ d ] corresp onding to an assignmen t of the

(same) v ariables of (AD

·

). If a = c , then (AD

·

) ob viously holds. If a ≠ d (i.e. a < c ),

then the distributivit y of D again implies that a = c , hence a = ( d, 0) and c = ( d, 1). No w

(i) a + b = b + c

c

′

c + s =( b + c ) c

′

r

b

a

′

c

s

a

′

r = a

′

b + a

a a

′

b = bc

′

(ii) r

c

a

′

r b

t

a

a

′

b

(iii) r

t

′

c

a

′

r b

a

a

′

b

Figure 4.10

v ≤ a implies u + c ( v + a ) = u + a ≥ v ≥ v ( a + c ), while v ≰ a and the meet irreducibilit y

of a imply v + a ≥ c , whence u + c ( v + a ) = u + c ≥ v ( u + c ). Th us (AD

·

) holds in all

cases. □

Of course not ev ery almost distributiv e lattice is of the form D [ d ] (tak e for example

2 × 2 , or an y one elemen t lattice), but w e shall see shortly that all sub directly irreducible

almost distributiv e lattices can indeed b e c haracterized in this w a y .

Lemma 4.12 (J´ onsson and Riv al [ 79 ]). Let L b e a semidistributiv e lattice whic h excludes

L

12

, and supp ose that a, b, c, a

′

, b

′

∈ L with N ( c/a, b ) and c/a ↗ c

′

/a

′

. Set r = a

′

b + c and

s = ( b + c ) a

′

. Then

(i) c/a ↗

β r /a

′

r or L includes L

8 or L

10

;

(ii) c

′

/a

′

↘

β c + s/s or L includes L

7 or L

9

;

(iii) r /a

′

r ↗

β c + s/s or L includes L

6

.

Pr oof. (i) Note that the lattice in Figure 4.10 (i) is isomorphic to F

4 in Figure 4.5.

Assume L excludes L

8 and L

10

(as w ell as L

12

), and tak e x = c , y = a

′

, z = b in

Lemma 4.5 (iii). Then L is a homomorphic image of F

, and since w e ha v e N ( c

′

/a

′

, b ) and

(i) r

( t + s ) r

t s

b

a

′

r

(ii) c + s

t

′

r

t

′

r + s b

s

a

′

r

Figure 4.11

r a

′

= a

′

b + a in F

3

, the same is true in L . F or t ∈ c/a w e m ust ha v e ( t + a

′

b ) c = t , else

b, a

′

r , t, ( t + a

′

b ) c generate a sublattice isomorphic to L

10

(see Figure 4.10 (ii)). Similarly ,

for t

′

∈ r /a

′

r w e m ust ha v e ct

′

+ a

′

b = t

′

to a v oid L

8

( t

′

, c, b ) (see Figure 4.10 (iii)). This

sho ws that c/a transp oses up on to r /a

′

r and also pro v es that this transp osition is bijectiv e.

(ii) is dual to (i). Lastly (iii) hold b ecause for t ∈ r /a

′

r and t

′

∈ c + s/s , w e m ust ha v e

( t + s ) r = t and t

′

r + s = t

′

, to a v oid L

6

(( t + s ) r /t, s, b ) and L

6

( t

′

r + s/t

′

, r , b ) (see

Figure 4.11). □

Characterizing almost distributiv e v arieties. The next theorem is implicit in J´ onsson

and Riv al [ 79 ] and app eared in the presen t form in Rose [ 84 ].

Theorem 4.13 Let L b e a sub directly irreducible semidistributiv e lattice. Then the

follo wing conditions are equiv alen t:

(i) L excludes L

6

, L

7

, L

8

, L

9

, L

10

, L

11

, L

12

;

(ii) L has at most one N -quotien t;

(iii) L

∼

= D [ d ] for some distributiv e lattice D and some d ∈ D .

Pr oof. Assume that (i) holds, and consider an N -quotien t u/v in L . By Theorem 4.8, L

has a unique critical quotien t whic h w e denote b y c/a . It follo ws that c/a is prime, and

Lemma 1.11 implies that u/v pro jects w eakly on to c/a , sa y

u/v = x

0

/y

0

↗

w x

1

/y

1

↘

w

. . . ↗

w x

n

/y

n

= c/a.

Of course this implies that x

i

/y

i

∈ con ( u, v ) for eac h i = 0 , 1 , . . . , n , and since u/v

is assumed to b e an N -quotien t, w e ha v e N ( u/v , b ) for some b ∈ L . Th us Corollary 4.7

implies N ( x

i

/y

i

, b ) for eac h i . In particular, it follo ws that c/a is an N -quotien t. W e sho w

that it is the only one. Note that x

i

/y

i

↘

w x

i +1

/y

i +1 implies x

i +1

/y

i +1

↗ y

i

+ x

i +1

/y

i

,

whence b y Lemma 4.12 (i), (ii) and (iii) this transp osition is bijectiv e. Similarly the dual

of Lemma 4.12 sho ws that x

i

/y

i

↗

w x

i +1

/y

i +1 implies x

i +1

/y

i +1

↘

β x

i

/x

i y

i +1

. Hence c/a

is pro jectiv e to a sub quotien t of u/v (see Figure 4.12). By Theorem 4.8 this sub quotien t

m ust equal c/a , otherwise L w ould ha v e t w o critical quotien ts. F urthermore u < v implies

· · ·

· · ·

· · ·

· · ·

v u x

y a c

b

Figure 4.12

that u/c is also an N -quotien t, and for the same reason as ab o v e, c/a w ould ha v e to b e a

sub quotien t of u/c . But this is clearly imp ossible, hence u = c , and similarly v = a .

If (ii) holds then L excludes L

11 and L

12

, so again Theorem 4.8 implies that c/a is a

prime quotien t and con ( a, c ) iden tifies no t w o distinct elemen ts of L except a and c . Let

D = L/ con ( a, c ). Clearly D cannot include M

3

, otherwise the same result w ould b e true

for L , con tradicting semidistributivit y . D also excludes the p en tagon N , since con ( a, c )

collapses the only N -quotien t of L . Hence D is distributiv e. Let d = a, c ∈ D , then it is

easy to c hec k that the map x → { x } ( x ≠ c, a ), c → ( d, 1) and a → ( d, 0) is an isomorphism

from L to D [ d ]. T o pro v e that (iii) implies (i), w e first note that since D is distributiv e,

the natural homomorphism from D [ d ] to D m ust collapse an y N -quotien t in D [ d ]. Hence

( d, 1) / ( d, 0) is the only N -quotien t, and as eac h of the lattices L

6

, L

7

, . . . , L

12 has at least

t w o N -quotien ts, (i) m ust hold. □

The follo wing corollary summarizes the results that ha v e b een obtained ab out almost

distributiv e lattices and v arieties.

Cor ollar y 4.14

(i) A sub directly irreducible lattice L is almost distributiv e if and only if L

∼

= D [ d ] for

some distributiv e lattice D and d ∈ D .

(ii) A lattice v ariet y is almost distributiv e if and only if it is semidistributiv e and con tains

none of the lattices L

6

, L

7

, . . . , L

12

.

(iii) Ev ery finitely generated sub directly irreducible almost distributiv e lattice is finite.

(iv) Ev ery almost distributiv e v ariet y that has finitely man y sub v arieties is generated b y

a finite lattice.

(v) Ev ery join irreducible almost distributiv e v ariet y of finite heigh t is generated b y a

finite sub directly irreducible lattice.

(vi) Ev ery finite almost distributiv e lattice is b ounded (in the sense of Section 2.3).

Pr oof. (i) The forw ard implication follo ws from Theorem 4.13, since L is certainly

semidistributiv e and, as L

6

, L

7

, . . . , L

12 all fail to b e almost distributiv e, L m ust exclude

these lattices. Theorem 4.11 pro vides the rev erse implication.

(ii) The forw ard direction is trivial. Con v ersely , if V is semidistributiv e and con tains

none of L

6

, L

7

, . . . , L

12

, then Theorem 4.11 and Theorem 4.13 imply that ev ery sub directly

irreducible mem b er, and hence ev ery mem b er of V is almost distributiv e.

(iii) If the lattice L

∼

= D [ d ] in (i) is finitely generated, so is the distributiv e lattice D .

It follo ws that D is finite, and since | L | = | D [ d ] | = | D | + 1, L is also finite. No w (iv) and

(v) follo w from Lemma 2.7, and (vi) is a consequence of Lemmas 2.40 and 2.41. □

In particular the last result sho ws that an y finite sub directly irreducible almost dis-

tributiv e lattice is a splitting lattice.

P art (iii) ab o v e sa ys that almost distributiv e v arieties are lo cally finite, and this is the

reason wh y they are m uc h easier to describ e than arbitrary v arieties. More generally w e

ha v e the follo wing result:

Lemma 4.15 (Rose [ 84 ]). Let L b e a finitely generated sub directly irreducible lattice all

of whose critical quotien ts are prime. If c/a is a critical quotien t of L , and if L/ con ( a, c )

b elongs to a v ariet y that is generated b y a finite lattice, then L is finite.

Pr oof. Since ev ery critical quotien t of L is prime, eac h congruence class of con ( a, c ) has

at most t w o elemen ts. Th us the assumption that L is infinite implies that L/ con ( a, c )

is infinite as w ell. Ho w ev er, this leads to a con tradiction, since the lattice L/ con ( a, c ) is

finitely generated and b elongs to a v ariet y generated b y a finite lattice, hence L/ con ( a, c )

m ust b e finite. □

Sub directly irreducible lattices of the form D [ d ] . W e con tin ue our in v estigation of

semidistributiv e lattices that exclude L

11 and L

12

, whic h will then lead to a c haracteriza-

tion of all the finite sub directly irreducible almost distributiv e lattices.

Lemma 4.16 (Rose [ 84 ]). Let L b e a sub directly irreducible semidistributiv e lattice that

excludes L

11 and L

12

, and supp ose c/a is the (unique) critical quotien t of L . Then

(i) the sublattices [ a ) and ( c ] of L are distributiv e;

(ii) for an y non trivial quotien t u/v of ( c ] there exist b, v

′

∈ L with v ≤ v

′

< u suc h that

N ( c/a, b ) , b ≤ u , b ≰ v

′

and v

′

+ b/v

′

↘ a + b/ ( a + b ) v

′

(Figure 4.13).

(iii) if u ≻ v = c in (ii), then w e also ha v e u = a + b .

Pr oof. (i) By semidistributivit y , L excludes M

3

. Supp ose that for some u, v , b ∈ L w e

ha v e N ( u/v , b ). Then Corollary 4.7 implies N ( c/a, b ), whence b /∈ [ a ) and b /∈ ( c ]. It

follo ws that [ a ) and ( c ] also exclude the p en tagon, and are therefore distributiv e.

(ii) Cho ose a shortest p ossible sequence

u/v = x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

= c/a.

Since v ≥ c , w e m ust ha v e n ≥ 3. Supp ose that u/v ↗

w x

1

/y

1

↘

w x

2

/y

2

. By the mini-

malit y of n , only part (i) or (ii) of Lemma 4.3 can apply . That is, there exist a

′

, b, c

′

, u

′

∈ L

with N ( c

′

/a

′

, b ) and v < u

′

≤ u suc h that b/bc

′

⊆ u/v or u

′

/v ↗

w a

′

+ b/b . But Corol-

lary 4.7 implies N ( c/a, b , whic h is imp ossible since in b oth cases b ≥ a . Th us w e m ust ha v e

u/v ↘

w x

1

/y

1

↗ x

2

/y

2

. By the dual of Lemma 4.3 (i) and (ii), there exist a

′

, b, c

′

, v

′

∈ L

with N ( c

′

/a

′

, b ) and v ≤ v

′

< u suc h that either a

′

+ b/b ⊆ u/v or u/v

′

↘

w b/bc

′

. Only

the latter is p ossible, since w e again ha v e N ( c/a, b ) b y Corollary 4.7. No w a, b < u implies a b c v a + b v

′

+ b

v

′

Figure 4.13

a + b ≤ u , and a < v

′

implies v

′

+ b = v

′

+ ( a + b ), hence v

′

+ b/v

′

↘ a + b/ ( a + b ) v

′

.

Also bv

′

= bc

′

≠ b implies b ≰ v , and the bijectivit y of the transp osition follo ws from the

distributivit y of [ a ) (part (i)). (iii) is a sp ecial case if (ii). □

Theorem 4.17 (Rose [ 84 ]). Let D b e a finite distributiv e lattice and d ∈ D . Then D [ d ]

is sub directly irreducible if and only if al l of the follo wing conditions hold:

(i) ev ery co v er of d is join reducible,

(ii) ev ery dual co v er of d is meet reducible, and

(iii) ev ery prime quotien t in D is pro jectiv e to a prime quotien t p/q with p = d or q = d .

Pr oof. Supp ose L = D [ d ] is sub directly irreducible. Let a = ( d, 0) and c = ( d, 1). Notice

that D = d implies that (i), (ii) and (iii) are satisfied v acuously . If u ∈ D co v ers d , then

u co v ers c in L , whence b y Lemma 4.16 (iii) there exists b ∈ L noncomparable with c ,

and u = a + b . Th us u is join reducible in L and also in D . Dually , ev ery elemen t that is

co v ered b y d is meet irreducible. T o pro v e (iii), consider a prime quotien t u/v ≠ c/a in L ,

and c ho ose a sequence

u/v = x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

⊇ c/a

with n as small as p ossible. F or i < n none of the quotien ts x

i

/y

i con tains c/a , and is

therefore isomorphic to x

i

/ y

i in D (where x denotes the image of x under the natural

epimorphism D [ d ] → D ). Since D is distributiv e and u / v is prime, eac h x

i

/ y

i is prime,

whence x

0

/ y

0

∼ x

1

/ y

1

∼ . . . ∼ x

n

/ y

n

. It follo ws that x

n

= d or y

n

= d , so (iii) holds with

p/q = x

n

/ y

n

.

Con v ersely , supp ose (i), (ii) and (iii) hold. Since D and hence L are finite, it suffices to

sho w that ev ery prime quotien t of L pro jects w eakly on to c/a . W e b egin b y sho wing that

ev ery prime quotien t u/v ≠ c/a is pro jectiv e to a prime quotien t x/y with x = a or y = c .

Since c is the only co v er of a (and dually), w e cannot ha v e v = a or u = c . Also if u = a or v = c , then w e tak e x/y = u/v . Otherwise, using (iii), w e ma y assume b y dualit y , that

u / v is pro jectiv e to a prime quotien t x /d with x ≻ c . Since D is distributiv e, this means

that u ≰ d and u / v ↗ u + x / v + c ↘ x / c , i.e. u + c = u + x = x + v , u ( v + c ) = v and

x ( v + c ) = c . Hence u + c = u + x = x + v , and further more v ≠ d implies u ( v + c ) = v

and x ( v + c ) = c (since a < c ). Th us u/v ↗ u + x/v + x ↘ x/c . No w w e apply (i) to

obtain b ∈ L with b < x and x = c + b . It follo ws that x = c + b = a + b (since a is meet

irreducible), while the join-irreducibilit y of c implies cb = ab . Th us w e ha v e N ( c/a, b ), and

since con ( u, v ) iden tifies x and c , it also iden tifies c and a . Consequen tly L is sub directly

irreducible. □

V arieties co v ering that smallest nonmo dular v ariet y . F rom the results obtained so

far one can no w pro v e the follo wing:

Theorem 4.18 The v ariet y N is co v ered b y precisely three almost distributiv e v arieties,

L

13

, L

14 and L

15

.

Pr oof. With the help of J´ onsson’s Lemma it is not difficult to c hec k that eac h of the

v arieties L

i

(= { L

i

}

V

) co v er N ( i = 1 , . . . , 15). So let V b e an almost distributiv e v ariet y

that prop erly includes N . W e ha v e to sho w that V includes at least one of L

13

, L

14 or

L

15

. Ev ery v ariet y is determined b y its finitely generated sub directly irreducible mem b ers,

hence w e can find suc h a lattice L ∈ V not isomorphic to N or 2 . By Corollary 4.14 (i)

and (iii), L

∼

= D [ d ] for some finite distributiv e lattice D , d ∈ D . W e sho w that D [ d ]

con tains one of L

13

, L

14 or L

15 as a sublattice. D is non trivial since D [ d ]

∼

= 2 . Let 0

D

and 1

D b e the smallest and largest elemen t of D resp ectiv ely . Theorem 4.17 (i) and (ii)

imply that d ≠ 0

D

, 1

D

. Also, 0

D

≺ d ≺ 1

D w ould imply D [ d ]

∼

= N , so b y dualit y w e can

find u, v ∈ D suc h that v ≺ u ≺ d . By Theorem 4.17 (iii) u/v is pro jectiv e to a prime

quotien t p/q suc h that p = d or q = d . Since D is distributiv e and u < d , the case q = d

is excluded, hence u/v is pro jectiv e to d/q . Again, b y the distributivit y of D , u ≠ q and

therefore d = u + q (see Figure 4.14 (i)). By Theorem 4.17 (ii) u and q are meet reducible,

so there exist x, y ∈ D suc h that u = xd , q = y d and since D is finite w e ma y assume that

x ≻ u and y ≻ v . The sublattice D

′

of D generated b y x, d, y is a homomorphic image of

the lattice in Figure 4.14 (ii) (the distributiv e lattice with generators x, d, y and defining

relation d = xd = y d ). Since x ≻ u and y ≻ v , D

′

m ust in fact b e isomorphic to the lattice

in Figure 4.14 (iii) or (iv). Consequen tly D

′

[ d ], as a sublattice of D [ d ], is isomorphic to

L

14 or L

15

. A sublattice isomorphic to L

13 is obtained from the dual case when d ≺ v ≺ u .

□

The ab o v e theorem and Corollary 4.14 (ii) no w imply:

Theorem 4.19 (J´ onsson and Riv al [ 79 ]). In the lattice Λ of all lattice sub v arieties, the

v ariet y N is co v ered b y exactly 16 v arieties: M

3

+ N , L

1

, L

2

, . . . , L

15

.

Represen ting finite almost distributiv e lattices. Building on Theorem 4.17, Lee [ 85 ]

giv es another criterion for the sub direct irreducibilit y of a lattice D [ d ], where D is distribu-

tiv e, and he also sets up a corresp ondence b et w een finite sub directly irreducible almost

distributiv e lattices and certain matrices of zeros and ones. Before discussing his results,

w e recall some facts ab out distributiv e lattices whic h can b e found in [ GL T ].

v u x y d = p

q

(i) u q d x y

(ii) u q d

x y

(iii) u q d x y

(iv)

Figure 4.14

Lemma 4.20 Let D and D

′

b e finite distributiv e lattices and denote b y J ( D ) the p oset

of all nonzero join irreducible elemen ts of D . Then

(i) an y p oset isomorphism from J ( D ) to J ( D

′

) can b e extended to an isomorphism from

D to D

′

.

(ii) ev ery maximal c hain of D has length | J ( D ) | .

Giv en a finite distributiv e lattice D and d ∈ D , let B = { b

1

, . . . , b

m

} b e the set of all

meet reducible dual co v ers of d , C = { c

1

, . . . , c

n

} the set of all join reducible co v ers of d ,

and consider the set

X

d

( D ) = { x ∈ D : xd ≺ d ≺ x + d } .

W e define t w o partitions { B

1

, . . . , B

m

} and { C

1

, . . . , C

n

} of X

d

( D ), referred to as the

natur al p artitions of X

d

( D ), as follo ws:

B

i

= { x ∈ X

d

( D ) : xd = b

i

} , C

j

= { x ∈ X

d

( D ) : x + d = c

j

} .

(W e assume here, and subsequen tly , that the index i ranges from 1 to m and j ranges

from 1 to n .) By the distributivit y of D , t w o blo c ks B

i and C

j ha v e at most one elemen t

in common, so w e can define an m × n matrix A ( D [ d ]) of 0’s and 1’s b y a

ij

= | B ∩ C | .

(If an y , and hence all, of the sets B , C or X

d

( D ) is empt y , then A ( D [ d ]) = (), the 0 × 0

matrix with no en tries.)

A ( D [ d ]) is called the matrix asso ciated with D [ d ], but notice that b ecause the elemen ts

of B and C w ere lab eled arbitrarily , A ( D [ d ]) is determined only up to the in terc hanging of

an y ro ws or an y columns. Observ e also that A ( D [ d ]) do es not ha v e an y ro ws or columns

with just zeros, since { B

i

} and { C

j

} are partitions of the same set X

d

( D ). As examples

w e note that A ( 2 ) = (), A ( N ) = (1), A ( L

13

) = (1 , 1), A ( L

14

) =

(

1

1

)

and A ( L

15

) =

(

1 0

0 1

)

or

(

0 1

1 0

)

(see Figure 4.15).

W e will also b e concerned with the sublattice D

∗

of D generated b y the set U =

X

d

( D ) ∪ { d } . Let 1

∗

=

∑

U , 0

∗

=

∏

U , then clearly the elemen ts c

1

, . . . , c

n will b e atoms

in the quotien t 1

∗

/d and

∑

j c

j

= 1

∗

, so b y Lemma 1.12, 1

∗

/d is isomorphic to the Bo olean

algebra 2 n

, and the elemen ts c

1

, . . . , c

n are the only co v ers of d in D

∗

. Dually w e ha v e b

1

( d, 0)

( d, 1) c

1

x

11

A ( N ) = (1) b

1

( d, 1)

( d, 0) c

1

x

11 x

12 c

2

A ( L

13

) = (1 1)

b

1

( d, 0)

( d, 1) c

1

x

11 x

21

b

2

A ( L

14

) =

(

1

1

) b

1 b

2

( d, 1)

( d, 0) c

1

x

11 x

22 c

2

A ( L

15

) =

(

1 0

0 1

)

Figure 4.15 that d/ 0

∗

is isomorphic to the Bo olean algebra 2 m

and that b

1

, . . . , b

m are the only dual

co v ers of d in D

∗

. It follo ws that D

∗

has length m + n and therefore, b y Lemma 4.20 (ii),

| J ( D

∗

) | = m + n . W e can in fact describ e the elemen ts of J ( D

∗

):

Lemma 4.21 (Lee [ 85 ]). J ( D

∗

) = { b

′

1

, . . . , b

′

m

, c

′

1

, . . . , c

′

n

} where b

′

i is the complemen t of

b

i in d/ 0

∗

, and c

′

j

=

∏

C

j

. All elemen ts of J ( D

∗

) are incomparable except: b

′

i

≤ c

′

j if and

only if B

i

∩ C

j

= ∅ .

Pr oof. It is clear that the b

′

i are distinct atoms of D

∗

and therefore pairwise incomparable

and join irreducible in D

∗

. As for the c

′

j

, w e first note that in a distributiv e lattice ev ery

join irreducible elemen t is a meet of generators. Th us if c is join irreducible and c < c

′

j

, then

c ≤ c

′

j x for some x ∈ U − C

j

. No w c

′

j

+ d = c

j

≠ x + d , hence c

′

j xd = ( c

′

j

+ d )( x + d ) = d ,

whic h sho ws that c ≤ c

′

j x ≤ d . But c

′

j

≰ d and therefore c

′

j cannot b e a join of join

irreducibles strictly less that itself. It follo ws that c

′

j is join irreducible. Also c

′

1

, . . . , c

′

n

are pairwise incomparable, since c

′

j

≤ c

′

k for some j ≠ k implies c

′

j

= c

′

j c

′

k

≤ c

′

j x for an y

x ∈ C

k

, and c

′

j x ≤ d as ab o v e, whic h con tradicts c

′

j

≰ d . Clearly also c

′

j

≰ b

′

i for an y i and

j , since b

′

i

≤ d . Therefore it remains to sho w that b

′

i

≤ c

′

j if and only if B

i

∩ C

j

= ∅ . If

x ∈ B

i

∩ C

j

, then b

′

i

≤ d and c

′

j

≤ x , so b

′

i c

′

j

= b

′

i

( dx ) c

′

j

= ( b

′

i b

i

) c

′

j

= 0

∗

c

′

j

= 0

∗

and hence

b

′

i

≰ c

′

j

. Con v ersely B

i

∩ C

j

= ∅ implies C

j

⊆ U − B

i

, and since b

′

i is a meet of generators,

b

′

i

=

∏

U − B

i

≤

∏

C

j

= c

′

j

. □

So, giv en an y m × n matrix A = ( a

ij

) of 0’s and 1’s, w e define a finite distributiv e

lattice D

A and an elemen t d

A as follo ws:

Supp ose 2 m + n

b e the Bo olean algebra generated b y the m + n atoms p

1

, . . . , p

m

,

q

1

, . . . , q

n

. Put

d

A

=

∑

p

i

, b

k

=

∑

i ≠ k p

i and x

ij

= b

i

+ q

j

,

and let X

A

= { x

ij

: a

ij

= 1 } . No w w e let D

A b e the sublattice of 2 m + n

generated b y

X

A

∪ { d

A

} .

Lemma 4.22 (Lee [ 85 ]). F or no prop er subset U of X

d

( D ) do es U ∪ { d } generate D

∗

.

Pr oof. W e ma y assume that X

d

( D ) is nonempt y . Supp ose to the con trary that U =

X

d

( D ) − { x

0

} for some x

0

∈ X

d

( D ), and U ∪ { d } generates D

∗

. Then x

0

∈ C

j for some

blo c k C

j of the natural partition { C

1

, . . . , C

n

} of X

d

( D ). Let c

′

j

=

∏

C

j

∈ D

∗

. By

Lemma 4.21 c

′

j is join irreducible, and since U ∪ { d } is a generating set, c

′

j is the meet

of a subset V of U ∪ { d } . Notice that x ≺ x + d = c

′

j for eac h x ∈ C

j

, so b y the dual

of Lemma 1.12 C

j generates a Bo olean algebra with least elemen t c

′

j

. Hence V is not a

prop er subset of C

j and, as x

0

/ ∈ V , w e also cannot ha v e V = C

j

. Cho ose x ∈ V − C

j

.

Then x + d ≠ x

0

+ d = c

j

, so

d = ( x + d )( x

0

+ d ) = xx

0

+ d ≥ xx

0

≥

∏

C

j

=

∏

V = c

′

j

.

Ho w ev er this con tradicts c

′

j

≰ d . □

Theorem 4.23 (Lee [ 85 ]). Let D b e a finite distributiv e lattice and d ∈ D . Then the

follo wing are equiv alen t:

(i) D [ d ]

∼

= D

A

[ d

A

] where A = A ( D [ d ]) and d ∈ D corresp onds to d

A

∈ D

A

;

(ii) the set X

d

( D ) ∪ { d } generates D (i.e. D

∗

= D );

(iii) D [ d ] is sub directly irreducible.

Pr oof. (i) implies (ii): Let d

A

, b

k

, x

ij and X

A b e defined as ab o v e. Clearly x

ij d

A

≺

d

A

≺ x

ij

+ d

A for all i, j , hence X

A

⊆ X

d

A

( D

A

). Since X

A

∪ { d } generates D

A

, so do es

X

d

A

( D

A

) ∪ { d } . Notice that D

∗

A

= D

A

, and b y Lemma 4.22 X

A

= X

d

A

( D

A

).

(ii) implies (i): Again supp ose 2 m + n

is the Bo olean algebra generated b y the atoms

p

1

, . . . , p

m

, q

1

, . . . , q

n

, and let c

j

= d

A

+ q

j

. W e claim that the elemen ts b

1

, . . . , b

m

, c

1

, . . . , c

n

are all in D

A

. This follo ws b ecause x

ij d

A

= ( b

i

+ q

j

) d

A

= b

i d

A

+ q

j d

A

= b

i and x

ij

+ d

A

=

b

i

+ q

j

+ d

A

= d

A

+ q

j

= c

j for all i, j , and A = A ( D [ d ]) has no ro ws or columns of zeros,

hence for an y giv en i (or j ) there exists j (resp ectiv ely i ) suc h that x

ij

∈ X

A

. Clearly the

c

j are co v ers of d

A

, and they are the only ones, since b y Lemma 1.12

∑

c

j

=

∑

X

A

= 1

∗

A

.

Dually the b

i are all the dual co v ers of d

A

. Let { B

1

, . . . , B

m

} and { C

1

, . . . , C

n

} b e the

natural partitions of X

d

A

( D

A

) = X

A

. By Lemma 4.21 J ( D

∗

A

) = { b

′

1

, . . . , b

′

m

, c

′

1

, . . . , c

′

n

}

where b

′

i

= p

i and c

′

j

=

∏

C

j

. No w B

i

∩ C

j

≠ ∅ iff a

ij

= 1 in A ( D [ d ]) iff b

i

≤ x

ij

≤ c

j in

D

A iff B

i

∩ C

j

≠ ∅ . Consequen tly the map b

′

i

→ b

′

i

, c

′

j

→ c

′

j from J ( D

∗

) to J ( D

∗

A

) is a

p oset isomorphism whic h extends to an isomorphism D

∗ ∼

= D

∗

A b y Lemma 4.20 (i). D

∗

is

the sublattice of D generated b y X

d

( D ) ∪ { d } , so b y assumption D

∗

= D , and w e alw a ys

ha v e D

∗

A

= D

A

. Clearly also d =

∑

b

′

i is mapp ed to d

a

=

∑

b

′

i b y the isomorphism.

(ii) implies (iii): W e v erify that the conditions (i), (ii) and (iii) of Theorem 4.17 hold.

By Lemma 1.12, the join reducible co v ers of d in D

∗

= D are in fact all the co v ers of d ,

and dually , whic h implies that the first t w o conditions hold. Also, if u ≺ v in D , then

the length of D / con ( u, v ) is less that the length of D . It follo ws that con ( u, v ) iden tifies d

with one of its co v ers or dual co v ers, hence condition (iii) of Theorem 4.17 holds.

(iii) implies (ii): Supp ose D [ d ] is sub directly irreducible, but D

∗

is a prop er sublattice

of D . Let 0

∗

b e the smallest and 1

∗

the largest elemen t of D

∗

, and c ho ose an elemen t

z ∈ D − D

∗

.

Case 1: z ≰ 1

∗

or z ≱ 0

∗

. Then one of the quotien ts z + 1

∗

/ 1

∗

or 0

∗

/z 0

∗

is non trivial.

Observ e that in an y distributiv e lattice, if v < u ≤ v

′

< u

′

, then the quotien ts u/v and

u

′

/v

′

cannot pro ject on to eac h other. Hence no prime quotien ts in z + 1

∗

/ 1

∗

or 0

∗

/z 0

∗

pro ject on to an y prime quotien t p/q with p = d or q = d , since p, q ∈ D

∗

b y condition (i)

and (ii) of Theorem 4.17. This ho w ev er con tradicts condition (iii) of the same theorem.

Case 2: 0

∗

≤ z ≤ 1

∗

. Cho ose z suc h that the heigh t of z is as large as p ossible, and let

z

∗

b e a co v er of z . Then z

∗

∈ D

∗

, and z

∗

is the only co v er of z , else z w ould b e the meet

of t w o elemen ts from D

∗

and w ould also b elong to D

∗

. By Theorem 4.17 (iii), the prime

quotien t z

∗

/z pro jects on to a prime quotien t p/q with p = d or q = d , and since D is

distributiv e, this implies z

∗

/z ↗ u/v ↘ p/q for some quotien t u/v . Since z

∗

is the unique

co v er of z , w e m ust ha v e u/v = z

∗

/z ↘ p/q . Supp ose p = d . Then z

∗

/z ↘ d/z d , and

the t w o quotien ts are distinct, otherwise Theorem 4.17 (ii) implies z ∈ D

∗

. Consequen tly

z

∗

/d ↘

β z /z d . As b efore Lemma 1.12 implies that 1

∗

/d is a Bo olean algebra, hence z

∗

/d

is a Bo olean algebra, and so is z /z d (via the bijectiv e transp osition). Therefore z is the

join of the atoms of z /z d , whic h are in fact elemen ts of X

d

( D ). This implies z ∈ D

∗

, a

con tradiction. Next supp ose q = d . Since, b y Lemma 1.12, 1

∗

⊆ D

∗

w e w ould again ha v e

z ∈ D

∗

, a con tradiction. Th us w e conclude that D

∗

= D . □

Giv en an y matrix A of 0’s and 1’s with no ro ws or columns of zeros, the equiv alence of

(ii) and (iii) tells us that D

A

[ d

A

] is sub directly irreducible. Con v ersely , for an y sub directly

irreducible lattice D [ d ], the matrix A ( D [ d ]) has no ro ws or columns of zeros, and it is

not difficult to see that, up to the in terc hanging of some ro ws or columns, the matrices

A and A ( D

A

[ d

A

]) are the same. F urthermore, giv en an y lattice D [ d ] and X

′

⊆ X

d

( D ),

the sublattice D

′

generated b y X

′

∪ { d } is sub directly irreducible, and b y Lemma 4.22

X

d

( D

′

) = X

′

. Rephrased in terms of the matrices that represen t the lattices D and D

′

w e ha v e the follo wing:

Cor ollar y 4.24 Let A = A ( D [ d ]) for some finite distributiv e lattice D , d ∈ D , and

supp ose D

′

is the sublattice generated b y some X

′

⊆ X

d

( D ) . Then the matrix A

′

whic h

represen ts D

′

[ d ] is obtained from A b y c hanging eac h 1 corresp onding to an elemen t

of X

d

( D ) − X

′

to 0 and deleting an y ro ws or columns of zeros that ma y ha v e arisen.

Con v ersely an y matrix obtained from A in this w a y represen ts a (sub directly irreducible)

sublattice of D [ d ] .

Co v ering c hains of almost distributiv e v arieties. The next lemma, whic h w as pro v ed

b y Rose [ 84 ] directly from Theorem 4.17, can no w b e deriv ed from the ab o v e corollary .

Lemma 4.25 Let L b e a finite sub directly irreducible almost distributiv e lattice, L

∼

= 2 , N .

(i) If L

14

, L

15

/ ∈ { L }

V

then L

∼

= L k

13

,

(ii) if L

13

, L

15

/ ∈ { L }

V

then L

∼

= L k

14 and

(iii) if L

13

, L

14

/ ∈ { L }

V

then L

∼

= L k

15 for some k ∈ ω (see Figure 2.2).

Pr oof. (i) By Corollary 4.14 (i) L

∼

= D [ d ] for some finite distributiv e lattice D and

d ∈ D . Let A = A ( D [ d ]) b e the matrix represen ting D [ d ] and supp ose A has more than

one ro w. If A has no column with t w o 1’s in it, then it has at least t w o columns (since it

has at least t w o ro ws, and no ro ws of 0’s), and w e can therefore find t w o en tries equal to

1 in t w o differen t columns and ro ws. Deleting all other ro ws and columns, it follo ws from

Corollary 4.24 that L

15 is a sublattice of L . Hence if L

14

, L

15

/ ∈ { L }

V

, then A has only

one ro w with all en tries equal to 1. This is the matrix represen ting L k

13

, where k + 2 is

the n um b er of columns of A (see Figure 4.16 (i)). Similar argumen ts pro v e (ii) and (iii). □

Theorem 4.26 (Rose [ 84 ]). F or eac h i ∈ { 13 , 14 , 15 } and n ∈ ω the v ariet y L n +1

i is the

only join irreducible co v er of L n

i

.

Pr oof. Let i = 13 and supp ose V is a join irreducible v ariet y that co v ers L n

13

= { L n

13

}

V

.

V m ust b e almost distributiv e, otherwise, b y Corollary 4.14 (ii), V con tains one, sa y L , of

the lattices M

3

, L

1

, L

2

, . . . , L

12

, in whic h case V ≥ L n

13

+ { L }

V

> L n

13

, hence either V is

not a co v er of L n

13 or V is join reducible. V is of finite heigh t, th us b y Corollary 4.14 (i),

(iii) and Lemma 2.7 V is generated b y a finite sub directly irreducible lattice L = D [ d ],

where D is distributiv e. Since V is join irreducible, L

14

, L

15

/ ∈ V so b y Lemma 4.25 (i)

L = L k

13

, and since V co v ers L n

13

, w e m ust ha v e k = n + 1. The pro of for i = 14 and 15 is

completely analogous. □

The smallest sub directly irreducible almost distributiv e lattice that is not of the form 2 ,

N or L n

i for i = 13 , 14 , 15, n ∈ ω is represen ted b y the matrix

(

1 1

1 0

)

(see Figure 4.16 (iii)).

( d, 1)

( d, 0) x

11 x

1 ,n +1

x

1 ,n +2

b

1

· · ·

2 n +3

A ( L n

13

) = (1 1 . . . 1)

( d, 0)

( d, 1)

x

11 x

22 x

n +2 ,n +2

b

1

b

2 b

n +1 b

n +2 c

1 c

2 c

n +1

c

n +2

· · · · · ·

2 n +2

2 n +2

A ( L n

15

) = I

n +2

=

1 0 0

.

.

.

0 0 1

( d, 0)

( d, 1)

x

11 x

12 x

21

b

1 b

2 c

1 c

2

A ( L ) =

(

1 1

1 0

)

Figure 4.16

F urther results on almost distributiv e v arieties.

Theorem 4.27 (Lee [ 85 ]). Ev ery almost distributiv e lattice v ariet y of finite heigh t has

only finitely man y co v ers.

Pr oof. Let V b e an almost distributiv e v ariet y of finite heigh t. Then V is gener-

ated b y finitely man y sub directly irreducible almost distributiv e lattices, and b y Corol-

lary 4.14 (i) these lattices are of the form D

1

[ d

1

] , . . . , D

n

[ d

n

] for some finite distributiv e

lattices D

1

, . . . , D

n

. Let k = max {| X

d

i

( D

i

) | : i = 1 , . . . , n } . By Corollary 4.14 (iv), eac h

join irreducible co v er of V is generated b y a finite sub directly irreducible lattice D [ d ], and

clearly w e m ust ha v e | X

d

( D ) | = k + 1. By Theorem 4.23 D [ d ] can b e represen ted b y a

matrix of 0’s and 1’s with at most k + 1 ro ws and k + 1 columns, hence V has only finitely

man y join irreducible co v ers. On the other hand, eac h join reducible co v er of V is a join

of V and a join irreducible co v er of a sub v ariet y of V . Therefore V also has only finitely

man y join reducible co v ers. □

Lemma 4.28 (Lee [ 85 ]). Let D b e a sublattice of a finite distributiv e lattice D , and d ∈ D .

If D [ d ] is sub directly irreducible, then D [ d ]

∼

= D

′

[ d ] , where D

′

is generated b y d and a

subset of X

d

( D ) .

Pr oof. Let { B

1

, . . . , B

m

} and { C

1

, . . . , C

n

} b e the natural partitions of X

d

( D ), and let

b

i

= xd with x ∈ B

i

, c

j

= x + d with x ∈ C

j

. Cho ose b

′

1

, . . . , b

′

m

, c

′

1

, . . . , c

′

n

∈ D suc h that

b

i

≤ b

′

i

≺ d and d ≺ c

′

j

≤ c

j

. F or eac h x ∈ X

d

( D ) w e ha v e x ∈ B

i

∩ C

j for unique i, j ,

in whic h case w e define x

′

= xc

′

j

+ b

′

i

. By distributivit y x

′

d = ( xc

′

j

+ b

′

i

) d = xd + b

′

i and

x

′

+ d = ( x + d ) c

′

j

, hence xd = b

i implies x

′

d = b

′

i

, and x + d = c

j implies x

′

+ d = c

′

j

. It

follo ws that the set X

′

= { x

′

: x ∈ X

d

( D ) } is a subset of X

d

( D ), and since the elemen ts

b

′

i and c

′

j all ha v e to b e distinct, the map x → x

′

is bijectiv e. Let D

′

b e the sublattice

of D generated b y X

′

∪ { d } . By Lemma 4.22 X

d

( D

′

) = x

′

. W e sho w that D and D

′

ha v e the same matrix represen tation, then it follo ws from Theorem 4.23 that D

∼

= D

′

.

By Lemma 1.12 the elemen ts c

′

1

, . . . , c

′

n are all the (join reducible) co v ers of d , and dually

for b

′

1

, . . . , b

′

m

. Let B

′

i

= { x

′

∈ X

′

: x

′

d = b

′

i

} and C

′

j

= { x

′

∈ X

′

: x

′

+ d = c

′

j

} b e

the blo c ks of the natural partitions of X

′

. Clearly x ∈ B

i implies x

′

∈ B

′

i for all i , and

the con v erse m ust also hold, since the map x → x

′

is bijectiv e and the blo c ks B

i

, b

′

i are

finite. Similarly x ∈ C

j if and only if x

′

∈ C

′

j

. Hence | B

i

∩ C

j

| = | B

′

i

∩ C

′

j

, whic h implies

A ( D [ d ]) = A ( d

′

[ d ]). □

Lemma 4.29 (Lee [ 85 ]). Let D b e a finite distributiv e lattice, d ∈ D , and let D

∗

b e the

sublattice of D generated b y X

d

( D ) ∪ { d } . Then D

∗

[ d ] is a retract of D [ d ] . In particular,

D

∗

[ d ] is the smallest homomorphic image of D [ d ] separating ( d, 0) and ( d, 1) .

Pr oof. Since ( d, 0) ≺ ( d, 1), b y Lemma 1.11 there is a unique sub directly irreducible

homomorphic image D [ d ] of D [ d ] suc h that ( d, 1) / ( d, 0) is a critical quotien t of D [ d ] . By

Theorem 4.23 D

∗

[ d ] is also sub directly irreducible with critical quotien t ( d, 1) / ( d, 0), hence

D

∗

[ d ] is isomorphic to its image D

∗

[ d ] ⊆ D [ d ] . W e ha v e to sho w that D

∗

[ d ] = D [ d ] . The

epimorphism D [ d ] → → D [ d ] induces an epimorphism D → → D , where D is obtained from

D [ d ] b y collapsing the quotien t ( d, 1) / ( d, 0) . Then D

∗ ∼

= D

∗

⊆ D , and it suffices to sho w

that D

∗

= D . Consider x ∈ D suc h that x ∈ X

d

( D ). x m ust b e noncomparable with d ,

so w e can find b, c ∈ D with xd ≤ b ≺ d ≺ c ≤ x + d . Let x

= xc + b , then one easily

A ( K

i

) =

1 1 0 0 · · · 0 0

0 1 1 0 · · · 0 0

0 0 1 1 · · · 0 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 0 · · · 1 1

1 0 0 0 · · · 0 1

Figure 4.17

c hec ks that x

0

∈ X

d

( D

∗

) and b, c ∈ D

∗

. Notice that d ≠ c , for otherwise the epimorphism

D [ d ] → → D [ d ] w ould collapse the quotien t c/ ( d, 1) and, as x

0

, ( d, 0) and ( d, 1) generate a

p en tagon, it w ould also iden tify ( d, 0) and ( d, 1). Similarly b ≠ d , whence b ≺ d ≺ c in

D

∗

. Because x ∈ X

d

( D ), it follo ws that x d = b , x + d = c and since b , c ∈ D

∗

, w e in fact

ha v e x ∈ X

d

( D

∗

). Th us X

d

( D ) ⊆ X

d

( D

∗

) ⊆ D

∗

⊆ D . By Theorem 4.23 X

d

( D ) ∪ { d } is a

generating set for D , hence D

∗

= D , and therefore D

∗

[ d ]

∼

= D

∗

[ d ] = D [ d ] . □

Lemma 4.30 (Lee [ 85 ]). Let D b e a finite distributiv e lattice and d ∈ D . Then ev ery

sub directly irreducible mem b er of { D [ d ] }

V

is isomorphic to D

′

[ d ] , where D

′

is a sublattice

of D generated b y d and a subset of X

d

( D ) .

Pr oof. Let L b e a sub directly irreducible mem b er of { D [ d ] }

V

. By J´ onsson’s Lemma

L ∈ HS { D [ d ] } , so there is a sublattice L

0 of D [ d ] and an epimorphism f : L

0

→ → L . If

( d, 1) / ( d, 0) ⊈ L

0

, then L

0 is distributiv e and hence L

∼

= 2 . If ( d, 1) / ( d, 0) ⊆ L

0 then

L

0

= D

0

[ d ] for a sublattice D

0 of D . But if ( d, 1) / ( d, 0) is collapsed b y f , then again

L

∼

= 2 . Supp ose ( d, 1) / ( d, 0) is not collapsed b y f . Since L is sub directly irreducible, and

f ( d, 1) /f ( d, 0) is critical, L is a smallest homomorphic image of D

0

[ d ] separating ( d, 0)

and ( d, 1). By Lemma 4.29, the same holds for D

∗

0

[ d ]. Hence L

∼

= D

∗

0

[ d ]. Also D

∗

0 is a

sublattice of D , and D

∗

0

[ d ] is sub directly irreducible, therefore Lemma 4.28 implies that

L

∼

= D

∗

0

[ d ] is isomorphic to D

′

[ d ], where D

′

is a sublattice of D generated b y d and a

subset X

d

( D ). □

Notice that there are at least | X

d

( D ) | + 1 nonisomorphic sub directly irreducible mem-

b ers in { D [ d ] }

V

, since if U , V are t w o subset of differen t cardinalit y , then U ∪ { d } and

V ∪ { d } generate t w o nonisomorphic sublattices.

W e no w consider an in teresting sequence of almost distributiv e lattices whic h is giv en

in Lee [ 85 ], and w as originally suggested b y J´ onsson.

Let K

i b e the finite sub directly irreducible almost distributiv e lattice represen ted b y

the ( i + 1) × ( i + 1) matrix A ( K

i

) in Figure 4.17, and let V

0

= { K

1

, K

2

, K

3

, . . . }

V

,

V

i

= { K

1

, . . . , K

i − 1

, K

i +1

, . . . }

V

for i = 1 , 2 , 3 , . . . .

Lemma 4.31 K

i

/ ∈ V

i for i ∈ { 1 , 2 , 3 . . . } .

Pr oof. By Corollary 4.14 (vi) K

i

= D

i

[ d

i

] for some finite distributiv e lattice D

i

, d

i

∈ D

i

,

and K is a splitting lattice, so it generates a completely join prime v ariet y for eac h i

(Lemma 2.8). Since V

i

=

∑

j ≠ i

{ K

j

}

V

it suffices to sho w that K

i

/ ∈ { K

j

}

V

for an y i ≠ j .

By the preceding lemma an y sub directly irreducible lattice in { K

j

} is isomorphic to a

sublattice of K

j

= D

j

[ d

j

] generated b y a subset of X

d

j

( D

j

). If j < i then | X

d

j

( D

j

) | <

| X

d

i

( D

i

) | whic h certainly implies K

i

/ ∈ { K

j

}

V

. No w supp ose j > i and let X

d

i

( D

i

) =

{ x

1

, . . . , x

2 i +2

} with corresp onding natural partitions

{ B

1

, B

2

, . . . , B

i +1

} = {{ x

1

, x

2

} , { x

3

, x

4

} , . . . , { x

2 i +1

, x

2 i +2

}}

{ C

1

, C

2

, . . . , C

i +1

} = {{ x

2

, x

3

} , { x

4

, x

5

} , . . . , { x

2 i +2

, x

1

}}

and X

d

j

( D

j

) = { y

1

, . . . , y

2 j +2

} with natural partitions

{ B

′

1

, B

′

2

, . . . , B

′

j +1

} = {{ y

1

, y

2

} , { y

3

, y

4

} , . . . , { y

2 j +1

, y

2 j +2

}}

{ C

′

1

, C

′

2

, . . . , C

′

j +1

} = {{ y

2

, y

3

} , { y

4

, y

5

} , . . . , { y

2 j +2

, y

1

}} .

If f is an em b edding of K

i in to K

j

, then w e can assume without loss of generalit y that

f ( x

1

) = y

1

. As an em b edding f m ust map B -blo c ks on to B

′

-blo c ks and C -blo c ks on to

C

′

-blo c ks, hence f ( x

2

) = y

2

, . . . , f ( x

2 i +2

) = y

2 i +2

. But f ( C

i +1

) = { f ( x

2 i +2

) , f ( x

1

) } =

{ y

2 i +2

, y

1

} /∈ { C

′

1

, . . . , C

′

j +1

} whic h is a con tradiction. Therefore K

i is not isomorphic to

a sublattice of K

j

, and consequen tly K

i

/ ∈ { K

j

}

V

. □

Theorem 4.32 (Lee [ 85 ]). Let A b e the v ariet y of all almost distributiv e lattices and let

V

0

, V

i b e defined as ab o v e.

(i) | Λ

A

| = 2 ω

.

(ii) There is an infinite descending c hain of almost distributiv e v arieties.

(iii) V

0 has infinitely man y dual co v ers.

(iv) There is an almost distributiv e v ariet y with infinitely man y co v ers in Λ

A

.

Pr oof. (i) By the preceding lemma, distinct subsets of { K

1

, K

2

, K

3

, . . . } generate distinct

sub v arieties of V

0

.

(ii) Let V

′

i

= { K

i

, K

i +1

, K

i +2

, . . . }

V

for eac h i ∈ ω . Then V

0

= V

′

1

> V

′

2

> V

′

3

> . . .

follo ws again b y Lemma 4.31.

(iii) W e claim that K

i is the only finitely generated (hence finite) sub directly irreducible

mem b er of V

0 that is not in V

i

, from whic h it then follo ws that V

0

≻ V

i for eac h i ∈ ω .

By Lemma 4.31 K

i

/ ∈ V

i

. Ev ery finite sub directly irreducible mem b er L ∈ V

0 is a

splitting lattice, so L ∈ { K

j

}

V

for some j . If i ≠ j then L ∈ V

i

, and if L ∈ { K

i

}

V

and

L is not isomorphic to K

i then, b y lo oking at the matrix that represen ts L , w e see that

L ∈ { K

j

}

V

for an y j > i , so w e also ha v e L ∈ V

0

. This pro v es the claim.

(iv) Let V

i b e the conjugate v ariet y of K

i relativ e to Λ

A

( i ∈ ω ), and let V =

⋂

i ∈ ω

V

i

.

W e sho w that V ≺ V + { K

i

}

V

for eac h i . By Theorem 2.3 (i) ev ery sub directly irreducible

mem b er of V + { K

i

}

V

b elongs to V or { K

i

}

V

. Let L b e a sub directly irreducible lattice

in { K

i

}

V

. Lemma 4.30 implies that L is a sublattice of K

i

, so K

j

/ ∈ { L }

V

for an y j ≠ i .

It follo ws that L ∈ V or L

∼

= K

i

, hence K

i is the only sub directly irreducible lattice in

V + { K }

V

whic h is not in V . □

4.4 F urther Sequences of V arieties

In Section 4.3 w e sa w that ab o v e eac h of the v arieties L

13

, L

14 and L

15 there is exactly

one co v ering sequence of join irreducible v arieties (Theorem 4.26). These results are due

to Rose [ 84 ], and he also pro v ed the corresp onding results for L

6

, . . . , L

10

. Since these

v arieties are not almost distributiv e, the pro ofs are more in v olv ed. Here w e only consider

the sequence L n

6 ab o v e L

6

.

Some tec hnical results. Let L b e a lattice and X a subset of L . An elemen t z ∈ L is

said to b e X -join isolate d if z = x + y and x, y < z implies x, y ∈ X . The notion of an

X -me et isolate d elemen t is defined dually . A quotien t u/v of L is said to b e isolate d if

ev ery elemen t of u/v is u/v -join isolated and u/v -meet isolated.

The next four lemmas (4.32–4.35) app ear in Rose [ 84 ], where they are used to pro v e

that the v ariet y L n +1

i is the only join irreducible co v er of L n

i for i ∈ { 6 , 7 , 8 , 9 , 10 } (see

Figure 2.2). These lemmas only apply to lattices satisfying certain conditions summarized

here as

Condition ( ∗ ). L is a finite sub directly irreducible neardistributiv e lattice with critical

quotien t c/a (whic h is unique b y Theorem 4.8). F urthermore c

′

/a

′

is a quotien t of L suc h

that

(i) a

′

≤ a < c ≤ c

′

;

(ii) an y z ∈ c

′

/a

′

− { a

′

} is c

′

/a

′

-join isolated;

(iii) an y z ∈ c

′

/a

′

− { c

′

} is c

′

/a

′

-meet isolated.

Observ e that if b /∈ c

′

/a

′

and b is noncomparable with some z ∈ c

′

/a

′

, then b is

noncomparable with all the elemen ts of c

′

/a

′

. Moreo v er, a

′

+ b = z + b = c

′

+ b and a

′

b =

z b = c

′

b , whic h implies N ( c

′

/a

′

, b ). Hence, for an y b /∈ c

′

/a

′

, the conditions N ( c

′

/a

′

, b ) and

N ( c/a, b ) are equiv alen t.

Lemma 4.33 Supp ose L satisfies condition ( ∗ ) .

(i) If u ≻ c

′

in L , then there exists b ∈ L suc h that N ( c

′

/a

′

, b ) and u = a

′

+ b ≻ b ≻ a

′

b .

(ii) If L excludes L

7

, then w e also ha v e a

′

≻ a

′

b .

Pr oof. (i) By Lemma 4.16 (iii) there exists b ∈ L suc h that N ( c/a, b ), b ≤ u , b ≰ c

′

and u/c

′

↘

β a + b/ ( a + b ) c

′

. b is noncomparable with c

′

, so N ( c

′

, a

′

, b ) follo ws from the

remark ab o v e, and w e cannot ha v e ( a + b ) c

′

< c

′

, since ( a + b ) c

′

is not c

′

/a

′

-meet isolated.

So ( a + b ) c

′

= c

′

and therefore u = a + b = a

′

+ b . Since L is finite w e can c ho ose t suc h

that b ≤ t ≺ a

′

+ b . t is also noncomparable with c

′

, so w e get N ( c

′

/a

′

, t ), and of course

u = a

′

+ t . Hence w e ma y assume that u ≻ b . Also b ≻ a

′

b , since a

′

b < t < b w ould imply

N ( b/t, a

′

), hence N ( b/t, a ), and b y Corollary 4.7 N ( c/a, a ), whic h is imp ossible.

(ii) Supp ose to the con trary , that a

′

b < t ≺ a

′

for some t ∈ L . By the dual of part

(i) there exists b

0

∈ L with N ( c

′

/a

′

, b

0

) and t = a

′

b

0

≺ b

0

≺ a

′

+ b

0

(Figure 4.18 (i)).

Since a

′

+ b ≻ b , w e ha v e t + b = a

′

+ b and so N ( a

′

/t, b ). No w a

′

/t ↗ a

′

+ b

0

/b

0 and

Corollary 4.7 imply N ( a

′

+ b

0

/b

0

, b ). Th us a

′

+ b

0

≱ a

′

+ b , whic h clearly implies that b

0

and a

′

+ b

0 are noncomparable with a

′

+ b . Since a

′

+ b ≻ c , b ≻ a

′

b and b

0

≻ y , w e m ust

ha v e ( a

′

+ b )( a

′

+ b

0

) = c

′

, ( a

′

+ b

0

) b = a

′

b and ( a

′

+ b ) b

0

= t . Hence the elemen ts a

′

, b and

b

0 generate L

7

(Figure 4.18 (i)), and this con tradiction completes the pro of. □ a

′

b t a

′ c

′ a

′

+ b

0 a

′

+ b

b b

0

(i) a

′

b c

′

y

a

′

y

(ii)

Figure 4.18

W e no w add the follo wing condition.

Condition ( ∗∗ ). b is an elemen t of L suc h that N ( c

′

/a

′

, b ) and a

′

+ b/a

′

b = { b, a

′

+

b, a

′

b } ∪ c

′

/a

′

.

Lemma 4.34 If L satisfies conditions ( ∗ ) , ( ∗∗ ) and excludes L

14

, then for x, y ∈ L ,

(i) a

′

+ b = a

′

+ y > y implies y ≤ b ;

(ii) a

′

+ b = x + b > x implies x ≤ c

′

.

Pr oof. (i) If y ≰ b , then y is noncomparable with b and with a

′

. W e claim that y

can b e c hosen so that a

′

, c

′

, b, y generate L

14

(see Figure 4.18 (ii)). W e ma y assume that

y ≺ a

′

+ y . If a

′

y < t < y , then w e w ould ha v e N ( y /t, a

′

), hence N ( y /t, a ), and b y

Corollary 4.7 N ( c/a, a ), whic h is imp ossible. Therefore y ≻ a

′

y . By semidistributivit y

a

′

+ b = a

′

+ y = b + y = a

′

b + a

′

y + by .

F rom this it follo ws that the elemen ts a

′

b = c

′

b , a

′

y = c

′

y and by are noncomparable, and

therefore

a

′

= a

′

b + a

′

y , b = a

′

b + by and y = a

′

y + by .

This sho ws that a

′

, b and y generate an eigh t elemen t Bo olean algebra. Since N ( c

′

/a

′

, b )

and N ( c

′

/a

′

, y ) hold, L includes L

14

.

(ii)If x ≰ c , then a

′

+ x = a

′

+ b , and since w e cannot ha v e x ≤ b , part (i) implies that

L includes L

14

. □

Lemma 4.35 If L satisfies conditions ( ∗ ) , ( ∗∗ ) and excludes L

7

, L

13 and L

15

, then c

′

is

meet irreducible.

Pr oof. Supp ose c

′

is meet reducible. Then there exists an elemen t x co v ering c

′

suc h

that c

′

= x ( a

′

+ b ). By Lemma 4.33 (i) there exists b

0

∈ L with N ( c

′

/a

′

, b

0

) and x =

a

′

+ b

0

≻ b

0

≻ a

′

b

0

. The elemen ts a

′

+ b , a

′

+ b

0 and b + b

0 generate a lattice K that

is a homomorphic image of the lattice in Figure 4.19 (i). If K is isomorphic to that

lattice, then bb ≤ a

′

, since bb

0

≰ a

′

w ould imply bb

0

+ a

′

∈ c

′

/a

′

− { a

′

} , con tradicting the c

′ a

′

+ b x = a

′

+ b

0 b + b

0

(i) c

′

a

′ a

′

+ b a

′

+ b

0

b

0

a

′

b

0

bb

0 a

′

b b

(ii)

Figure 4.19

c

′

y

z

a

′

a

′

y a

′

+ y

(i) c

′

y

z

a

′ y

i x

i

a

′

y x

(ii)

Figure 4.20

assumption that ev ery elemen t of c

′

/a

′

− { a

′

} is c

′

/a

′

-join isolated. In fact w e m ust ha v e

bb

0

< a

′

, since a

′

is c

′

/a

′

-meet isolated. Th us K ∪ { a

′

} is a sublattice of L isomorphic

to L

13

, con trary to the h yp othesis. W e infer that K is a prop er homomorphic image of

the lattice in Figure 4.19 (i), and since a

′

+ b , a

′

+ b

0 and c

′

are distinct, it follo ws that

c

′

< b + b

0

. No w Figure 4.19 (ii) sho ws that if a

′

b and a

′

b

0 are noncomparable, then L

includes L

15

, while a

′

b < a

′

b

0 or a

′

b

0

< a

′

b imply that L includes L

7

. Finally , w e cannot

ha v e a

′

b = a

′

b

0

, since then L includes L

1

, whic h con tradicts the semidistributivit y of L . □

Lemma 4.36 If L satisfies conditions ( ∗ ) , ( ∗∗ ) and excludes L

9

, L

13

, L

14 and L

15 then b

is meet irreducible.

Pr oof. T o a v oid rep etition, w e first establish t w o tec hnical results:

(A) If N ( u/v , z ) for some u/v ⊈ c

′

/a

′

and z /∈ c

′

/a

′

, then there exists y ∈ L with

N ( c

′

/a

′

, y ) suc h that N ( a

′

+ y /a

′

, z ) , N ( y /a

′

y , z ) and a

′

+ y ≻ c

′

(Figure 4.20 (i)) or

dually .

Consider a sequence u/v = x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

= c/a . Since c/a is a

sub quotien t of c

′

/a

′

and u/v is not, there is an index i > 0 suc h that x /y

i

⊈ c

′

/a

′

and x

i +1

/y

i +1

⊆ c

′

/a

′

. By dualit y , supp ose that x

i

/y

i

↘

w x

i +1

/y

i +1

. Since y

i +1 is c

′

/a

′

-meet

isolated, y

i

∈ c

′

/a

′

, and since x

i c

′

< c

′

w ould also imply x

i

∈ c

′

/a

′

, w e m ust ha v e x

i c

′

= c

′

,

and therefore x

i

> c

′

≥ y

i

. No w Lemma 4.6, and the fact that u/v pro jects w eakly on to

x

i

/y

i and c/a imply N ( x

i

/y

i

, z ) and N ( c/a, z ). Since z /∈ c

′

/a

′

w e m ust ha v e N ( c

′

/a

′

, z ).

Cho ose x ∈ L suc h that c

′

≺ x ≤ x

i

, then clearly N ( x/a

′

, z ) holds (Figure 4.20 (ii)). By

Lemma 4.33 (i) there exists y ∈ L with N ( c

′

/a

′

, y ) and x = a

′

+ y . Since x/a

′

↘ y /a

′

y ,

Lemma 4.6 again implies N ( y /a

′

y , z ). This pro v es (A).

(B) If for some u, v , z ∈ L with z ≥ b w e ha v e N ( u/v , z ) , then u/v ⊆ c

′

/a

′

.

Supp ose u/v ⊈ c

′

/a

′

. Since clearly z ∈ c

′

/a

′

, (A) implies that there exists b

0

∈ L suc h

that n ( c

′

/a

′

, b

0

) and either

(1) N ( a

′

+ b

0

/a

′

, z ), N ( b

0

/a

′

b

0

, z ) and c

′

≺ a

′

+ b

0 or

(2) N ( c

′

/a

′

b

0

, z ), N ( a

′

+ b

0

, z ) and a

′

b

0

≺ a

′

.

W e will sho w that, con trary to the h yp othesis of the lemma, the elemen ts a

′

, c

′

, b and

b

0 generate L

15

. Since w e already kno w that N ( c

′

/a

′

, b ) and N ( c

′

/a

′

, b

0

), it suffices to

c hec k that a

′

b + a

′

b

0

= a

′

and ( a

′

+ b )( a

′

+ b

0

) = c

′

. Either of (1) or (2) imply that z is

noncomparable with a

′

b

0 and a

′

+ b

0

. Since a

′

b < b ≤ z w e m ust ha v e a

′

b

0

≰ a

′

b . Strict

inclusion a

′

b < a

′

b

0 is also not p ossible, b ecause a

′

b ≺ a

′

and a

′

b

0

< a

′

. Th us a

′

b and

a

′

b

0 are noncomparable, and since a

′

b ≺ a

′

, it follo ws that a

′

b + a

′

b

0

= a

′

. Next note that

a

′

z = a

′

b , b ecause a

′

b ≺ a

′

and a

′

b ≤ a

′

z < a

′

. Hence a

′

z = a

′

b > a

′

bb

0

= a

′

b

0 z , so w e

cannot ha v e N ( c

′

/a

′

b

0

, z ) in (2). Therefore (1) m ust hold, and in particular N ( a

′

+ b

0

/a

′

, z ),

whence it follo ws that a

′

+ b

0

≱ b . Th us c

′

≤ ( a

′

+ b )( a

′

+ b

0

) < a

′

+ b , and since c

′

≺ a

′

+ b ,

c = ( a

′

+ b )( a

′

+ b

0

). This pro v es (B).

Pro ceeding no w with the pro of of the lemma, supp ose b is meet reducible. Then w e

can find z ≻ b suc h that b = ( a

′

+ b ) z . Consider a shortest sequence

z /b = x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

= c/a.

Clearly n ≥ 2. The case n = 2 can also b e ruled out, since z /b is a transp ose of x

1

/y

1

, while

Theorem 4.8 implies that c/a is a sub quotien t of x

n − 1

/y

n − 1

, hence x

1

/y

1

= x

n − 1

/y

n − 1

w ould imply z = x

1

+ b ≥ a

′

+ b or b = y

1 z ≤ ab , b oth of whic h are imp ossible. Th us n ≥ 3.

If z /b ↗ x

1

/y

1

↘ x

2

/y

2

, then x

1

/y

1 is prime, since y

1

< t < x

1 w ould imply N ( t/y

1

, z ),

and b y (B) t/y

1

⊆ c

′

/a

′

, whic h leads to a con tradiction, as b ≰ c

′

. Similarly x

2

/y

2 m ust b e

prime, b ecause y

2

< t < x

2 w ould imply N ( x

2

, t, y

1

), whence (B) giv es x

2

/t ⊆ c

′

/a

′

. This

con tradicts the semidistributivit y of L , since x

1

= y

1

+ z = y

1

+ x

2

, but x

2 z = c

′

z < y

1

.

Hence z /b ↗

β x

1

/y

1

↘

β x

2

/y

2

, and no w Lemma 4.4 implies that the sequence can b e

shortened, con trary to our assumption. Consequen tly w e m ust ha v e z /b ↘ x

1

/y

1

↗ x

2

/y

2

.

Observ e that x

1

/ ∈ c

′

/a

′

, for otherwise z = x

1

+ b = a

′

+ b . Again the quotien t x

1

/y

1 is

prime, since y

1

< t < x

1 w ould imply N ( x

1

/t, b ), con tradicting (B). Ho w ev er x

2

/y

2 cannot

b e prime b ecause of the minimalit y of n . So there exists u ∈ L with y

2

< v < u < x

2

suc h that N ( u/v , x

1

) holds (Figure 4.21 (i)). By Corollary 4.7 w e ha v e N ( c/a, x

1

), and

since x

1

/ ∈ c

′

/a

′

, N ( c

′

/a

′

, x

1

) holds. Notice that y

1

= ( a

′

+ b ) z x

1

= ( a

′

+ b ) x

1

≥ a

′

x

1

. W e

claim that y

1

= a

′

x

1

. Supp ose to the con trary that a

′

x

1

< y

1

. Then u/v ⊈ c

′

/a

′

since

ux

1

= y

1

≠ a

′

x

1

. By (A) there exists b

0

∈ L with N ( c

′

/a

′

, b

0

) suc h that N ( a

′

+ b

0

/a

′

, x

1

)

and a

′

+ b

0

≻ c

′

, or dually N ( c

′

/a

′

b

0

, x

1

) and a

′

b

0

≺ a

′

.

First supp ose that N ( a

′

+ b

0

/a

′

, x

1

). W e cannot ha v e a

′

+ b

0

< a

′

+ b since a

′

+ b ≻ c .

On the other hand a

′

+ b ≤ a

′

+ b

0 implies N ( a

′

+ b/a

′

, x

1

), whence a

′

x

1

= ( a

′

+ b ) x

1

= y

1

, a

′

x

1 b z

c

′

a

′ a

′

+ b

y

1 x

1 x

2

u

v

y

2

(i) b z

c

′

a

′

y

1 x

1

(ii)

Figure 4.21

a con tradiction. Therefore a

′

+ b and a

′

+ b

0 are noncomparable and ( a

′

+ b )( a

′

+ b

0

) = c

′

.

Since L excludes L

13 and L

15

, it follo ws as in the pro of of Lemma 4.35 that the a

′

, c

′

, b

and b

0 generate L

7

. Th us a

′

+ b < b + b

0

, and as a

′

≻ a

′

b , w e can only ha v e a

′

b

0

< a

′

b .

By Lemma 4.6 N ( a

′

+ b

0

/a

′

, x

1

) and a

′

+ b

0

/a

′

↘ b

0

/a

′

b

0 imply N ( b

0

/a

′

b, x

1

). Hence

a

′

b

0

+ x

1

= b

0

+ x

1

, and together with a

′

b

0 and x

1

≤ z this implies b

0

≤ b

0

+ x

1

=

a

′

b

0

+ x

1

≤ z . It follo ws that a

′

+ b < b + b

0

≤ z , whic h is a con tradiction.

No w supp ose that N ( c

′

/a

′

b

0

, x

1

). Since w e are also assuming that L excludes L

14

,

w e can dualize the ab o v e argumen t to again obtain a con tradiction. Th us y

1

= a

′

x

1

.

W e complete the pro of b y sho wing that a

′

, c

′

, b and x

1 generate L

9

(Figure 4.21 (ii)).

Clearly a

′

≥ a

′

x

1

= y

1 implies a

′

b ≥ y

1 b = y

1

. In fact w e m ust ha v e a

′

b > y

1

, since

a

′

b = y

1

= a

′

x

1

< x

1 w ould imply x

1

≥ b b y the dual of Lemma 4.34 (i), a con tradiction.

Also a

′

( a

′

b + x

1

) = a

′

b < a

′

b + x

1

, since a

′

≻ a

′

b , and no w the dual of Lemma 4.34 (i)

implies a

′

b + x

1

≥ b . Hence a

′

b + x

1

= b + x

1

= z . Finally a

′

+ b/c

′

↘ b/a

′

b , N ( b/a

′

b, x

1

)

and Lemma 4.6 imply N ( a

′

+ b/c

′

, x

1

), whence a

′

x

1

= ( a

′

+ b ) x

1

. □

The sequence L n

6

. The next theorem is in preparation to pro ving the result due to

Rose [ 84 ] that L n +1

6 is the only join irreducible co v er of L n

6

. A quotien t c/a of a lattice is

an L n

6

-quotien t if for some b, b

0

, . . . , b

n

∈ L the set { a, c, b, b

0

, . . . , b

n

} generates a sublattice

of L isomorphic to L n

6

, with c/a as critical quotien t (Figure 2.2). In this case w e shall

write L n

6

( c/a, b, b

0

, . . . , b

n

).

Theorem 4.37 (Rose [ 84 ]). Let L b e a sub directly irreducible lattice, and assume that

the v ariet y { L }

V

con tains none of the lattices M

3

, L

1

, . . . , L

5

, L

7

, . . . , L

15

. Supp ose further

that, for some k ∈ ω , c/a is an L k

6

-quotien t of L . Then

(i) if L do es not ha v e an y L k +1

6

-quotien ts, then c/a is a critical quotien t of L and

L/ con ( a, c ) has no L k

6

-quotien ts.

(ii) if L is finite and L

∼

= L k

6

, then c/a is an L k +1

6

-quotien t.

Pr oof. (i) By Theorem 4.1 { L }

V

is semidistributiv e, and b y Theorem 4.8 L has a unique

critical quotien t, whic h w e denote b y x/y . Cho ose b, b

0

, . . . , b

k so that L k

( c/a, b, b

0

, . . . , b

k

) a c

′

a

′ z

b b

0 c

b

k

Figure 4.22

holds. W e will pro v e sev eral statemen ts, the last of whic h sho ws that x/y = c/a . The first

three are self-eviden t.

(A) An y non trivial sub quotien t c

′

/a

′

of c/a is an L k

6

-quotien t.

(B) Supp ose that for some a

′

, c

′

, z ∈ L w e ha v e N ( c

′

/a

′

, z ) with a ≤ a

′

z < a

′

+ z ≤ c .

Then L k +1

6

( c

′

/a

′

, z , b, b

0

, . . . , b

k

) holds (see Figure 4.22).

(C) Supp ose that for some z ∈ L w e ha v e N ( a + b

i

/ab

i

, z ) ( i ∈ { 0 , . . . , k } ) . Then

L i +1

6

( c/a, b, b

0

, . . . , b

i

, z ) holds, and similarly if N ( a + b/ab, z ) then w e ha v e L

0

6

( c/a, b, z ) .

(D) F or an y quotien ts u/v and p/q in L , if u/v ↗ p/q ↘ c/a , then u/v ↘ uc/v a ↗ c/a ,

and all four transp ositions are bijectiv e.

By Lemma 4.5 the lattice generated b y q , c, b is a homomorphic image of the lattice in

Figure 4.23 (i). The p en tagon N ( r /d, b ) is con tained in a + b/ab , whence it follo ws that

L k

6

( r /d, b, b

0

, . . . , b

k

). F rom this w e infer that r /d is distributiv e, for otherwise r /d w ould

con tain a p en tagon N ( c

′

/a

′

, b

′

) (b y semidistributivit y L excludes M

3

), and w e w ould ha v e

L k +1

6

( c

′

/a

′

, b

′

, b, b

0

, . . . , b

k

) .

Hence the transp osition r /s ↘ e/d is bijectiv e. By Lemma 4.6, the transp ositions p/q ↘

r /s and e/d ↘ c/a are also bijectiv e, and w e consequen tly ha v e p/q ↘

β c/a .

Again b y Lemma 4.5, the lattice generated b y q , u, b is a homomorphic image of the

lattice in Figure 4.23 (ii). Note that ab ≤ bq < b ≤ a + b , whence N ( b/bq , b

0

). Since

v + b/d

′

↘ b/bq , it follo ws b y still another application of Lemma 4.5 that the lattice

generated b y d

′

, b and b

0 is a homomorphic image of the lattice in Figure 4.23 (iii) and

b y Lemma 4.12 the transp osition v + b/d

′

↘ r

′′

/s

′′

is bijectiv e. Put t = r

′

( b + b

0

) to

obtain N ( t/s

′′

, b ) and therefore L k

6

( t/s, b, b

0

, . . . , b

k

). This implies that t/s

′′

is distributiv e,

and so is r

′

/d

′

, since the t w o quotien ts are isomorphic. The transp osition e

′

/d

′

↗ r

′

/s

′

is therefore bijectiv e, and the bijectivit y of u/v ↗ e

′

/d

′

and r

′

/s

′

↗ p/q follo ws from

Lemma 4.12. Consequen tly u/v ↗

β p/q . No w semidistributivit y (Lemma 4.4) implies

u/v ↘ uc/v a ↗ c/a . By dualit y , these t w o transp ositions m ust also b e bijectiv e.

(E) If c/a pro jects w eakly on to a quotien t u/v , then u/v ↘ uc

′

/v a

′

↗ c

′

/a

′

for some

sub quotien t c

′

/a

′

of c/a

Assume that c/a = x

0

/y

0

∼

w x

1

/y

1

∼

w

. . . ∼

w x

n

/y

n

= u/v , where the transp ositions

alternate up and do wn. W e use induction on n . The cases n = 0 , 1 are trivial, so b y

dualit y w e ma y assume that c/cy

1

↗ x

1

/y

1

⊇ y

1

+ x

2

/y

1

↘ x

2

/y

2

. Since c/cy

1 is also b

bq c

a e s q r p

a + b

d

(i) b

bq u

v e

′

s

′ q r

′ p

v + b

d

′

(ii) t r

′

b

0 b s

′′ d

′ r

′′ v + b b + b

0

bq

(iii)

Figure 4.23

a L k

6

-quotien t w e can apply (D) to conclude that the first transp ose m ust b e bijectiv e.

Hence y

1

+ x

2

/y

1 transp oses bijectiv ely on to a sub quotien t c

′

/a

′

of c/a ( a

′

= cy

1

). A

second application of (D) giv es c

′

/a

′

↘ c

′

x

2

/a

′

y

2

↗ x

2

/y

2

, pro ving the case n = 2, while

for n > 2 the sequence can no w b e shortened b y one step. The result follo ws b y induction.

(F) x/y = c/a .

Since x/y is critical and prime, c/a pro jects w eakly on to x/y . By (E) x/y pro jects

on to a sub quotien t c

′

/a

′

of c/a and since x/y is the only critical quotien t of L , w e m ust

ha v e x/y = c

′

/a

′

. If x < c , then the h yp othesis of part (i) (of the theorem) is satisfied

with a replaced b y x , and w e infer that x/y is a subin terv al of c/x , whic h is imp ossible.

Hence x = c , and similarly y = a , whic h also sho ws that c/a is the only L k

6

-quotien t of L .

T o complete the pro of of part (i), supp ose L = L/ con ( a, c ) con tains an L k

6

-quotien t,

i.e. for some u, v , d, d

0

, . . . , d

k

∈ L w e ha v e L k

6

( u / v , d , d

0

, . . . , d

k

) in L . If c = u in L ,

then u = c > a > v and L k

6

( u/v , d, d

0

, . . . , d

k

), whic h w ould con tradict the fact that c/a

is the only L k

6

-quotien t of L . Th us c ≠ u and, similarly , a ≠ u and c, a ≠ v . If a = d ,

then w e m ust ha v e N ( u/v , a ) in L . But b y Corollary 4.7 this w ould imply N ( c/a, a ),

whic h is imp ossible. So a ≠ d and, more generally , c, a /∈ { d, d

0

, . . . , d

k

} . Since con ( a, c )

iden tifies only a and c , w e infer that L k

6

( u/v , d, d

0

, . . . , d

k

) in L with u/v ≠ c/a , and this

con tradiction concludes part (i).

F or the pro of of part (ii), w e will use the concept of an isolated quotien t and all

its implications (Lemmas 4.33 – 4.36). Let c

′

/a

′

b e an isolated quotien t of L suc h that

c/a ⊆ c

′

/a

′

.

(G) Supp ose that for some b ∈ L w e ha v e N ( c

′

/a

′

, b ) with a

′

b ≺ a

′

, c

′

≺ a

′

+ b and

a

′

b ≺ b ≺ a

′

+ b . Then

(1) a

′

+ b/a

′

b = c

′

/a

′

∪ { a

′

b, b, a

′

+ b } ;

(2) a

′

+ b/a

′

b is an isolated quotien t of L .

Assume (1) fails. Then there exists x ∈ L suc h that x ∈ a

′

+ b/a

′

b but x /∈ c

′

/a

′

∪

{ a

′

b, b, a

′

+ b } . Since a

′

b < x < a

′

+ b and a

′

b ≺ b ≺ a

′

+ b , it follo ws that b and x

are noncomparable and xb = a

′

b , x + b = a

′

+ b . F urthermore, as c

′

/a

′

is isolated, x is

noncomparable with a

′

and c

′

, whence a

′

+ x = a

′

+ b . This, ho w ev er, con tradicts the

semidistributivit y of L , since a

′

+ b ≠ a

′

+ xb = a

′

. Therefore (1) holds.

T o pro v e (2), it suffices to sho w that

(3) a

′

is join irreducible and c

′

is meet irreducible;

(4) b is b oth join and meet irreducible;

(5) x ∈ L and a

′

+ b = x + b > x imply x ∈ c

′

/a

′

;

(6) y ∈ L and a

′

+ b = a

′

+ y > y imply y = b ;

(7) x ∈ L and a

′

b = xb < x imply x ∈ c

′

/a

′

;

(8) y ∈ L and a

′

b = a

′

y < y imply y = b .

(3) and (4) follo w from Lemmas 4.35 and 4.36 and their duals resp ectiv ely . Supp ose

a

′

+ b = x + b > x . Then x ≤ c

′

b y Lemma 4.34 (ii) and, since x + b ≠ b , w e ha v e

x ≰ c

′

b = a

′

b . No w x ≮ a

′

, b ecause a

′

b is the only dual co v er of a

′

. Since c

′

/a

′

is isolated,

this implies x ∈ c

′

/a

′

, whence (5) holds. If a

′

+ b = a

′

+ y , then Lemma 4.34 (i) implies that

y ≤ b , and from the join irreducibilit y of b w e infer y = b , thereb y pro ving (6). Finally ,

(7) and (8) are the duals of (5) and (6).

(H) If L k

6

( c/a, b, b

0

, . . . , b

k

) , then the elemen ts b, b

0

, . . . , b

k

∈ L can b e c hosen suc h that

a + b/ab = c/a ∪ { ab, b, a + b } ,

a + b

0

/ab

0

= a + b/ab ∪ { ab

0

, b

0

, a + b

0

} ,

a + b

i

/ab

i

= a + b

i − 1

/ab

i − 1

∪ { ab

i

, b

i

, a + b

i

} for i ∈ { 1 , 2 , . . . , k } ,

and all these quotien ts are isolated.

By Lemma 4.35 and its dual, the quotien t c/a is isolated. Cho ose x ∈ L with c ≺

x ≤ a + b . Since L excludes L

7

, Lemma 4.33 (i), (ii) and (G) ab o v e imply the existence

of b

′

∈ L with N ( c/a, b

′

) and a + b

′

= x , suc h that this sublattice is an in terv al in L

and is isolated. Since a is join irreducible and a ≺ ab

′

, w e infer that ab

′

≥ ab . Th us

ab ≤ ab

′

≺ b

′

≺ x ≤ a + b , whence it follo ws that L k

6

( c/a, b

′

, b

0

, . . . , b

k

). So w e ma y replace

b b y b

′

, and con tin uing in this w a y w e pro v e (H).

Since c/a is a prime L k

6

-quotien t of L , (H) implies that w e can find b, b

0

, . . . , b

k in L

suc h that the sublattice generated b y c/a and these b ’s is an in terv al of L . Since L

∼

= L k

6

,

there exists u ∈ L with u ≻ a + b

k or u ≺ ab = k and from Lemma 4.33 (i) or its dual

w e obtain b

′

∈ L suc h that N ( a + b

k

/ab

k

, b

′

), whic h implies L k +1

6

( c/a, b, b

0

, . . . , b

k

, z ) as

required. □

After m uc h tec hnical detail w e can finally pro v e:

Theorem 4.38 (Rose [ 84 ]). L n +1

6 is the only join irreducible co v er of L n

6

.

Pr oof. Supp ose to the con trary that for some natural n um b er n , the v ariet y L n

6

= { L n

6

}

V

has a join irreducible co v er V ≠ L n +1

6

. Cho ose n as small as p ossible. Since V has finite

heigh t in Λ, it is completely join irreducible, so it follo ws from Theorem 2.5 that V = { L }

V

for some finitely generated sub directly irreducible lattice L . Note that L n

6

∈ { L }

V

Using the results of Section 2.3 one can c hec k that L n

6 is a splitting lattice, and since

it also satisfies Whitman’s condition (W), Theorem 2.19 implies that L n

6 is pro jectiv e in

L . By Lemma 2.10 L n

6 is a sublattice of L , so for some a, c, b, b

0

, . . . , b

n

∈ L w e ha v e

L n

6

( c/a, b, b

0

, . . . , b

n

). By Theorem 4.37 (i) c/a is critical, and L/ con ( a, c ) has no L n

6

-

quotien ts. Again, since L n

is sub directly irreducible and pro jectiv e, Lemma 2.10 implies that L n

6 is not a mem b er of the v ariet y generated b y L/ con ( a, c ). This, together with the

minimalit y of n implies that, for n = 0, L/ con ( a, c ) is a mem b er of N and, for n > 0,

L/ con ( a, c ) is in L n

1

6

. By Lemma 4.15 L is finite and, since L

∼

= L n

6

, it follo ws from

Theorem 4.38 (ii) that L includes L n +1

6

. This con tradiction completes the pro of. □

By a similar approac h Rose [ 84 ] pro v es that L n +1

i is the only join irreducible co v er

of L n

i for i = 7 and 9 (the cases i = 8 and 10 follo w b y dualit y). A sligh t complication

arises due to the fact that L n

7 and L n

9 are not pro jectiv e for n ≥ 1, since the presence of

doubly reducible elemen ts implies that (W) fails in these lattices. As a result the final

step requires an inductiv e argumen t. F or the details w e refer the reader to the original

pap er of Rose [ 84 ].

F urther results ab out nonmo dular v arieties. The v ariet y M

3

+ N is the only join re-

ducible co v er of N (and M

3

), and its co v ers ha v e b een in v estigated b y Ruc k elshausen [ 78 ].

His results sho w that the v arieties V

1

, . . . , V

8 generated b y the lattices V

1

, . . . , V

8 in Fig-

ure 2.4 are the only join irreducible co v ers of M

3

+ N that are generated b y a planar

lattice of finite length.

The tec hniques used in the preceding in v estigations mak e extensiv e use of Theorem 4.8,

and are therefore unsuitable for the study of v arieties ab o v e L

11 or L

12

. Rose [ 84 ] sho w ed

that L

12 has at least t w o join irreducible co v ers, generated b y the t w o sub directly ir-

reducible lattices L

1

12 and G resp ectiv ely , (see Figure 4.24, dual considerations apply to

L

11

).

Using metho ds dev elop ed b y F reese and Nation [ 83 ] for the study of co v ers in free

lattices, Nation [ 85 ] pro v es that these are the only join irreducible co v ers of L

12

, and that

ab o v e eac h of these is exactly one co v ering sequence of join irreducible v arieties L n

12 and

G n

= { G n

} (Figure 4.24).

By a result of Rose [ 84 ], an y semidistributiv e lattice whic h fails to b e b ounded con-

tains a sublattice isomorphic to L

11 or L

12

(see remark after Theorem 4.10). Th us it is

in teresting to note that the lattices L n

12 and G n

are again splitting lattices.

In Nation [ 86 ] similar tec hniques are used to find a complete list of co v ering v arieties

of L

1

(and L

2 b y dualit y). The ten join irreducible co v ers are generated b y the sub directly

irreducible lattices L

16

, . . . , L

25 in Figure 4.25.

L

2

12

L

1

12

G

2

G

1

Figure 4.24

L

16

L

17

L

18

L

19

L

20

L

21

L

22

L

23

L

24

L

25

Figure 4.25

Chapter 5

Equational Bases

5.1 In tro duction

An e quational b asis for a v ariet y V of algebras is a collection E of iden tities suc h that

V = Mo d E . An in teresting problem in the study of v arieties is that of finding equational

bases. Of course the set Id V of all iden tities satisfied b y mem b ers of V is alw a ys a basis,

but this set is generally highly redundan t, so w e are in terested in finding prop er (p ossibly

minimal) equational basis for V . In particular w e w ould lik e to kno w under what conditions

V has a finite equational basis.

It migh t seem reasonable to conjecture that ev ery finitely generated v ariet y is finitely

based, but this is not the case in general. Lyndon [ 54 ] constructed a sev en-elemen t al-

gebra with one binary op eration whic h generates a nonfinitely based v ariet y , and later a

four-elemen t and three-elemen t example w ere found b y Vi ˇ sin [ 63 ] and Murski ˘ ı [ 65 ] resp ec-

tiv ely . On the other hand Lyndon [ 51 ] pro v ed that an y t w o elemen t algebra with finitely

man y op erations do es generate a finitely based v ariet y . The same is true for finite groups

(Oates and P o w ell [ 64 ]), finite lattices (ev en with finitely man y additional op erations,

McKenzie [ 70 ]), finite rings (Kruse [ 77 ], Lv o v [ 77 ]) and v arious other finite algebras.

Shortly after McKenzie’s result, Bak er disco v ered that an y finitely generated congru-

ence distributiv e v ariet y is finitely based. Actually his result is somewhat more general

and moreo v er, the pro of is constructiv e, meaning that for a particular finitely generated

congruence distributiv e v ariet y one can follo w the pro of to obtain a finite basis. Ho w ev er

the pro of, whic h only app eared in its final v ersion in Bak er [ 77 ], is fairly complicated and

sev eral nonconstructiv e shortcuts ha v e b een published (see Herrmann [ 73 ], Makk ai [ 73 ],

T a ylor [ 78 ] and also Burris and Sank appana v ar [ 81 ]). The pro of that is presen ted in this

c hapter is due to J´ onsson [ 79 ] and is a further generalization of Bak er’s theorem.

In con trast to these results on finitely based lattice v arieties, McKenzie [ 70 ] giv es an

example of a lattice v ariet y that is not finitely based. Another example b y Bak er [ 69 ], con-

structed from lattices corresp onding to pro jectiv e planes, sho ws that there is a nonfinitely

based mo dular v ariet y .

Clearly an equational basis for the meet (in tersection) of t w o v arieties is giv en b y the

union of equational bases for the t w o v arieties, whic h implies that the meet of t w o finitely

based v arieties is alw a ys finitely based. An in teresting question is whether the same is

true for the join of t w o finitely based v arieties. This is not the case, as w as indep enden tly

disco v ered b y J´ onsson [ 74 ] and Bak er. The example giv en in Bak er [ 77’ ] is included in this c hapter and actually sho ws that ev en with the requiremen t of mo dularit y the ab o v e

question has a negativ e answ er. In J´ onsson’s pap er, ho w ev er, w e find sufficien t conditions

for a p ositiv e answ er and these ideas are generalized further b y Lee [ 85’ ]. One consequence

is that the join of the v ariet y M of all mo dular lattices and the smallest nonmo dular v ariet y

N is finitely based. This v ariet y , denoted b y M

+

(= M + N ), is a co v er of M , and an

equational basis for M

+

consisting of just eigh t iden tities is presen ted in J´ onsson [ 77 ].

Recen tly J´ onsson sho w ed that the join of t w o finitely based mo dular v arieties is finitely

based whenev er one of them is generated b y a lattice of finite length. A generalization

of this result and further extensions to the case where one of the v arieties is nonmo dular

app ear in Kang [ 87 ].

Although Bak er’s theorem allo ws one to construct, in principle, finite equational bases

for an y finitely generated lattice v ariet y , the resulting basis is usually to o large to b e of

an y practical use. In Section 5.4 w e giv e some examples of finitely based v arieties for

whic h reasonably small equational bases ha v e b een found. These include the v arieties M

n

( n ∈ ω , from J´ onsson [ 68 ]), N (McKenzie [ 72 ]) and the v ariet y M

+

referred to ab o v e.

5.2 Bak er’s Finite Basis Theorem

Some results from mo del theory . A class K of algebras is an elementary class if it is

the class of all algebras whic h satisfy some set S of first-order sen tences (i.e. K = Mo d S ),

and K is said to b e strictly elementary if S ma y b e tak en to b e finite or, equiv alen tly ,

if K is determined b y a single first-order sen tence (the conjunction of the finitely man y

sen tences in S ).

(These concepts from mo del theory are applicable to an y class of mo dels of some giv en

first-order language. Here w e assume this to b e the language of the algebras in K . F or a

general treatmen t consult Chang and Keisler [ 73 ] or Burris and Sank appana v ar [ 81 ].)

The problem of finding a finite equational basis is a particular case of the follo wing

more general question: When is an elemen tary class strictly elemen tary?

Recall the definition of an ultrapro duct from Section 1.3. The nonconstructiv e short-

cuts to Bak er’s finite basis theorem mak e use of the follo wing w ell-kno wn result ab out

ultrapro ducts:

Theorem 5.1 ( Ł os[ 55 ]). Let A =

∏

i ∈ I

A

i and supp ose ϕ

U is the congruence induced

b y some ultrafilter U o v er the index set I . Then, for an y first-order sen tence σ , the

ultrapro duct A/ϕ

U satisfies σ if and only if the set { i ∈ I : A

i satisfies σ } is in U .

In particular this theorem sho ws that elemen tary classes are closed under ultrapro d-

ucts. But it also has man y other consequences. F or example w e can deduce the follo wing

t w o imp ortan t results:

Theorem 5.2 (F ra yne, Morel and Scott [ 62 ], Ko c hen [ 61 ]). An elemen tary class K

of algebras is strictly elemen tary if and only if the complemen t of K is closed under

ultrapro ducts. The complemen t can b e tak en relativ e to an y strictly elemen tary class

con taining K .

Pr oof. Supp ose B is an elemen tary class that con tains K . If K is strictly elemen tary , then

mem b ership in K can b e describ ed b y a first-order sen tence. By the preceding theorem the negation of this sen tence is preserv ed b y ultrapro ducts, so an y ultrapro duct of mem b ers

in B − K m ust again b e in B − K .

Con v ersely , supp ose K is elemen tary and is con tained in a strictly elemen tary class B .

Assuming that B − K is closed under ultrapro ducts, let S b e the set of all sen tences that

hold in ev ery mem b er of K , and let I b e the collection of all finite subsets of S . Since B

is strictly elemen tary , B = Mo d S

0 for some S

0

∈ I .

If K is not strictly elemen tary then, for eac h i ∈ I , there m ust exist an algebra A

i not

in K suc h that A

i satisfies ev ery sen tence in the finite set i ∪ S

0

. Note that this implies

A

i

∈ B − K . W e construct an ultrapro duct A/ϕ

U

∈ K as follo ws:

Let A =

∏

i ∈ I

A

i and, for eac h i ∈ I define J

i

= { j ∈ I : j ⊇ i } . Then J

i

≠ ∅ and

J

i

∩ J

k

= J

i ∪ k for all i, k ∈ I , whence F = { J ⊆ I : J

i

⊆ J for some i } is a prop er filter

o v er I , and b y Zorn’s Lemma F can b e extended to an ultrafilter U . W e claim that A/ϕ

U

satisfies ev ery sen tence in S . This follo ws from Theorem 5.1 and the observ ation that for

eac h σ ∈ S ,

{ j ∈ I : A

j satisfies σ } ⊇ J

{ σ }

∈ U .

Since K is an elemen tary class, w e ha v e A/ϕ

U

∈ K . But the A

i are all mem b ers of B − K ,

so this con tradicts the assumption that B − K is closed under ultrapro ducts. Therefore K

m ust b e strictly elemen tary . □

Theorem 5.3 Let K b e an elemen tary class, and supp ose S is some set of sen tences suc h

that K = Mo d S . If K is strictly elemen tary , then K = Mo d S

0 for some finite set of

sen tences S

0

⊆ S .

Pr oof. Supp ose to the con trary that for ev ery finite subset S

0 of S , Mo d S

0 prop erly

con tains K . As in the pro of of the previous theorem w e can then construct an ultrapro d-

uct A/ϕ

U

∈ K of algebras A

i not in K . This, ho w ev er, con tradicts the result that the

complemen t of K is closed under ultrapro ducts. □

Ev ery iden tit y is a first-order sen tence and ev ery v ariet y is an elemen tary class, so the

second result tells us that if a v ariet y is definable b y a finite set of first-order sen tences,

then it is finitely based. The follo wing theorem, from J´ onsson [ 79 ], uses Theorem 5.2 to

giv e another sufficien t condition for a v ariet y to b e finitely based.

Theorem 5.4 Let V b e a v ariet y of algebras con tained in some strictly elemen tary class

B . If there exists an elemen tary class C suc h that B

S I is con tained in C and V ∩ C is strictly

elemen tary , then V is finitely based.

Pr oof. Supp ose V is not finitely based. Then Theorem 5.2 implies that B − V is not

closed under ultrapro ducts. Hence, for some index set I , there exist A

i

∈ B − V and an

ultrafilter U o v er I suc h that the ultrapro duct A/ϕ

U

∈ V , where A =

∏

i ∈ I

A

i

.

Eac h A

i has at least one sub directly irreducible image A

′

i not in V . On the other hand,

if w e let A

′

=

∏

i ∈ I

A

′

i then A

′

/ϕ

U

∈ V since it is a homomorphic image of A/ϕ

U

.

B need not b e closed under homomorphic images, so the A

′

i are not necessarily in

B , but A

′

/ϕ

U

∈ V ⊆ B and B strictly elemen tary imply that { i ∈ I : A

′

i

∈ B } is in

U . Therefore, restricting the ultrapro duct to this set, w e can assume that ev ery A

′

i

∈

B

S I

⊆ C and, b ecause C is an elemen tary class, it follo ws that A

′

/ϕ

U

∈ V ∩ C . This

con tradicts Theorem 5.2 since V ∩ C is strictly elemen tary (b y assumption), and A

′

/ϕ

U is

an ultrapro duct of algebras not in V ∩ C . □

Finitely based congruence distributiv e v arieties. Let V b e a congruence distributiv e

v ariet y of algebras (with finitely man y op erations). By Theorem 1.9 this is equiv alen t to

the existence of n + 1 ternary p olynomials t

0

, t

1

, . . . , t

n suc h that V satisfies the follo wing

iden tities:

t

0

( x, y , z ) = x, t

n

( x, y , z ) = z , t

i

( x, y , x ) = x

t

i

( x, x, z ) = t

i +1

( x, x, z ) for i ev en

t

i

( x, z , z ) = t

i +1

( x, z , z ) for i o dd.

In the remainder of this section w e let V

t b e the finitely based congruence distributiv e

v ariet y that satisfies these iden tities. Clearly V ⊆ V

t

.

T ranslations, b oundedness and pro jectiv e radius. The notion of w eak pro jectivit y

in lattices and its application to principal congruences can b e generalized for an arbitrary

algebra A b y considering translations of A (i.e. p olynomial functions on A with all but

one v ariable fixed in A ).

A 0-tr anslation is an y map f : A → A that is either constan t or the iden tit y map. A

1-tr anslation is a map f : A → A that is obtained from one of the basic op erations of A b y

fixing all but one v ariable in A . F or our purp oses it is con v enien t to also allo w maps that

are obtained from one of the p olynomials t

i ab o v e. Equiv alen tly w e could assume that the

t

i are among the basic op erations of the v ariet y . A k - tr anslation is an y comp osition of k

1-translations and a tr anslation is a map that is a k -translation for some k ∈ ω .

F or a, b ∈ A define the relation Γ

k

( a, b ) on A b y

( c, d ) ∈ Γ

k

( a, b ) if { c, d } = { f ( a ) , f ( b ) }

for some k -translation f of A . Let Γ( a, b ) =

⋃

k ∈ ω

Γ

k

( a, b ). This relation can b e used to

c haracterize the principal congruences of A (implicit in Mal’cev [ 54 ], see [ UA ] p.54) as

follo ws:

F or a, b ∈ A w e ha v e ( c, d ) ∈ con ( a, b ) if and only if there exists a sequence c =

e

0

, e

1

, . . . , e

m

= d in A suc h that ( e

i

, e

i +1

) ∈ Γ

k

( a, b ) for i < m .

Tw o pairs ( a, b ) , ( a

′

, b

′

) ∈ A × A are said to b e k - b ounde d if Γ

k

( a, b ) ∩ Γ

k

( a

′

, b

′

) ≠ 0

and they are b ounde d if Γ( a, b ) ∩ Γ( a

′

, b

′

) ≠ 0 . Observ e that if A has only finitely man y

op erations, then k -b oundedness can b e expressed b y a first order form ula.

The pr oje ctive r adius (2-radius in Bak er [ 77 ]) of an algebra A , written R ( A ), is the

smallest n um b er k > 0 suc h that for all a, b, a

′

, b

′

∈ A

con ( a, b ) ∩ con ( a

′

, b

′

) ≠ 0 implies Γ

k

( a, b ) ∩ Γ

k

( a

′

, b

′

) ≠ 0

(if it exists, else R ( A ) = ∞ ). F or a class K of algebras, w e let R ( K ) = sup { R ( A ) : A ∈ K } .

The next few lemmas sho w that under certain conditions a class of finitely sub directly

irreducible algebras (see Section 1.2) is elemen tary if and only if it has finite pro jectiv e

radius. These results first app eared in a more general form in Bak er [ 77 ] (using n -radii)

but w e follo w a later presen tation due to J´ onsson [ 79 ].

Lemma 5.5 If A ∈ V

t

, e

0

, e

1

, . . . , e

m

∈ A and e

0

≠ e

m

, then there exists a n um b er p < m

suc h that ( e

0

, e

m

) and ( e

p

, e

p +1

) are 1-b ounded.

Pr oof. Consider the 1-translations f

i

( x ) = t

i

( e

0

, x, e

m

), i ≤ n . Then f

0

( e

j

) = e

0 and

f

n

( e

j

) = e

m for all i ≤ m , hence there exists a smallest index q ≤ n suc h that the elemen ts f

q

( e

j

) are not all equal to e

0

. If q is o dd, then f

q

( e

0

) = f

q − 1

( e

0

) = e

0

, so w e can c ho ose

p < m suc h that c = f

q

( e

p

) = e

0

≠ f

q

( e

p +1

) = d . It follo ws that ( c, d ) ∈ Γ

1

( e

p

, e

p +1

) and

the 1-translation f ( x ) = t

q

( e

0

, e

p +1

, x ) sho ws that ( c, d ) ∈ Γ

1

( e

0

, e

m

). F or ev en q w e ha v e

f

q

( e

m

) = f

q − 1

( e

m

) = e

0

. Cho osing p < m suc h that c = f

q

( e

p

) ≠ e

0

= f

q

( e

p +1

) = d ,

w e again see that ( c, d ) ∈ Γ

1

( e

p

, e

p +1

), and no w the 1-translation g ( x ) = t

q

( e

0

, e

p

, x ) giv es

( c, d ) ∈ Γ

1

( e

0

, e

m

).

In either case ( c, d ) ∈ Γ

1

( e

0

, e

m

) ∩ Γ

1

( e

p

, e

p +1

), whic h implies that ( e

0

, e

m

) and ( e

p

, e

p +1

)

are 1-b ounded. □

Lemma 5.6 F or all A ∈ V

t and a, b, a

′

, b

′

∈ A ,

con ( a, b ) ∩ con ( a

′

, b

′

) ≠ 0 implies Γ( a, b ) ∩ Γ( a

′

, b

′

) ≠ 0 .

Pr oof. Supp ose ( c, d ) ∈ con ( a, b ) ∩ con ( a

′

, b

′

) for some c, d ∈ A , c ≠ d . Since ( c, d ) ∈

con ( a, b ), there exists (b y Mal’cev) a sequence c = e

0

, e

1

, . . . , e

m

= d in A suc h that

( e

i

, e

i +1

) ∈ Γ( a, b ) for i < m . As b efore let f

i

( x ) = t

i

( e

0

, x, e

m

), and c ho ose p < m ,

q < n suc h that c

′

= f

q

( e

p

) ≠ f

q

( e

p +1

) = d

′

. By comp osition of translations ( c

′

, d

′

) ∈

Γ( a, b ). Also ( c

′

, d

′

) ∈ con ( a

′

, b

′

), since con ( a

′

, b

′

) iden tifies e

0 with e

m and hence all

elemen ts of the form t

i

( e

0

, e

j

, e

m

) with t

i

( e

0

, e

j

, e

0

) = e

0

. Again there exists a sequence

c

′

= e

′

0

, e

′

1

, . . . , e

′

m

′

= d

′

with ( e

′

i

, e

′

i +1

) ∈ Γ( a

′

, b

′

) for i < m

′

. F rom Lemma 5.5 w e obtain an

index p < m

′

suc h that ( c

′

, d

′

) and ( e

′

p

, e

′

p +1

) are 1-b ounded and it follo ws via a comp osition

of translations that ( a, b ) and ( a

′

, b

′

) are b ounded. □

Recall from Section 1.2 that an algebra A is finitely sub directly irreducible if the

0 ∈ Con ( A ) is not the meet of finitely man y non- 0 congruences, and that V

F S I denotes

the class of all finitely sub directly irreducible mem b ers of V .

Lemma 5.7 Let C b e an elemen tary sub class of V

t

. Then R ( C

F S I

) is finite if and only if

C

F S I is elemen tary .

Pr oof. By assumption algebras in V

t ha v e only finitely man y basic op erations, so there

exists a first order form ula ϕ

k

( x, y , x

′

, y

′

) suc h that for all A ∈ V

t

, A satisfies ϕ

k

( a, b, a

′

, b

′

)

if and only if ( a, b ) and ( a

′

, b

′

) are k -b ounded. Supp ose R ( C

F S I

) = k < ∞ . Then an algebra

A ∈ C is finitely sub directly irreducible iff it satisfies the sen tence σ

k

: for all x, y , x

′

, y

′

,

x = y or x

′

= y

′

or ϕ

k

( x, y , x

′

, y

′

). Hence C

F S I is elemen tary . Con v ersely , supp ose C

F S I is

an elemen tary class. Lemma 5.6 implies that A ∈ V

t

− C

F S I iff A satisfies the negation of

σ

k for eac h k ∈ ω . So V

t

− C

F S I is also elemen tary and hence (b y Theorem 5.2) strictly

elemen tary , i.e. it is defined b y finitely man y of the ¬ σ

k

. Since ¬ σ

k +1 implies ¬ σ

k

, w e in

fact ha v e A ∈ V

t

− C

F S I iff A satisfies ¬ σ

k for just one particular k (the largest). It follo ws

that all algebras in C

F S I satisfy σ

k

, whence R ( C

F S I

) = k . □

Lemma 5.8 If R ( V

F S I

) = k < ∞ , then R ( V ) ≤ k + 2 .

Pr oof. Let R ( V

F S I

) = k < ∞ and supp ose ( c, d ) ∈ con ( a

0

, b

0

) ∩ con ( a

1

, b

1

) for some A ∈ V

and a

0

, b

0

, a

1

, b

1

, c, d ∈ A , c ≠ d . Then there exists a sub directly irreducible epimorphic

image A

′

of A with c

′

≠ d

′

and hence a

′

0

≠ b

′

0 and a

′

1

≠ b

′

1

(primes denote images in

A

′

). By assumption ( a

′

0

, b

′

0

) and ( a

′

1

, b

′

1

) are k -b ounded, i.e. for some distinct u, v ∈ A

′

,

( u, v ) ∈ Γ

k

( a

′

0

, b

′

0

) ∩ Γ

k

( a

′

1

, b

′

1

). F or i = 0 , 1 c ho ose u

i

, v

i

∈ A suc h that ( u

i

, v

i

) ∈ Γ

k

( a

i

, b

i

)

and u

′

i

= u , v

′

i

= v . Suc h elemen ts exist since if f

′

is a k -translation in A

′

with f

′

( a

′

i

) = u and f

′

( b

′

i

) = v , then w e can construct a corresp onding k -translation f in A b y replacing

eac h fixed elemen t of A

′

b y one of its preimages in A and w e let u

i

= f ( a

i

) and v

i

= f ( b

i

).

No w c ho ose j < n suc h that u

∗

= t

j

( u

0

, u

1

, v

0

) ≠ t

j

( u

0

, v

1

, v

0

) = v

∗

. This is p ossible since

in A

′

, t

j

( u, u, v ) and t

j

( u, v , v ) m ust b e distinct for some j < n , else

u = t

0

( u, u, v ) = t

1

( u, u, v ) = t

1

( u, v , v ) = t

2

( u, v , v ) = . . . = t

n

( u, v , v ) = v .

The 1-translations t

j

( u

0

, x, v

0

), t

j

( u

0

, u

1

, x ) and t

j

( u

0

, v

1

, x ) no w sho w that ( u

∗

, v

∗

) ∈

Γ

1

( u

1

, v

1

) and ( u

∗

, u

0

) , ( u

0

, v

∗

) ∈ Γ

1

( u

0

, v

0

). Lemma 5.5 applied to the sequence u

∗

, u

0

, v

∗

implies that either ( u

∗

, v

∗

) and ( u

∗

, u

0

) are 1-b ounded or ( u

∗

, v

∗

) and ( u

0

, v

∗

) are 1-

b ounded. In either case ( u

0

, v

0

) and ( u

1

, v

1

) are 2-b ounded and therefore ( a

0

, b

0

) and

( a

1

, b

1

) are ( k + 2)-b ounded. □

With the help of these four lemmas and Theorem 5.4, w e can no w pro v e the follo wing

result:

Theorem 5.9 (J´ onsson [ 79 ]). If V is a congruence distributiv e v ariet y of algebras and

V

F S I is strictly elemen tary , then V is finitely based.

Pr oof. By Lemma 5.7 R ( V

F S I

) = k for some k ∈ ω , and b y the ab o v e Lemma R ( V ) =

k + 2. Let B b e the class of all A ∈ V

t with R ( A ) ≤ k + 2. Since the condition R ( A ) ≤ k + 2

can b e expressed b y a first-order form ula, and since V

t is strictly elemen tary , so is B .

Clearly R ( B

F S I

) ≤ k + 2, hence Lemma 5.7 implies that B

F S I is elemen tary . By assumption

V ∩ B

F S I

= V

F S I is strictly elemen tary , so applying Theorem 5.4 with C = B

F S I

, w e conclude

that V is finitely based. □

Assuming that V is a finitely generated congruence distributiv e v ariet y , Corollary 1.7

implies that up to isomorphism V

F S I is a finite set of finite algebras. Since suc h a collection

is alw a ys strictly elemen tary , one obtains Bak er’s result from the preceding theorem:

Theorem 5.10 (Bak er [ 77 ]). If V is a finitely generated congruence distributiv e v ariet y

of algebras then V is finitely based.

5.3 Joins of finitely based v arieties

In this section w e first giv e an example whic h sho ws that the join of t w o finitely based

mo dular v arieties need not b e finitely based.

Lemma 5.11 (Bak er [ 77’ ]). There exist finitely based mo dular v arieties V and V

′

suc h

that the complemen t of V + V

′

is not closed under ultrapro ducts.

Pr oof. Let M b e the mo dular lattice of Figure 5.1 (i) and let N ( M ) b e the class of

all lattices that do not con tain a subset order-isomorphic to M regarded as a partially

ordered set). By Lemma 3.10 (ii) M /∈ N ( M ), so there exists an iden tit y ε ∈ Id N ( M )

that do es not hold in M . Let V b e the v ariet y of mo dular lattices that satisfy ε (i.e.

V = Mo d { ε, ε

m

} , where ε

m is the mo dular iden tit y) and let V

′

b e the v ariet y of all the

dual lattices of mem b ers in V . Since the mo dular v ariet y is self-dual, V

′

is defined b y ε

m

and the dual iden tit y ε

′

of ε . Hence V and V

′

are b oth finitely based.

Let K

n b e the lattice of Figure 5.1 (ii).

(i)

M

.

.

.

.

.

.

.

.

.

d c b a

(ii) F

n

Figure 5.1

W e claim that, for eac h n ∈ ω , K

n

/ ∈ V + V

′

. Note that K

n is sub directly irreducible

(in fact simple), and since K

n con tains a cop y of M and its dual as sublattices, b oth ε

and ε

′

fail in K

n

. Hence K

n

/ ∈ V ∪ V

′

, and the claim follo ws from Theorem 2.3 (i).

No w let K =

∏

n ∈ ω

K

n and c ho ose an y nonprincipal ultrafilter U o v er ω . W e sho w

that the ultrapro duct K = K /ϕ

U is in V + V

′

. Notice that an order-isomorphic cop y

of M is situated only at the b ottom of eac h K

n

. This fact can b e expressed as a first-

order sen tence and, b y Theorem 5.1, also holds in K . Similarly , the dual of M can only

b e situated at the top of K . The lo cal structure of the middle p ortion of K

n can also

b e describ ed b y a first order sen tence, whence K lo oks lik e an infinite v ersion of K

n

.

In terpreting Figure 5.1 (ii) as a diagram of K , w e see that M is not order-isomorphic to

an y subset of K / con ( c, d ) since con ( c, d ) collapses the only cop y of M in K . Consequen tly

K / con ( c, d ) ∈ V and b y a dual argumen t K / con ( a, b ) ∈ V

′

. Observ e that K is not a

simple lattice since principal congruences can only iden tify quotien ts reac hable b y finite

sequences of transp ositions (Theorem 1.11). In fact con ( a, b ) ∩ con ( c, d ) = 0 , and hence

K can b e em b edded in K / con ( a, b ) × K / con ( c, d ). Therefore K ∈ V + V

′

. □

T ogether with Theorem 5.2 and Theorem 5.3, the ab o v e lemma implies:

Theorem 5.12 (Bak er [ 77’ ]). The join of t w o finitely based (mo dular) v arieties need not

b e finitely based.

In view of this theorem it is natural to lo ok for sufficien t conditions under whic h the

join of t w o finitely based v arieties is finitely based. In what follo ws, w e shall assume that

V

c is a congruence distributiv e v ariet y , and that V and V

′

are t w o sub v arieties defined

relativ e to V

c b y the iden tities p = q and p

′

= q

′

resp ectiv ely .

By an elemen tary result of lattice theory , an y finite set of lattice iden tities is equiv alen t

to a single iden tit y (relativ e to the class of all lattices, [ GL T ] p.28). Moreo v er Bak er [ 74 ] sho w ed that this result extends to congruence distributiv e v arieties in general. Conse-

quen tly , the ab o v e condition on the v arieties V and V

′

is equiv alen t to them b eing finitely

based relativ e to V

c

. The next t w o lemmas are due to J´ onsson [ 74 ], though the second

one has b een generalized to congruence distributiv e v arieties.

If p is an n -ary p olynomial function (= w ord or term with at most n v ariables) on

an algebra A and u

1

, . . . , u

n

∈ A then w e will abbreviate p ( u

1

, . . . , u

n

) b y p ( u ), u ∈ A ω

,

thereb y assuming that only the first n comp onen ts of u are used to ev aluate p .

Lemma 5.13 An algebra A ∈ V

c b elongs to V + V

′

if and only if for all u, v ∈ A ω

( ∗ ) con ( p ( u ) , q ( u )) ∩ con ( p

′

( v ) , q

′

( v )) = 0 .

Pr oof. Let θ =

∑

{ con ( p ( u ) , q ( u )) : u ∈ A ω

} and θ

′

=

∑

{ con ( p

′

( u ) , q

′

( u )) : u ∈ A ω

} .

By the (infinite) distributivit y of Con ( A ) w e ha v e that ( ∗ ) holds if and only if θ ∩ θ

′

= 0 .

This in turn is equiv alen t to A b eing a sub direct pro duct of A/θ and A/θ

′

. Since A/θ ∈ V

and A/θ

′

∈ V

′

, it follo ws that A ∈ V + V

′

. On the other hand J´ onsson’s Lemma implies

that an y A ∈ V + V

′

can b e written as a sub direct pro duct of t w o algebras A/ϕ and A/ϕ

′

.

Notice that θ and θ

′

ab o v e are the smallest congruences on A for whic h A/θ ∈ V and

A/θ

′

∈ V

′

, hence θ ⊆ ϕ and θ

′

⊆ ϕ

′

. Since ϕ ∩ ϕ

′

= 0 w e conclude that θ ∩ θ

′

= 0 . □

Recall the notion of k -b oundedness defined in the previous section. It is an elemen tary

prop ert y , so w e can construct a first-order sen tence σ

k suc h that an algebra A ∈ V

c satisfies

σ

k if and only if for u, v ∈ A ω

( p ( u ) , q ( u )) and ( p

′

( v ) , q

′

( v )) are not k -b ounded.

Lemma 5.14 V + V

′

is finitely based relativ e to V

c if and only if the follo wing prop ert y

holds for some p ositiv e in teger n :

P( n ): F or an y A ∈ V

c

, if A satisfies σ

n

, then A satisfies σ

k for all k > 1 .

Pr oof. Firstly , w e claim that, relativ e to V

c

, the v ariet y V + V

′

is defined b y the set of

sen tences S = { σ

1

, σ

2

, σ

3

, . . . } . Indeed, b y Lemma 5.6 w e ha v e that

con ( p ( u ) , q ( u )) ∩ con ( p

′

( v ) , q

′

( v )) = 0

if and only if

Γ

k

( p ( u ) , q ( u )) ∩ Γ

k

( p

′

( v ) , q

′

( v )) = 0

for all k > 0. Hence b y Lemma 5.13 an algebra A ∈ V

c b elongs to V + V

′

if and only if A

satisfies σ

k for all k > 0. W e can no w mak e use of Theorem 5.3 to conclude that V + V

′

will ha v e a finite basis relativ e to V

c if and only if it is defined, relativ e to V

c

, b y a finite

subset of S , or equiv alen tly b y a single sen tence σ

k

, since σ

k implies σ

m for all m < k . If

P( n ) holds, then clearly V + V

′

is defined relativ e to V

c b y the sen tence σ

n

. On the other

hand, if P( n ) fails, then there m ust exist an algebra A ∈ V

c suc h that A satisfies σ

n but

fails σ

m for some m > n . If this is true for an y p ositiv e in teger n , then V + V

′

cannot b e

finitely based relativ e to V

c

. □

Although P( n ) c haracterizes all those pairs of finitely based congruence distributiv e

sub v arieties whose join is finitely based, it is not a prop ert y that is easily v erified. F or-

tunately , for lattice v arieties, k -b oundedness can b e expressed in terms of w eak pro jec-

tivities. More precisely , if w e exclude the use of the p olynomials t

i in the definition of a

k -translation then a k -translation from one quotien t of a lattice to another is nothing else

but a sequence of k w eak transp ositions. Tw o quotien ts a/b and a

′

/b

′

are then said to b e k -b ounded if they b oth pro ject w eakly on to some non trivial quotien t c/d in less than

or equal to k steps. F urthermore, if p = q is a lattice iden tit y then w e can assume that

the inclusion p ≤ q holds in an y lattice (if not, replace p = q b y the equiv alen t iden tit y

pq = p + q ) and the sen tence σ

k can b e rephrased as:

L ∈ V

c satisfies σ

k if and only if, for all u, v ∈ L ω

, the quotien ts q ( u ) /p ( u ) and

q

′

( v ) /p

′

( v ) do not b oth pro ject w eakly on to a common non trivial quotien t in k (or less)

steps.

The follo wing is a sligh tly sharp ened v ersion (for lattices) of Lemma 5.8.

Lemma 5.15 Let L b e a homomorphic image of L and let x/y b e a prime quotien t in L .

F or an y quotien t a/b of L , if a / b pro jects w eakly on to x / y in n steps, then a/b pro jects

w eakly on to x/y in n + 1 steps if n > 0 , and in t w o steps if n = 0 .

Pr oof. Supp ose a / b pro jects on to x / y in 0 steps, i.e. a = x and b = y . Then

a/b ↗

w a + y /b + y ↘

w

( a + y ) x/ ( b + y ) x = x/y

and a/b ↘

w ax/bx ↗

w ax + y /bx + y = x/y ,

since y ≤ ( b + y ) x < ( a + y ) x ≤ x and y ≤ bx + y < ax + y ≤ x . No w supp ose that a / b

pro jects w eakly on to x / y in n > 0 steps. Since the other cases can b e treated similarly ,

w e ma y assume that a / b ↗

w a

1

/ b

1

↘

w

. . . ↘

w a

n − 1

/ b

n − 1

↗

w x / y for some b

i

, a

i

∈ L ,

i = 1 , . . . , n − 1. In this case b ≤ b

1 implies that there exists b

′

1

∈ L with b

′

1

= b

1 and

b ≤ b

′

1

. Letting a

′

1

= b

′

1

+ a w e ha v e a

′

1

= a

1 and a/b ↗

w a

′

1

/b

′

1

. Next, there exists a

′

2

∈ L

suc h that a

′

2

= a

2 and a

′

2

≤ a

′

1

. Letting b

′

2

= a

′

2 b

′

1 w e ha v e b

′

2

= b

2 and a

′

1

/b

′

1

↘

w a

′

2

/b

′

2

.

Rep eating this pro cess w e get

a/b ↗

w a

′

1

/b

′

1

↘

w a

′

2

/b

′

2

↗

w

. . . ↘

w a

′

n − 1

/b

′

n − 1

↗

w x

′

/y

′

,

where x

′

= x and y

′

= y . By the first argumen t x

′

/y

′

↗

w x

′

+ x/y

′

+ x ↘

w x/y , so a/b

pro jects w eakly on to x/y in n + 2 steps. One of the steps ( x

′

/y

′

) can still b e eliminated,

hence the result follo ws. □

Giv en a v ariet y V , w e denote b y ( V ) n

the v ariet y that is defined b y the iden tities

of V whic h ha v e n or less v ariables for some p ositiv e in teger n . Clearly V ⊆ ( V ) n

and

F

V

( m ) = F

( V ) n ( m ) for an y m ≤ n . Another nice consequence of this definition is the

follo wing lemma, whic h app ears in J´ onsson [ 74 ].

Lemma 5.16 If F

V

( n ) and F

V

′ ( n ) are finite for some lattice v arieties V and V

′

, then

( V + V

′

) n

is finitely based.

Pr oof. In general, if F

V

( n ) is finite, then ( V ) n

is finitely based. No w F

V + V

′ ( n ) is a

sub direct pro duct of the t w o finite lattices F

V

( n ) and F

V

′ ( n ), hence finite, and so the

result follo ws. □

W e can no w giv e sufficien t conditions for the join of t w o finitely based lattice v arieties

to b e finitely based. This result app eared in Lee [ 85’ ] and is a generalization of a result

of J´ onsson [ 74 ].

Theorem 5.17 If V and V

′

are finitely based lattice v arieties with V ∩ V

′

= W and

R ( W

S I

) = r < ∞ and if F

V

( r + 3) and F

V

′ ( r + 3) are finite, then V + V

′

is finitely based.

· · ·

· · ·

b

k − r − 2

a

k − r − 1 b

k − r

a

k − r +1 b

k − 1

a

k

Figure 5.2

Pr oof. W e can assume that V and V

′

are defined b y the iden tities p = q and p

′

= q

′

resp ectiv ely , relativ e to the v ariet y of all lattices, and that the inequalities p ≤ q and

p

′

≤ q

′

hold in an y lattice. Let K and K

′

b e the classes of ( r + 3)-generated sub directly

irreducible lattices in V and V

′

resp ectiv ely , and define h = max ( R ( K ) , R ( K )). W e only

consider h > 0 since if h = 0, then V , V

′

⊆ D , the v ariet y of distributiv e lattices, in

whic h case the theorem holds trivially . Let V

c

= ( V + V

′

) r +3

, then V

c is finitely based b y

Lemma 5.16. If w e can sho w that the condition P( n ) in Lemma 5.14 holds for some n ,

then V + V

′

will b e finitely based relativ e to V

c and hence relativ e to the v ariet y of all

lattices.

So let L ∈ V

c and supp ose that for some u, u

′

∈ L ω

the quotien ts q ( u ) /p ( u ) and

q

′

( u

′

) /p

′

( u

′

) are b ounded, that is they pro ject w eakly on to a common quotien t c/d of L

in m and m

′

steps resp ectiv ely . Prop ert y P( n ) demands that m, m

′

≤ n for some fixed

in teger n . T ak e n = max (2 h + 5 , h + r + 5) and assume that u, u

′

, c, d ha v e b een c hosen

so as to minimize the n um b er m + m

′

. W e will sho w that if m > n then there is another

c hoice for u, u

′

, c, d suc h that the corresp onding com bined n um b er of steps in the w eak

pro jectivities is strictly less than m + m

′

. This con tradiction, together with the same

argumen t for m

′

, pro v es the theorem.

By assumption q ( u ) /p ( u ) = a

0

/b

0

∼

w a

1

/b

1

∼

w

. . . ∼

w a

m

/b

m

= c/d for some

quotien ts a

i

/b

i in L whic h transp ose w eakly alternatingly up and do wn on to a

i +1

/b

i +1

( i = 0 , 1 , . . . , m − 1). Since m > max (2 h + 5 , h + r + 5), w e can alw a ys find an in teger

k suc h that max( h + 2 , r + 2) < k < m − h − 2. Consider the r + 3 quotien ts up to and

including a

k

/b

k in the ab o v e sequence. Since the other cases can b e treated similarly , w e

ma y assume that

a

k − r − 2

/b

k − r − 2

↗

w a

k − r − 1

/b

k − r − 1

↘

w

. . . ↗

w a

k

/b

k

.

Let L

0 b e the sublattice of L generated b y the r + 3 elemen ts

a

k − r − 2

, b

k − r − 1

, a

k − r

, . . . , a

k − 1

, b

k

.

Notice that L

0

∈ V + V

′

, and L

0 is a finite lattice b ecause F

V + V

′ ( r + 3) = F

V

c

( r + 3) is a

sub direct pro duct of F

V

( r + 3) and F

V

′ ( r + 3), and is therefore finite. a

k

/b

k

(= a

k − 1

+ b

k

/b

k

)

can b e divided in to (finitely man y) prime quotien ts in L

0 and at least one of these prime

quotien ts, sa y x/y , m ust pro ject w eakly on to a non trivial sub quotien t of c/d . Let L

0 b e

the unique sub directly irreducible quotien t lattice of L in whic h x / y is a critical quotien t.

Then L

0

∈ V + V

′

, and hence Theorem 2.3 (i) implies L

0

∈ V ∪ V

′

. W e examine eac h of

the three cases that arise:

Case 1 : L

0

∈ V and L

0

/ ∈ V

′

. Since L

0

/ ∈ V

′

, there exists v ∈ L

0 ω

suc h that p

′

( v ) <

q

′

( v ). L

0

∈ V implies R ( L

0

) ≤ h . Also p

′

( v ) = p

′

( v ) and q

′

( v ) = q

′

( v ) . So b y Lemma 5.15

q

′

( v ) /p

′

( v ) pro jects w eakly on to x/y in h + 1 steps. No w q ( u ) /p ( u ) pro jects w eakly on to

c/d in k steps, hence on to x/y in k + 1 steps. But h + 1 + k + 1 < m ≤ m + m

′

, so this

con tradicts the minimalit y of m + m

′

.

Case 2 : L

0

/ ∈ V and L

0

∈ V

′

. Since L

0

/ ∈ V , p ( v ) < q ( v ) for some v ∈ L

0 ω

. As ab o v e,

since L

0

∈ V

′

, R ( L

0

) ≤ h , and hence q ( v ) /p ( v ) pro jects w eakly on to x/y in h + 1 steps

and from there on to a non trivial sub quotien t c

′

/d

′

of c/d in m − k steps. By the c hoice of

k w e ha v e h + 1 + m − k < m − 1. Also q

′

( u

′

) /p

′

( u

′

) pro jects w eakly on to c/d in m

′

+ 1

steps so again w e get a con tradiction.

Case 3 : L

0

∈ V ∩ V

′

= W . First supp ose that r > 0, hence W ≠ D . R ( W

S I

) = r implies

a

k − r − 2

/ b

k − r − 2 pro jects w eakly on to x / y in r steps, so b y Lemma 5.15 a

k − r − 2

/b

k − r − 2

pro jects w eakly on to x/y in r + 1 steps. No w either

a

k − r − 2

/b

k − r − 2

↘

w a

′

k − r − 1

/b

′

k − r − 1

↗

w

. . . ↘

w a

′

k − 2

/b

′

k − 2

↗

w x/y or

a

k − r − 2

/b

k − r − 2

↗

w a

′

k − r − 1

/b

′

k − r − 1

↘

w

. . . ↗

w a

′

k − 2

/b

′

k − 2

↘

w x/y

for some quotien ts a

′

k − r − 1

/b

′

k − r − 1

, . . . , a

′

k − 2

/b

′

k − 2 in L . Since

a

k − r − 3

/b

k − r − 3

↘

w a

k − r − 2

/b

k − r − 2 and a

k

/b

k

↘

w a

k +1

/b

k +1

,

w e ha v e that q ( u ) /p ( u ) pro jects w eakly on to x/y in k − 2 steps and hence on to a non trivial

sub quotien t c

′

/d

′

of c/d in m − 2 steps. As b efore q ( u

′

) /p ( u

′

) pro jects w eakly on to c

′

/d

′

in m

′

+ 1 steps whic h again con tradicts the minimalit y of m + m

′

.

No w supp ose that r = 1, whic h implies W = D and L

0

= 2 . Hence in L

0 w e ha v e

a

k − 2

/b

k − 2

↗ a

k − 2

+ y /b

k − 2

+ y ↘ x/y and

a

k − 2

/b

k − 2

↘ a

k − 2 x/b

k − 2 x ↗ x/y .

It follo ws that w e can shorten the sequence of w eak pro jectivities from q ( u ) /p ( u ) on to a

non trivial sub quotien t c

′

/d

′

of c/d to m − 2 steps. Again q

′

( u

′

) /p

′

( u

′

) pro jects w eakly on to

c

′

/d

′

in m

′

+ 1 steps, giving rise to another con tradiction. This concludes the pro of. □

W e end this section with a theorem that summarizes some conditions under whic h the

join of t w o finitely based v arieties is kno wn to b e finitely based. P arts (i) and (ii) are from

Lee [ 85’ ], and they follo ws easily from the preceding theorem. P art (iii) is due to J´ onsson

and the remaining results are from Kang [ 87 ].

Theorem 5.18 Let V and V

′

b e t w o finitely based lattice v arieties. If one of the follo wing

conditions holds then V + V

′

is finitely based:

(i) V is mo dular and V

′

is generated b y a finite lattice that excludes M

3

.

(ii) V and V

′

are lo cally finite and R ( V ∩ V

′

) is finite.

(iii) V and V

′

are mo dular and V

′

is generated b y a lattice of finite length.

(iv) V is mo dular and V

′

is generated b y a lattice with finite pro jectiv e radius.

(v) V ∩ V

′

= D , the distributiv e v ariet y .

Lee [ 85’ ] also sho w ed that an y almost distributiv e (see Section 4.3) sub directly irre-

ducible lattice has a pro jectiv e radius of at most 3. Since an y almost distributiv e v ariet y

is lo cally finite, it follo ws from Theorem 5.17 that the join of t w o finitely based almost

distributiv e v arieties is again finitely based.

5.4 Equational Bases for some V arieties

A v ariet y V is usually sp ecified in one of t w o w a ys: either b y a set E of iden tities that

determine V (i.e. V = Mo d E ) or b y a class K of algebras that generate V (i.e. V = K

V

).

In the first case E is of course an equational basis for V , so here w e are in terested in the

second case.

A lattice inclusion or inequalit y of the form p ≤ q will also b e referred to as a lattice

iden tit y , since it is equiv alen t to the iden tit y p = pq .

Theorem 3.32 sho ws that the v ariet y M

ω

, generated b y all lattices of length 2, has an

equational basis consisting of one iden tit y ε : x

0

( x

1

+ x

2 x

3

)( x

2

+ x

3

) ≤ x

1

+ x

0 x

2

+ x

0 x

3

.

J´ onsson [ 68 ] observ ed that if one adds to this the iden tit y

ε

n

: x

0

∏

1 ≤ i,j ≤ n

( x

i

+ x

j

) ≤

∑

1 ≤ i ≤ n x

0 x

i

then one obtains an equational basis for M

n

= { M

n

}

V

(3 ≤ n ∈ ω ). T o see this, note that

ε

n holds in a lattice of length 2 whenev er t w o of the v ariables x

0

, x

1

, . . . , x

n are assigned

to the same elemen t or one of them is assigned to 0 or 1, but fails when they are assigned

to n + 1 distinct atoms. Therefore ε

n holds in M

n and fails in M

n +1

.

F or M

3 this basis ma y b e simplified ev en further b y observing that ε

3 implies ε , hence

M

3

= Mo d { x

0

( x

1

+ x

2

)( x

2

+ x

3

)( x

3

+ x

1

) ≤ x

0 x

1

+ x

0 x

2

+ x

0 x

3

. }

An equational basis for N w as found b y McKenzie [ 72 ]. It is giv en b y the iden tities

η

1

: x ( y + u )( y + v ) ≤ x ( y + uv ) + xu + xv

η

2

: x ( y + u ( x + v )) = x ( y + ux ) + x ( xy + uv )

McKenzie sho ws that η

1 and η

2 hold in an y lattice of width ≤ 2, whence N ⊆ Mo d { η

1

, η

2

} ,

and then pro v es b y direct computation that an y iden tit y whic h holds in N is implied b y

η

1 and η

2

. In view of Theorem 4.19 the second part ma y no w also b e v erified b y c hec king

that either η

1 or η

2 fail in eac h of the lattices M

3

, L

1

, L

2

, . . . , L

15

(see Figure 2.2).

Theorem 5.17 implies that the v ariet y M

+

= M + N is finitely based ( M is the v ariet y

of all mo dular lattices). Note that since N is the only nonmo dular v ariet y that co v ers

the distributiv e v ariet y , M

+

is the unique co v er of M . J´ onsson [ 77 ] deriv es the follo wing

equational basis for M

+

consisting of 8 iden tities:

(i) (( x + c ) y + z )( x + z + a ) = ( x + a ) y + z

(ii) ( x + c ) y ≤ x + ( y + a ) c

(iii) (( t + x ) y + a ) c = (( ct + x ) y + a ) c + (( bt + x ) y + a ) c

5.4. EQUA TIONAL BASES F OR SOME V ARIETIES 127

(iv) (( ct + x ) y + a ) c = ((( ct + x ) c + a + xy ) y + a ) c

(v) (( bt + x ) y + a ) c = (( bt + a ) c + xy )(( b + x ) y + a ) c

and the duals of (iii), (iv) and (v), where a = pq + pr , b = q and c = p ( q + r q ).

(Note that (ii) is the iden tit y (AD

·

) whic h forms part of the equational basis for the

v ariet y of all almost distributiv e lattices in Section 4.3.)

V arieties generated b y lattices of b ounded length or width. Let V m

n b e the lattice

v ariet y generated b y all lattices of length at most m and width at most n (1 ≤ m, n ≤ ∞ )

and recall from Section 3.4 the v arieties M m

n whic h are defined similarly for mo dular

lattices. F or m, n < ∞ all these v arieties are finitely generated, hence finitely based

(Theorem 5.10), and it w ould b e in teresting to find a finite equational basis for eac h of

them. Apart from sev eral trivial cases, and the case M

2

n

= M

n

, not m uc h is kno wn ab out

these v arieties.

Nelson [ 68 ] sho w ed that V

∞

2

= N (= V n

2 for n ≥ 3). With the help of Theorem 4.19,

this follo ws from the observ ation that eac h of the lattices M

3

, L

1

, L

2

, . . . , L

15 has width

≥ 3.

Bak er [ 77 ] pro v es that V

∞

4 and M

∞

5 are not finitely based, and the same holds for

V

∞

n

, M

∞

n n ≥ 5. The pro ofs are similar to the pro of of Lemma 5.11.

As men tioned at the end of Chapter 3 M

∞

3

= M

3

, and b y a result of F reese [ 77 ] M

∞

4

is finitely based. Whether V

∞

is finitely based is apparen tly still an unresolv ed question.

Chapter 6

Amalgamation in Lattice

V arieties

6.1 In tro duction

The w ord amalgamation generally refers to a pro cess of com bining or merging certain

structures whic h ha v e something in common, to form a larger or more complicated struc-

ture whic h incorp orates all the individual features of its substructures. In the study of

v arieties, amalgamation, of course, has a v ery sp ecific meaning, whic h is defined in the

follo wing section. This leads to the form ulation of the amalgamation prop ert y , whic h has

b een of in terest for quite some time in sev eral related areas of mathematics suc h as the

theory of field extensions, univ ersal algebra, mo del theory and category theory .

Amalgamations of groups w ere originally considered b y Sc hreier [ 27 ] in the form of

free pro ducts with amalgamated subgroup. Implicit in his w ork, and in the subsequen t

in v estigations of B. H. Neumann [ 54 ] and H. Neumann [ 67 ], is the result that the v ariet y

of all groups has the amalgamation prop ert y . The first definition of this prop ert y in a

univ ersal algebra setting can b e found in F ra ¨ ıss ´ e [ 54 ]. The strong amalgamation prop ert y

app ears in J´ onsson [ 56 ] and [ 60 ] among a list of prop erties used for the construction

of univ ersal (and homogeneous) mo dels of v arious first order theories, including lattice

theory . One of the results in the [ 56 ] pap er is that the v ariet y L of all lattices has the

strong amalgamation prop ert y . In teresting applications of the amalgamation prop ert y to

free pro ducts of algebras can b e found in J´ onsson [ 61 ], Gr¨ atzer and Lakser [ 71 ] and [ GL T ].

The prop ert y also pla ys a role in the theory of algebraic field extensions (J´ onsson [ 62 ])

and can b e related to the solv abilit y of algebraic equations (Hule [ 76 ],[ 78 ],[ 79 ]).

Ho w ev er, it so on b ecame clear that not man y of the b etter kno wn v arieties of algebras

satisfy the amalgamation prop ert y . Coun terexamples sho wing that it fails in the v ariet y

of all semigroups are giv en in Kim ura [ 57 ] and Ho wie [ 62 ], and these can b e used to

construct coun terexamples for the v ariet y of all rings. As far as lattice v arieties are con-

cerned, it follo ws from Pierce [ 68 ] that the v ariet y of all distributiv e lattices do es ha v e the

amalgamation prop ert y , but Gr¨ atzer, J´ onsson and Lakser [ 73 ] sho w ed that this w as not

true for an y nondistributiv e mo dular sub v ariet y . Finally Da y and Je žek [ 84 ] completed

the picture for lattice v arieties, b y sho wing that the amalgamation prop ert y fails in ev-

ery nondistributiv e prop er sub v ariet y of L . A comprehensiv e surv ey of the amalgamation

C D

B A f

g

f

′

g

′

A, B , C , D ∈ K

Figure 6.1

prop ert y and related concepts for a wide range of algebras can b e found in Kiss, M´ arki,

Pr¨ ohle and Tholen [ 83 ].

Because of all the negativ e results, in v estigations in this field are no w fo cusing on the

amalgamation class Amal( K ) of all amalgamation bases of K , whic h w as first defined in

Gr¨ atzer and Lakser [ 71 ]. A syn tactic c haracterization, and some general facts ab out the

structure of Amal( K ), K an elemen tary class, app ear in Y asuhara [ 74 ]. Bergman [ 85 ]

giv es sufficien t conditions for a mem b er of a residually small v ariet y V of algebras to b e

an amalgamation base of V , and J´ onsson [ 90 ] sho w ed that for finitely generated lattice

v arieties these conditions are also necessary and, moreo v er, that it is effectiv ely decidable

whether or not a finite lattice is a mem b er of the amalgamation class of suc h a v ariet y . In

Section 6.3 w e presen t some of Bergman’s results, and a generalization of J´ onsson’s results

to residually small congruence distributiv e v arieties whose mem b ers ha v e one-elemen t

subalgebras (due to Jipsen and Rose [ 89 ]).

In Gr¨ atzer, J´ onsson and Lakser [ 73 ] it is sho wn that the t w o-elemen t c hain do es not

b elong to the amalgamation class of an y finitely generated nondistributiv e lattice v ariet y ,

and that the amalgamation class of the v ariet y of all mo dular lattices do es not con tain an y

non trivial distributiv e lattice. On the other hand Berman [ 81 ] constructed a nonmo dular

v ariet y V suc h that the t w o-elemen t c hain is a mem b er of Amal( V ).

Lastly , whenev er the amalgamation prop ert y fails in some v ariet y V , then Amal( V )

is a prop er sub class of V , and it w ould b e of in terest to kno w what kind of class w e are

dealing with. In particular, is Amal( V ) an elemen tary class (i.e. can mem b ership b e

c haracterized b y some collection of first order sen tences)? Using results of Alb ert and

Burris [ 88 ], Bergman [ 89 ] sho w ed that the amalgamation class of an y finitely generated

nondistributiv e mo dular v ariet y is not elemen tary . In con trast Bruyns, Naturman and

Rose [ a ] sho w that for the v ariet y generated b y the p en tagon, the amalgamation class is

elemen tary , and is in fact determined b y Horn sen tences.

6.2 Preliminaries

The amalgamation class of a v ariet y . By a diagr am in a class K of algebras w e mean

a quin tuple ( A, f , B , g , C ) with A, B , C ∈ K and f : A → B , g : A → C em b eddings. An

amalgamation in K of suc h a diagram is a triple ( f

′

, g

′

, D ) with D ∈ V and f

′

: B → D ,

g

′

: C → D em b eddings suc h that f

′

f = g

′

g (see Figure 6.1).

A str ong amalgamation is an amalgamation with the additional prop ert y that

f

′

( B ) ∩ g

′

( C ) = f

′

f ( A ) .

An algebra A ∈ K is called an amalgamation b ase for K if ev ery diagram ( A, f , B , g , C ) can

b e amalgamated in K . The class of all amalgamation bases for K is called the amalgamation

class of K , and is denoted b y A mal ( K ). K is said to ha v e the (str ong) amalgamation

pr op erty if ev ery diagram can b e (strongly) amalgamated in K . W e are in terested mainly

in the case where K is a v ariet y .

Some general results ab out Amal( V ). W e summarize b elo w some results, the first of

whic h is due to Gr¨ atzer, J´ onsson and Lakser [ 73 ] and the others are from Y asuhara [ 74 ].

Theorem 6.1 Let V b e a v ariet y of algebras.

(i) If f : A → A

′

∈ Amal ( V ) , and for ev ery g : A → C , f and g can b e amalgamated in

V , then A ∈ Amal ( V ) .

(ii) Ev ery A

′

∈ V can b e em b edded in some A ∈ Amal ( V ) , with | A | ≤ | A

′

| + ω .

(iii) Amal( V ) is a prop er class.

(iv) The complemen t of Amal( V ) is closed under reduced p o w ers.

(v) If A × A

′

∈ Amal ( V ) , and if A

′

has a one elemen t subalgebra, then A ∈ Amal ( V ) .

In general w e kno w v ery little ab out the mem b ers of Amal( V ). T ak e for example

V = M , the v ariet y of all mo dular lattices: as y et nob o dy has b een able to construct a

non trivial amalgamation base for M . In fact, w e do not ev en kno w whether Amal( M )

has an y finite mem b ers except the trivial lattices. As w e shall see b elo w, the situation is

somewhat b etter if w e restrict ourselv es to residually small v arieties (defined b elo w).

Essen tial extensions and absolute retracts. An extension B of an algebra A is said to

b e essential if ev ery non trivial congruence on B restricts to a non trivial congruence on A .

An em b edding f : A → B is an essential emb e dding if B is an essen tial extension of f ( A ).

Notice that if A is ( a, b )-irreducible (i.e. con(a,b) is the smallest non trivial congruence on

A ) and f : A → B is an essen tial em b edding, then B is ( f ( a ) , f ( b ))-irreducible.

Lemma 6.2 If h : A → B is an y em b edding, then there exists a congruence θ on B suc h

that h follo w ed b y the canonical epimorphism from B on to B /θ is an essen tial em b edding

of A in to B /θ .

Pr oof. By Zorn’s Lemma w e can c ho ose θ to b e maximal with resp ect to not iden tifying

an y t w o mem b ers of h ( A ). □

An algebra A in a v ariet y V is an absolute r etr act of V if, for ev ery em b edding f :

A → B with B ∈ V , there exists an epimorphism (retraction) g : B → → A suc h that the

comp osite g f is the iden tit y map on A .

Theorem 6.3 (Bergman [ 85 ]). Ev ery absolute retract of a v ariet y V is an amalgamation

base of V .

Pr oof. Supp ose A is an absolute retract of V and let ( A, f , B , g , C ) b e a diagram in V .

Then there exist epimorphisms h and k suc h that f h = id

A

= k g . T o amalgamate the

diagram, w e tak e D = B × C and define f

′

: B → D b y f

′

( b ) = ( b, g h ( b )) and g

′

: C → D

b y g

′

( c ) = ( f k ( c ) , c ), then f

′

f ( a ) = ( f ( a ) , g ( a )) = g

′

g ( a ) for all a ∈ A . □

Recall that V

S I denotes the class of all sub directly irreducible algebras of V and consider

the follo wing t w o sub classes (referred to as the class of all maximal irr e ducibles and all

we akly maximal irr e ducibles resp ectiv ely):

V

M I

= { M ∈ V

S I

: M has no prop er extension in V

S I

}

V

W M I

= { M ∈ V

S I

: M has no prop er essen tial extension in V

S I

} .

Clearly V

M I

⊆ V

W M I

.

Lemma 6.4 M ∈ V

W M I if and only if M ∈ V

S I and M is an absolute retract in V .

Pr oof. Let M ∈ V

W M I and supp ose f : M → B ∈ V is an em b edding. By Lemma 6.2,

f induces an essen tial em b edding f

′

: M → B /θ for some θ ∈ Con ( B ). Since M has

no prop er essen tial extensions, f

′

m ust b e an isomorphism, so the canonical epimorphism

from B to B /θ follo w ed b y the in v erse of f

′

is the required retraction. The con v erse

follo ws from the observ ation that an absolute retract of V cannot ha v e a prop er essen tial

extension in V . □

Theorem 6.3 together with Lemma 6.4 implies that V

W M I

⊆ Amal ( V ). Observ e also

that if V is a finitely generated congruence distributiv e v ariet y , then V

S I is a finite set of

finite algebras (Corollary 1.7), and so w e can determine the mem b ers of V

M I b y insp ection.

Residually small v arieties. A v ariet y V is said to b e r esidual ly smal l if the sub directly

irreducible mem b ers of V form, up to isomorphism, a set, or equiv alen tly , if there exists an

upp er b ound on the cardinalit y of the sub directly irreducible mem b ers of V . F or example,

an y finitely generated congruence distributiv e v ariet y is residually small.

Theorem 6.5 (T a ylor [ 72 ]). If V is a residually small v ariet y , then ev ery mem b er of V

S I

has an essen tial extension in V

W M I

.

Pr oof. The union of a c hain of essen tial extensions is again an essen tial extension, so

w e can apply Zorn’s Lemma to the set V

S I

(ordered b y essen tial inclusion) to obtain its

maximal elemen ts. Clearly these are all the elemen ts of V

W M I

. □

In fact T a ylor [ 72 ] also pro v ed the con v erse of the ab o v e theorem, but w e w on’t mak e

use of this result. Note that if V is a finitely generated congruence distributiv e v ariet y

then ev ery mem b er of V

S I has an essen tial extension in V

M I

.

Amalgamations constructed from factors. The follo wing lemma is v alid in an y class

of algebras that is closed under pro ducts, and mak es the problem of amalgamating a

diagram somewhat more accessible.

Lemma 6.6 (Gr¨ atzer and Lakser [ 71 ]). A diagram ( A, f , B , g , C ) in a v ariet y V can b e

amalgamated if and only if for all u ≠ v ∈ B there exists a D ∈ V and homomorphisms

f

′

: B → D and g

′

: C → D suc h that f

′

f = g

′

g and f

′

( u ) ≠ f

′

( v ) , and the same holds

for C.

Pr oof. The condition is clearly necessary . T o see that it is sufficien t, w e need only

observ e that the diagram can b e amalgamated b y the pro duct of these D ’s, generated as

u and v run through all distinct pairs of B and C . □

M ∈ V

W M I

B ∈ V A f

g

h

Figure 6.2

6.3 Amal( V ) for Residually Small V arieties

Prop ert y (Q). An algebra A in a v ariet y V is said to ha v e pr op erty (Q) if for an y

em b edding f : A → B ∈ V and an y homomorphism h : A → M ∈ V

W M I there exists a

homomorphism g : B → M suc h that h = g f .

This prop ert y w as used in Gr¨ atzer and Lakser [ 71 ], Bergman [ 85 ] and J´ onsson [ 90 ] to

c haracterize amalgamation classes of certain v arieties.

Theorem 6.7 (Bergman [ 85 ]). Let V b e a residually small v ariet y . If A ∈ V has prop ert y

(Q), then A ∈ Amal ( V ) .

Pr oof. W e use Lemma 6.6. Let ( A, f , B , g , C ) b e an y diagram in V and let u ≠ v ∈ B .

Cho ose a maximal congruence θ on B suc h that θ do es not iden tify u and v . Then

B /θ ∈ V

S I and hence b y Theorem 6.5 B /θ has an essen tial extension M ∈ V

W M I

. Let

f

′

b e the canonical homomorphism B → → B /θ , but considered as a map in to M . Clearly

f

′

( u ) ≠ f

′

( v ), and since A has prop ert y (Q), the homomorphism f

′

f : A → M can b e

extended to a homomorphism g

′

: C → M suc h that f

′

f = g

′

g . W e argue similarly for

u ≠ v ∈ C , hence Lemma 6.6 implies A ∈ Amal ( V ). □

W e sho w that, for certain congruence distributiv e v arieties of algebras (including all

residually small lattice v arieties), the con v erse of the ab o v e theorem also holds. W e first

pro v e t w o simple results.

Lemma 6.8 (Jipsen and Rose [ 89 ]). Let A and B b e algebras in a congruence distributiv e

v ariet y V , a ∈ A and supp ose { a } is a subalgebra of A . Let h

a

: B → A × B b e an

em b edding suc h that h

a

( b ) = ( a, b ) for all b ∈ B . Then the pro jection π

B

: A × B → B is

the only retraction of h

a on to B .

Pr oof. Supp ose g : A × B → → B is a retraction, that is g h

a is an iden tit y map on B . By

Lemma 1.3 there exist θ ∈ Con ( A ) and ϕ ∈ Con ( B ) suc h that for ( x, y ) , ( x

′

, y

′

) ∈ A × B

( x, y ) k er g ( x

′

, y

′

) if and only if xθ x

′

and y ϕy

′

.

Since g h

a is an iden tit y map on B , ϕ m ust b e a trivial congruence on B . T o pro v e that

g = π

B it suffices to sho w that for an y a

′

∈ A w e ha v e aθ a

′

. Supp ose the con trary . First

observ e that for b, b

′

∈ B with b ≠ b

′

w e alw a ys ha v e

g ( a, b ) = b ≠ b

′

= g ( a, b

′

) .

6.3. AMAL( V ) F OR RESIDUALL Y SMALL V ARIETIES 133

No w if ( a, a

′

) /∈ θ for some a

′

∈ A , then there exist b, b

′

∈ B suc h that

g ( a, b ) = b ≠ b

′

= g ( a

′

, b ) .

Th us g ( a, b

′

) = g ( a

′

, b ) and so Lemma 1.3 implies aθ a

′

and bϕb

′

, a con tradiction. □

Counterexample. The assumption that h = h

a is a one-elemen t subalgebra em b edding

cannot b e dropp ed. Indeed, let 2 = { 0 , 1 } b e the t w o-elemen t c hain and consider a lattice

em b edding h : 2 → 2 × 2 giv en b y h (0) = (0 , 0) and h (1) = (1 , 1). Then b oth pro jections

on 2 × 2 are retractions on to 2 .

Cor ollar y 6.9 Let V b e congruence distributiv e, A, B ∈ V , and supp ose A has a one-

elemen t subalgebra { a } and B is an absolute retract in V . If k : A × B → C ∈ V is an

em b edding, then the pro jection π

B

: A × B → B can b e extended to an epimorphism of

C on to B .

Pr oof. If h

a

: B → A × B is an em b edding as in Lemma 6.8, then k h

a is an em b edding

of B in to C . Since B is an absolute retract in V there is a retraction p of C on to B . It

follo ws from Lemma 6.8 that p | A × B = π

B

. □

The c haracterization theorem. The follo wing theorem is a generalization of a result

of J´ onsson [ 90 ]. There the result w as pro v ed for finitely generated lattice v arieties.

Theorem 6.10 (Jipsen and Rose [ 89 ]). Let V b e a residually small congruence distributiv e

v ariet y , A ∈ V and supp ose A has a one-elemen t subalgebra. Then the follo wing conditions

are equiv alen t:

(i) A satisfies prop ert y (Q);

(ii) A ∈ Amal ( V ) ;

(iii) Let h : A → M ∈ V

W M I b e a homomorphism and k : A → A × M b e an em b edding

giv en b y k ( a ) = ( a, h ( a )) for all a ∈ A . If f : A → B ∈ V is an essen tial em b edding

then the diagram ( A, f , B , k , A × M ) can b e amalgamated in V .

Pr oof. (i) implies (ii) b y Theorem 6.7, and trivially (ii) implies (iii). Supp ose (iii) holds.

It follo ws from Lemma 6.2, that in order to pro v e (i), w e ma y assume that the em b edding

f : A → B is essen tial. Let h : A → M ∈ V

W M I b e an y homomorphism, and define an

em b edding k : A → A × M b y k ( a ) = ( a, h ( a )) for all a ∈ A . Notice that h = π

M k where

π

M is the pro jection from A × M on to M . By (iii) the diagram ( A, f , B , k , A × M ) has

an amalgamation ( C , f

′

, k

′

) in V . It follo ws from Corollary 6.9 that there is a retraction

p : C → M suc h that h = pk

′

k = pf

′

f (see Figure 6.3). Letting g = pf

′

w e ha v e h = g f . □

In case V is a finitely generated congruence distributiv e v ariet y , w e ha v e that eac h

M ∈ V

W M I is em b edded in some M

′

∈ V

M I

(= the set of all maximal extensions in the

finite set V

W M I

). Since mem b ers of V

W M I are absolute retracts, w e only ha v e to test

prop ert y (Q) for all homomorphisms h : A → M

′

∈ V

M I

(this is ho w prop ert y (Q) is

defined in J´ onsson [ 90 ]). If A ∈ V is a finite algebra, then A has only finitely man y

nonisomorphic essen tial extensions B ∈ V and there are only finitely man y p ossibilities

for the homomorphisms h : A → M

′

∈ V

M I

. In eac h case one can effectiv ely determine if

there exists a homomorphism g : B → M

′

suc h that g | A = h . Th us w e obtain:

M

D

B A

A × M f

k

′ k f

′

g

′

π

M

Figure 6.3

Cor ollar y 6.11 (J´ onsson [ 90 ]). Let V b e a finitely generated congruence distributiv e

v ariet y . If A ∈ V is a finite algebra with a one-elemen t subalgebra, then it is effectiv ely

decidable whether or not A ∈ Amal ( V ) .

Prop ert y (P). W e conclude this section b y stating without pro of further in teresting

results from Bergman [ 85 ] and J´ onsson [ 90 ].

F or an algebra A in a v ariet y V , w e let A

#

b e the direct pro duct of all algebras A/θ

with θ ∈ Con ( A ) and A/θ ∈ V

S I

∩ Amal ( V ), and w e let μ

A b e the canonical homomorphism

of A in to A

#

.

An algebra A in a v ariet y V is said to ha v e pr op erty (P) if μ

A is an em b edding of A

in to A

#

, and for ev ery homomorphism g : A → M ∈ V

M I there exists a homomorphism

h : A

#

→ M with hμ

A

= g .

Theorem 6.12 (Bergman [ 85 ]). F or an y finitely generated v ariet y of mo dular lattices and

A ∈ V , w e ha v e A ∈ Amal ( V ) if and only if A is congruence extensile and has prop ert y

(P).

Bergman also sho w ed that the ab o v e theorem holds for V = N , the smallest non-

mo dular v ariet y (see J´ onsson [ 90 ]), and that the rev erse implication holds for all finitely

generated lattice v arieties, but it is not kno wn whether the same is true for the forw ard

implication.

Theorem 6.13 (J´ onsson [ 90 ]). A finite lattice L ∈ N b elongs to Amal( N ) if and only if L

is a sub direct p o w er of N and L do es not ha v e the three elemen t c hain as a homomorphic

image.

It is not kno wn whether this theorem is also true for infinite mem b ers of N .

6.4 Pro ducts of absolute retracts

It is sho wn in T a ylor [ 73 ] that, in general, the pro duct of absolute retracts is not an

absolute retract ev en if V is a congruence distributiv e v ariet y . Theorem 6.14 ho w ev er sho ws

that absolute retracts are preserv ed under arbitrary pro ducts in a congruence distributiv e

v arieties, pro vided that ev ery mem b er of this v ariet y has a one-elemen t subalgebra. The

6.5. LA TTICES AND THE AMALGAMA TION PR OPER TY 135

theorem is a generalization of a result of J´ onsson [ 90 ], whic h states that if V is a finitely

generated lattice v ariet y then an y pro duct of mem b ers of V

M I is an absolute retract in V .

Theorem 6.14 (Jipsen and Rose [ 89 ]). Let V b e a congruence distributiv e v ariet y and

assume that ev ery mem b er of V has a one-elemen t subalgebra. Then ev ery direct pro duct

of absolute retracts in V is an absolute retract in V .

Pr oof. Supp ose A =

∏

i ∈ I

A

i is a direct pro duct of absolute retracts in V , and consider

an em b edding f : A → B ∈ V . F or i ∈ I , let π

i

: A → A

i b e a pro jection. By Corollary 6.9

there is a homomorphism h

i

: B → A

i suc h that π

i

= h

i f . Consider a homomorphism

h : B → A giv en b y π

i h = h

i for eac h i ∈ I . Then π

i hf = h

i f = π

i and so hf : A → A is

the iden tit y map. □

6.5 Lattices and the Amalgamation Prop ert y

Giv en the c haracterization of Amal( V ) (Theorem 6.10), some w ell kno wn results ab out

the amalgamation classes of finitely generated lattice v arieties can b e deriv ed easily .

Theorem 6.15 (Pierce [ 68 ]). The v ariet y D of all distributiv e lattices has the amalga-

mation prop ert y .

Pr oof. W e sho w that prop ert y (Q) is satisfied for an y A ∈ D . D

S I

= D

W M I

= D

M I

= { 2 } ,

so let A, B ∈ D with em b edding f : A → B and homomorphism h : A → 2 . If h ( A ) = { 0 }

or h ( A ) = { 1 } then trivially there exists g : B → 2 suc h that h = g f . On the other hand,

if h is on to, then k er h splits A in to an ideal I and a filter F , sa y . Extend f ( I ) to the

ideal I

′

= { b ∈ B : b ≤ a ∈ f ( I ) } and f ( F ) to the filter F

′

= { b ∈ B : b ≥ a ∈ f ( F ) } .

Clearly I

′

∩ F

′

= ∅ , hence b y Zorn’s Lemma and the distributivit y of B , I

′

can b e enlarged

to a maximal ideal P , whic h is also disjoin t from F

′

. Define g : B → 2 b y g ( b ) = 0 if

b ∈ P , and g ( b ) = 1 otherwise. Then one easily c hec ks that g is a homomorphism and

that h = g f . □

In fact, one can sho w more generally that if V is an y congruence distributiv e v ariet y

whic h is generated b y a finite simple algebra that has no non trivial subalgebra, then V

has the amalgamation prop ert y . This result is essen tially con tained in Da y [ 72 ].

Theorem 6.16 F or an y nondistributiv e finitely generated lattice v ariet y V w e ha v e 2 /∈

Amal ( V ) and consequen tly the amalgamation prop ert y fails in V .

Pr oof. Since V is nondistributiv e, M

3 or N is a mem b er of V . Let f b e a map that

em b eds 2 in to a prime critical quotien t of L = M

3 or L = N , dep ending on whic h lattice is

in V . Also, since eac h M ∈ V

M I is finite, w e can define the map h : 2 → M b y h (0) = 0

M

and h (1) = 1

M

. No w it is easy to see that there do es not exist a homomorphism g : L → M

suc h that h = g f (see Figure 6.4). □

Berman [ 81 ] sho w ed that there exists a lattice v ariet y V suc h that 2 ∈ Amal ( V ). In

fact Berman considers the v ariet y V = { L n

6

: n ∈ ω }

V

(see Figure 2.2) and pro v es that all

of its finitely generated sub directly irreducible mem b ers are amalgamation bases.

L has the strong amalgamation prop ert y . Next w e w ould lik e to pro v e the result

of J´ onsson [ 56 ], that the v ariet y L of all lattices has the strong amalgamation prop ert y .

Since L is not residually small, w e cannot mak e use of the results in the previous section.

2 N

M f

h

2 M

3

M f

h

Figure 6.4

W e first consider a notion w eak er than that of an amalgamation: Let L

1 and L

2 b e

t w o lattices with L

′

= L

1

∩ L

2 a sublattice of b oth L

1 and L

2

. A c ompletion of L

1 and

L

2 is a triple ( f

1

, f

2

, L

3

) suc h that L

3 is an y lattice and f

i

: L

i

→ L

3 are em b eddings

( i = 1 , 2) with f

1

| L

′

= f

2

| L

′

.

Supp ose L

1 and L

2 are mem b ers of some lattice v ariet y V , and let us denote the

inclusion map L

′

→ L

i b y j

i

( i = 1 , 2). Then clearly ( f

1

, f

2

, L

3

) is an amalgamation of

the diagram ( L

′

, j

1

, L

1

, j

2

, L

2

) in V if and only if L

3

∈ V .

Ho w to construct a completion of L

1 and L

2

? This can b e done in v arious w a ys, of

whic h w e consider t w o, namely the ideal completion and the filter completion. W e b egin

b y setting P = L

1

∪ L

2 and defining a partial order ≤

P on P as follo ws: on L

1 and L

2

,

≤

P agrees with the existing order (whic h w e denote b y ≤

1 and ≤

2 resp ectiv ely), and if

x ∈ L

i

, y ∈ L

j

( { i, j } = { 1 , 2 } ) then

x ≤

P y if and only if x ≤

i z and z ≤

j y

for some z ∈ L

1

∩ L

2

(equiv alen tly ≤

P

= ≤

1

∪ ≤

2

∪ ≤

1

∘ ≤

2

∪ ≤

2

∘ ≤

1

). It is straigh tforw ard to v erify that ≤

P is

indeed a partial order on P . Define a subset I of P to b e a ( L

1

, L

2

)- ide al of P if I satisfies

(1) x ∈ I and z ≤

P x imply z ∈ I and

(2) x, y ∈ I ∩ L

i implies x +

i y ∈ I ( i = 1 , 2) .

Let I ( L

1

, L

2

) b e the collection of all ( L

1

, L

2

)-ideals of P together with the empt y set.

I ( L

1

, L

2

) is closed under arbitrary in tersections, so it forms a complete lattice with I · J =

I ∩ J and I + J equal to the ( L

1

, L

2

)-ideal generated b y I ∪ J for an y I , J ∈ I ( L

1

, L

2

).

F or eac h x ∈ L

1

∪ L

2 the principal ideal ( x ] is in I ( L

1

, L

2

), so w e can define the maps

f

i

: L

i

→ I ( L

1

, L

2

) b y f

i

( x ) = ( x ] ( i = 1 , 2) .

Lemma 6.17 ( f

1

, f

2

, I ( L

1

, L

2

)) is a completion (the ide al c ompletion ) of L

1 and L

2

.

Pr oof. Let x, y ∈ L

i

( i = 1 or 2). Then f

i

( x +

i y ) = ( x +

i y ] ⊇ ( x ] + ( y ] since

x, y ≤

P x +

i y . On the other hand w e ha v e x, y ∈ ( x ] + ( y ] so b y (2) x +

i y ∈ ( x ] + ( y ], a

b c

Figure 6.5

hence f

i

( x +

i y ) = f

i

( x ) + f

i

( y ). Similarly f

i

( x ·

i y ) = f

i

( x ) f

i

( y ) and clearly f

1 and f

2 are

one-one, with f

1

| L = f

2

| L . □

The notion of a ( L

1

, L

2

)- filter and the filter c ompletion ( g

1

, g

2

, F ( L

1

, L

2

)) are defined

dually . As an easy consequence w e no w obtain:

Theorem 6.18 (J´ onsson [ 56 ]). L has the strong amalgamation prop ert y .

Pr oof. Let ( A, f , B , g , C ) b e a diagram in L . Since L is closed under taking isomorphic

copies, w e ma y assume that A is a sublattice of B and C , and that A = B ∩ C with f

and g as the corresp onding inclusion maps. No w I ( B , C ) ∈ L , so the ideal completion

( f

1

, f

2

, I ( B , C )) is in fact an amalgamation of the diagram. T o see that this is a strong

amalgamation w e need only observ e that if ( x ] ∈ f

1

( B ) ∩ f

2

( C ) then x ∈ A . □

Observ e that w e could not ha v e used the ab o v e approac h to pro v e the amalgamation

prop ert y for the v ariet y D , since the ideal completion of t w o distributiv e lattices need not

b e distributiv e. Indeed, let B = M

2

( a, b ) (= 2 × 2 generated b y a, b ) and C = M

2

( a, c )

with a + b = a + c and ab = ac (see Figure 6.5).

Then B ∪ C = M

3

( a, b, c ) is already a lattice, and therefore a sublattice of I ( B , C ).

Ho w ev er B ∪ C is nondistributiv e, hence I ( B , C ) /∈ D .The same holds for an y other lattice

D in whic h w e migh t try to amalgamate B and C , so it follo ws that D do es not ha v e the

strong amalgamation prop ert y .

6.6 Amalgamation in mo dular v arieties

No nondistributiv e mo dular v ariet y has the amalgamation prop ert y . In our

presen tation of this result w e follo w Gr¨ atzer, J´ onsson and Lakser [ 73 ]. W e b egin with a

tec hnical lemma.

Lemma 6.19 Let V b e a v ariet y of algebras that has the amalgamation prop ert y , and let

A, B , C , D ∈ V .

(i) If D is an extension of C , and f is an y em b edding of C in to D , then there exists an

extension E ∈ V of D and an em b edding g : D → E suc h that g | C = f .

(ii) If B is an extension of A , and α is an automorphism of A , then there exists an

extension

¯

B ∈ V of B and an automorphism ᾱ of

¯

B suc h that ᾱ | A = α

B = B

1

B

3

B

2

A = B

0

B

5

¯

B

¯

B

B

4

h

1 h

3

· · · ¯ α α = h

0 h

2 h

4

Figure 6.6

Pr oof. (i) Let j b e the inclusion map C → D and consider the diagram ( C , f , D , j , D )

whic h b y assumption has an amalgamation ( f

′

, g , E ). The result follo ws if w e iden tify D

with its isomorphic image f

′

( D ) in E . T o pro v e (ii), let B

0

= A , B

1

= B , and consider

h

0

= α as an em b edding of B

0 in to B

1

. W e no w apply part (i), with C = h

0

( B

0

) and

f = h

− 1

0 to obtain an extension B

2 of B

1 and an em b edding h

1

: B

1

→ B

2 satisfying

h

1

| h

0

( B

0

) = h

− 1

0

. Rep eating this pro cess for n = 2 , 3 , . . . w e get a sequence of extensions

of A = B

0

⊆ B

1

⊆ B

2

⊆ . . . and a sequence of em b eddings h

n

: B

n

→ B

n +1 suc h that

h

n +1

| h

n

( B

n

) = h

− 1

n

(see Figure 6.6).

W e can no w define

¯

B =

⋃

n ∈ ω

B

n and ᾱ =

⋃

n ∈ ω h

2 n

,

then clearly ᾱ is an em b edding of

¯

B in to

¯

B . T o see that ᾱ is also on to, c ho ose an y

y ∈

¯

B , then there is an n ∈ ω suc h that y ∈ B

2 n +1

. Put x = h

2 n +1

( y ), then ᾱ ( x ) =

h

2 n +2

( x ) = y , since h

2 n +2 is an extension of h

− 1

2 n +1

. Hence ᾱ is an automorphism of

¯

B ,

and b y construction ᾱ | A = α . □

Theorem 6.20 (Gr¨ atzer, J´ onsson and Lakser [ 73 ]). An y nondistributiv e sub v ariet y of

the v ariet y M of all mo dular lattices do es not ha v e the amalgamation prop ert y .

Pr oof. Let us assume to the con trary that there exists a v ariet y V suc h that D ⊂ V ⊆ M

and V has the amalgamation prop ert y . Under these assumptions w e will pro v e a n um b er of

statemen ts ab out V that will ev en tually lead to a con tradiction. The pro of do es require the

co ordinatization theorem of pro jectiv e spaces (see Section 3.2). As a simple observ ation

w e ha v e that M

3

∈ V .

Statemen t 1: Ev ery mem b er of V can b e em b edded in a simple complemen ted lattice

that also b elongs to V .

Clearly an y lattice in V can b e em b edded in to some lattice L ∈ V , whic h has a least and

a greatest elemen t, denoted b y 0

L and 1

L resp ectiv ely (e.g. w e can tak e L to b e the ideal

lattice). Giv en x ∈ L , x ≠ 0

L

, 1

L w e can em b ed the three elemen t c hain 3 = { 0 < 1 < 2 }

in to L and in to M

3

( a, b, c ) suc h that

0 → 0

L

, 1 → x, 2 → 1

L in L

0 → ab, 1 → a, 2 → a + b in M

3

( a, b, c ) .

By the amalgamation prop ert y , there exists a lattice L

1

∈ V with L as a 0,1-sublattice

(i.e. 0

L

= 0

L

1 and 1

L

= 1

L

1

) suc h that { 0

L

, x, 1

L

} is con tained in a diamond sublattice of

L

1

.

Iterating this pro cess for eac h x ∈ L , x ≠ 0

L

, 1

L w e obtain a lattice C

1

∈ V that

con tains L as a sublattice, and for eac h x ∈ L x ≠ 0

L

, 1

L there exists y , z ∈ C

1 suc h that

{ 0

L

, x, y , z , 1

L

} form a diamond sublattice. Rep eating this pro cess, w e obtain an infinite

sequence

L = C

0

⊆ C

1

⊆ C

2

⊆ . . . ⊆ C

n

⊆ . . .

of lattices in V , eac h with the same 0 and 1 as L and satisfying: for all n ∈ ω , all x ∈ C

n

, if

x ≠ 0

L

, 1

L then x b elongs to a diamond { 0

L

, x, y , z , 1

L

} in C

n +1

. Letting C

∞

=

⋃

n ∈ ω

C

n

,

w e ha v e that C

∞

∈ V , and clearly C

∞ is complemen ted. In a complemen ted lattice, a

congruence θ is determined b y the ideal 0

L

/θ , hence if θ is a non trivial congruence on C

∞

,

then xθ 0

L for some x ∈ C

∞

, x ≠ 0

L

. No w x = 1

L implies that θ collapses all of C

∞

, and

x < 1

L implies that x b elongs to a diamond { 0

L

, x, y , z , 1

L

} in C

∞

, so again θ collapses

all of C

∞

, since the diamond M

3 is simple. Hence C

∞ is a simple complemen ted lattice

in V con taining L as a sublattice.

Note that since Hall and Dilw orth [ 46 ] constructed a mo dular lattice that cannot b e

em b edded in an y complemen ted mo dular lattice, this statemen t suffices to conclude that

M do es not ha v e the amalgamation prop ert y .

Statemen t 2: F or ev ery L ∈ V there exists an infinite dimensional nondegenerate

pro jectiv e space P suc h that L can b e em b edded in L ( P ) and L ( P ) ∈ V .

W e ma y assume that L has a greatest and least elemen t, and that it con tains an infinite

c hain, for if it do es not, then w e adjoin an infinite c hain ab o v e the greatest elemen t of L

and the resulting lattice is still a mem b er of V . By Statemen t 1, L can b e em b edded in

a simple complemen ted lattice C ∈ V , and b y Theorem 3.3, C can b e 0,1-em b edded in

some mo dular geometric lattice M ∈ V . M can b e represen ted as a pro duct of mo dular

geometric lattices M

i

( i ∈ I ) whic h corresp ond to nondegenerate pro jectiv e spaces P

i

, in

the sense that M

i

∼

= L ( P

i

). Let f

i denote the em b edding of C in to M follo w ed b y the i th

pro jection. Since f

i preserv es 0 and 1, it cannot map C on to a single elemen t, hence b y

the simplicit y of C , f

i m ust b e an em b edding of C in to M

i

∼

= L ( P

i

). Also P

i is infinite

dimensional since C con tains an infinite c hain.

Statemen t 3: There exists a pro jectiv e plane Q suc h that L ( Q ) ∈ V and Q has at least

six p oin ts on eac h line,

By Statemen t 2, there exists an infinite dimensional nondegenerate pro jectiv e space P

suc h that L ( P ) b elongs to V . If ev ery line of P has at least six p oin ts, then w e can tak e Q

to b e an y pro jectiv e plane in P , and L ( Q ) ∈ V since L ( Q ) is a sublattice of L ( P ). If the

lines of P ha v e less than six p oin ts, then b y Theorem 3.5, L ( P ) is isomorphic to L ( V , F ),

where V is an infinite dimensional v ector space and F is a field with 2, 3 or 4 elemen ts.

Let K b e a finite field extension of F with | K | ≥ 5, and let W b e a three dimensional

v ector space o v er K . As in Section 3.2, L ( W , K ) determines a pro jectiv e plane Q , suc h

that L ( W , K )

∼

= L ( Q ).

Since F is em b edded in K , L ( W , K ) is a sublattice of L ( W , F ), and since V is infinite

dimensional, L ( W , F ) is isomorphic to a sublattice of L ( V , F ). It follo ws that L ( Q ) can

b e em b edded in L ( P ), and is therefore a mem b er of V . By construction, ev ery line of Q

has at least | K | + 1 ≥ 6 p oin ts.

With the help of these three statemen ts and Lemma 6.19 w e can no w pro duce the

desired con tradiction. Let Q b e the pro jectiv e plane in the last statemen t. By Statemen t

2, there exists an infinite dimensional nondegenerate pro jectiv e space P suc h that L ( P ) ∈

V and L ( Q ) is isomorphic to a sublattice of L ( P ). By the co ordinatization theorem

(see Section 3.2), there exists a v ector space V o v er a division ring D suc h that L ( P )

is isomorphic to L ( V , D ). So L ( Q ) is em b edded in L ( V , D ) ⊆ S ( V ) (= the lattice of

subgroups of the ab elian group V ), whic h implies that the arguesian iden tit y holds in

L ( Q ). This means Q can b e co ordinatized in the standard w a y b y c ho osing an y line l in

Q and t w o distinct p oin ts a

0

, a

∞ on l . The division ring structure is then defined on the

set K = l − { a

∞

} . Here w e require only the definition of the addition op eration ⊕ ([ GL T ]

p.208): Cho ose t w o distinct p oin ts p and q of Q that are collinear with a

0 but are not on

l . Giv en x, y ∈ K , let

(1) u = ( x + p )( q + a

∞

) v = ( y + q )( p + a

∞

)

(2) x ⊕ y = ( u + v ) l = ( u + v )( a

0

+ a

∞

)

The op eration ⊕ is indep enden t of the c hoice of p and q , and ( K , ⊕ , a

0

) is an ab elian

group.

An y p erm utation of the p oin ts of l induces an automorphism of the quotien t l / 0 ⊆

L ( Q ). Since l has at least six p oin ts, w e can find x, y ∈ K − { a

0

} suc h that x ⊕ y ≠ a

0

.

Let α b e an automorphism of l / 0 that k eeps a

0

, a

∞

, x, y fixed and maps x ⊕ y to a p oin t

z ≠ x ⊕ y . By Lemma 6.19 (ii) there exists an extension L of L ( Q ) suc h that α extends to

an automorphism β of L . By Statemen t 2 and the same argumen t as ab o v e, there exists

an ab elian group A and an em b edding f : L → S ( A ). W e claim that f ( x ⊕ y ) is the

subgroup of A whic h satisfies:

(3) a ∈ f ( x ⊕ y ) iff for some b ∈ f ( x ) , c ∈ f ( y ) w e ha v e

a ⊖ b, a ⊖ c ∈ f ( a

∞

) and a ⊖ b ⊖ c ∈ f ( a

0

)

(where a ⊖ b = a ⊕ ( ⊖ b ) and ⊖ b is the additiv e in v erse of b ). Indeed, let u, v b e as in (1),

and assume a ∈ f ( x ⊕ y ). Since x ⊕ y ≤ u + v , w e ha v e f ( x ⊕ y ) ⊆ f ( u + v ) = f ( u ) + f ( v )

(= { r ⊕ s : r ∈ f ( u ) , s ∈ f ( v ) } ). So there exists d ∈ A satisfying

d ∈ f ( u ) and a ⊖ d ∈ f ( v ) .

Since u ≤ x + p and v ≤ y + q , it follo ws that there exist b, c ∈ A suc h that

b ∈ f ( x ) , d ⊖ b ∈ f ( p ) and c ∈ f ( y ) , a ⊖ d ⊖ c ∈ f ( q ) .

a ⊖ b b elongs to f ( x ⊕ y ) + f ( x ) and f ( v ) + f ( p ), and since

(( x ⊕ y ) + x )( v + p ) ≤ l ( v + p ) ≤ a

∞

w e ha v e that a ⊖ b ∈ f ( a

∞

). Similarly a ⊖ c ∈ f ( a

∞

) and a ⊖ b ⊖ c ∈ f ( a

0

).

Con v ersely , assume the righ t hand side of (3) holds. Since a

0

≤ p + q , there exists

d ∈ A suc h that

d ∈ f ( p ) and a ⊖ b ⊖ c ⊖ d ∈ f ( q ) .

No w (1) implies b + c ∈ f ( u ) and a ⊖ b ⊖ c ∈ f ( v ), and from (2) w e get a ∈ f ( x ⊕ y ).

Also, in the ab o v e argumen t w e can replace f b y f

′

whic h w e define b y

f

′

( t ) = f ( β ( t )) for all t ∈ A.

Since f and f

′

agree on a

0

, a

∞

, x and y , it follo ws from (3) that

f ( x ⊕ y ) = f

′

( x ⊕ y ) = f ( z ) .

This is a con tradiction, since f is an em b edding and z ≠ x ⊕ y . □

6.7. THE D A Y – JE

ˇ

ZEK THEOREM 141

6.7 The Da y – Je žek Theorem

In this section w e will pro v e the result of Da y and Je žek [ 84 ]: if V is a lattice v ariet y that

has the amalgamation prop ert y and con tains the p en tagon N , then V m ust b e the v ariet y

L of all lattices. T ogether with the preceding result, this implies that T , D and L are the

only v arieties that ha v e the amalgamation prop ert y . The pro of mak es use of the result

that L is generated b y the class B

F of all finite b ounded lattices (see Section 2.2). P artial

results in this direction had previously b een obtained b y Berman [ 81 ], who sho w ed that

if a v ariet y has the amalgamation prop ert y and includes N , then it m ust also include L

3

,

L

6

, L

7

, L

9

, L

11 and L

15

.

The notion of A -decomp osabilit y of a finite lattice. This concept w as in tro duced b y

Sla vik [ 83 ]. Let L b e a finite lattice with L

1 and L

2 prop er sublattices of L and L = L

1

∪ L

2

.

L is said to b e A - de c omp osable by me ans of L

1 and L

2

(written L = A ( L

1

, L

2

)) if whenev er

( f

1

, f

2

, L

3

) is a completion of L

1 and L

2

, then f = f

1

∪ f

2 is an em b edding of L in to L

3

.

So in a sense A ( L

1

, L

2

) is the smallest completion of L

1 and L

2

. In particular, if w e let

j

i denote the inclusion map of L

1

∩ L

2 in to L

i

( i = 1 , 2), then A ( L

1

, L

2

) is b y definition

em b eddable in to an y amalgamation of the diagram ( L

1

∩ L

2

, j

1

, L

1

, j

2

, L

2

). Hence if V

is a v ariet y ha ving the amalgamation prop ert y , and L

1

, L

2

∈ V , then A ( L

1

, L

2

) ∈ V .

This, together with the fact that A -decomp osabilit y can b e c haracterized b y three easily

v erifiable conditions on L

1 and L

2

, mak es it a v ery useful concept.

F or an y elemen t z ∈ L w e define C ( z ) to b e the set of all co v ers of z , and C d

( z ) the

set of all dual co v ers of z .

Lemma 6.21 (Da y and Je žek [ 84 ]). Let L = L

1

∪ L

2 b e a finite lattice with L

1 and L

2

prop er sublattices of L . Then L is A -decomp osable b y means of L

1 and L

2 if and only if

L

1 and L

2 also satisfy:

(1) x ∈ L

i

, y ∈ L

j and x ≤ y imply x ≤ z ≤ y for some z ∈ L

1

∩ L

2

( { i, j } = { 1 , 2 } );

(2) z ∈ L

1

∩ L

2 implies C d

( z ) ⊆ L

1 or C d

( z ) ⊆ L

2

;

(3) z ∈ L

1

∩ L

2 implies C ( z ) ⊆ L

1 or C ( z ) ⊆ L

2

.

Pr oof. Supp ose L = A ( L

1

, L

2

) and let ( f

1

, f

2

, I ( L

1

, L

2

)) b e the ideal completion of L

1

and L

2

(see Lemma 6.17). By definition the map

f = f

1

∪ f

2

: L → I ( L

1

, L

2

) giv en b y f ( x ) = ( x ]

is a lattice em b edding. Let x ∈ L

i

, y ∈ L

j

( { i, j } = { 1 , 2 } ) and x ≤ y . Then f ( x ) =

( x ] ⊆ ( y ] = f ( y ) ,hence x ≤

P y , whic h implies that there exists a z ∈ L

1

∩ L

2 suc h that

x ≤ z ≤ y . Therefore (1) holds. Supp ose to the con trary that (2) fails. Then there

exists z ∈ L

1

∩ L

2 with dual co v ers x ∈ L

1

− L

2 and y ∈ L

2

− L

1

. Clearly z = x + y

so f ( z ) = ( z ] = ( x ] + ( y ]. But ( x ] ∪ ( y ] is already a ( L

1

, L

2

)-ideal, so w e should ha v e

( x ] ∪ ( y ] = ( x ] + ( y ]. This is a con tradiction, since ( z ] ≠ ( x ] ∪ ( y ]. Dually , the existence of

the filter completion implies that (3) holds.

Con v ersely , supp ose that (1), (2) and (3) hold, and let ( f

1

, f

2

, L

3

) b e an y completion

of L

1 and L

2

. W e m ust sho w that f = f

1

∪ f

2 is an em b edding of L in to L

3

. Firstly , x < y

implies f ( x ) < f ( y ), since if x, y ∈ L

i this follo ws from the fact that f

i is an em b edding,

and if x ∈ L − L

j

, y ∈ L

j

− L

i then b y (1) there exists a z ∈ L

1

∩ L

2 suc h that x ≤ z ≤ y .

Because x, y /∈ L

1

∩ L

2

, w e m ust ha v e x < z < y , giving f ( x ) < f ( z ) < f ( y ). This sho ws

that f is one-one and order preserving. T o see that f is in fact a homomorphism, requires

a bit more w ork.

Since f | L

i

= f

i is a homomorphism, w e only ha v e to consider x ∈ L

1

− L

2

, y ∈ L

2

− L

1

,

and sho w that f ( x + y ) = f ( x ) + f ( y ) ( f ( xy ) = f ( x ) f ( y ) follo ws b y dualit y). W e define

t w o maps μ

i

: L → L

i

( i = 1 , 2) b y μ

i

( u ) =

∑

{ v ∈ L

i

: v ≤ u } . Note that the join is tak en

in L , so

∑

∅ = 0

L

. Also, clearly μ

i is orderpreserving, and μ

i

| L

i is the iden tit y map on L

i

.

Define t w o increasing sequences of elemen ts x

n

∈ L

1

, y

n

∈ L

2 b y x

0

= x , y

0

= y and

x

n +1

= x

n

+ μ

1

( y

n

) , y

n +1

= y

n

+ μ

2

( x

n

) .

By induction one can easily see that x

n

+ y

n

= x + y and f ( x

n

) + f ( y

n

) = f ( x ) + f ( y )

for all n ∈ ω . W e sho w that for some n = k w e ha v e x

k

= x + y or y

k

= x + y , then

f ( x + y ) = f ( x

k

) + f ( y

k

) = f ( x ) + f ( y ) as required.

Supp ose x

n

, y

n

< x + y for all n . Since L is finite, this implies that there exists a k

suc h that x

k +1

= x

k and y

k +1

= y

k

, so b y definition μ

1

( y

k

) ≤ x

k and μ

2

( x

k

) ≤ y

k

. W e

alw a ys ha v e μ

1

( y

k

) ≤ y

k and μ

2

( x

k

) ≤ x

k

, hence μ

2

( x

k

) , μ

1

( y

k

) ≤ x

k y

k

. If x

k y

k

∈ L

1

then x

k y

k

≤ μ

1

( y

k

), so w e ha v e μ

1

( y

k

) = x

k y

k

∈ L

1

. Since y

k

∈ L

2

, condition (1) implies

that there exists z ∈ L

1

∩ L

2 suc h that μ

1

( y

k

) ≤ z ≤ y

k

. But then z ≤ μ

1

( y

k

), so

z = μ

1

( y

k

) = x

k y

k

∈ L

1

∩ L

2

. Similarly , if x

k y

k

∈ L

2 then w e also get x

k y

k

∈ L

1

∩ L

2

,

hence w e actually ha v e

μ

2

( x

k

) = x

k y

k

= μ

1

( y

k

) ∈ L

1

∩ L

2

.

Ho w ev er x

k

/ ∈ L

1

∩ L

2 else μ

2

( x

k

) = x

k whic h giv es y

k +1

= y

k

+ x

k

, con trary to the initial

assumption that y

n

< x + y for all n . Similarly y

k

/ ∈ L

1

∩ L

2

, so there exist co v ers u, v

of x

k y

k suc h that u ≤ x

k and v ≤ y

k

. But μ

2

( x

k

) ≺ u ≤ x

k implies u ∈ L

1

− L

2

(else

u ≤ μ

2

( x

k

)) and μ

1

( y

k

) ≺ v ≤ y

k implies v ∈ L

1

− L

2

. Since this con tradicts condition

(3), it follo ws that x

n

= x + y or y

n

= x + y for some n . □

Tw o easy consequences of the ab o v e c haracterization are:

Cor ollar y 6.22

(i) If L = A ( L

1

, L

2

) and, for i = 1 , 2 , L

i is a sublattice of L

′

i

, whic h in turn is a prop er

sublattice of L then L = A ( L

′

1

, L

′

2

) .

(ii) If L = [ a ) ∪ ( b ] for some a, b ∈ L with 0

L

≤ a ≤ b ≤ 1

L then L = A ([ a ) , ( b ]) .

L is the only nonmo dular v ariet y that has the amalgamation prop ert y . W e also

need the follo wing lemma ab out the lattice L [ I ] constructed b y Da y [ 70 ] (see Section 2.2).

Lemma 6.23 Let I = u/v b e a quotien t in a lattice L , θ ∈ Con ( L ) and put J =

( u/θ ) / ( v /θ ) . If I =

⋃

J , then L [ I ] is a sublattice of the direct pro duct of L and L/θ [ J ] .

Pr oof. Recall that if ψ , ϕ are t w o congruences on an algebra A suc h that ψ ∩ ϕ is the

zero of Con ( A ), then A is a sub direct pro duct of A/ψ and A/ϕ . So w e need only define

ψ and ϕ on L [ I ] in suc h a w a y that L [ I ] /ψ is a sublattice of L , L [ I ] /ϕ is a sublattice of

6.7. THE D A Y – JE

ˇ

ZEK THEOREM 143

L/θ [ J ], and ψ ∩ ϕ = 0 . Let ψ = k er γ , where γ : L [ I ] → → L is the natural epimorphism,

then L [ I ] /ψ is of course isomorphic to L . Define ϕ b y

xϕy if and only if γ ( x ) θ γ ( y ) and x, y ∈ L − I or

x, y ∈ I × { i } ( i = 1 , 2) .

With this definition ϕ is a congruence, since h is a homomorphism and θ ∈ Con ( L ).

Moreo v er, it follo ws that I =

⋃

J ,

x ∈ L − I implies x/ϕ = x/θ and

( x, i ) ∈ I × { i } implies ( x, i ) /ϕ = ( x/θ , i ) ( i = 0 , 1)

whence L [ I ] /ϕ is a subset of L/θ [ J ]. By examining sev eral cases of meets and joins in

L [ I ] /ϕ , one sees that it is in fact a sublattice of L/θ [ J ].

Supp ose no w that x, y ∈ L [ I ] and x ( ψ ∩ ϕ ) y . Then h ( x ) = h ( y ) and x, y ∈ L − I or

x, y ∈ I × { i } ( i = 0 or 1). In all cases it follo ws that x = y , so w e ha v e ψ ∩ ϕ = 0 as

required. □

Supp ose L is a finite lattice. As in Section 2.2, w e let κ ( p ) =

∑

{ x ∈ L : x ≱ p and x ≥

p

∗

} , where p is an y join irreducible of L and p

∗ is its unique dual co v er. Dually w e define

λ ( m ) =

∏

{ x ∈ L : x ≰ m and x ≤ m

∗

} for an y meet irreducible m ∈ L .

Cor ollar y 6.24 Let L b e a finite semidistributiv e lattice, and let I = u/v b e a quotien t

in L with 0

L

≺ v ≤ u ≺ 1

L

. Then L [ I ] is a sublattice of L × N , where N denotes the

p en tagon.

Pr oof. Clearly v is join irreducible and u is meet irreducible. By semidistributivit y , L is

the disjoin t union of the quotien ts u/v , uκ ( v ) / 0

L

, 1

L

/v + λ ( u ) and κ ( v ) /λ ( u ), where the

last quotien t migh t b e empt y if κ ( v ) ≱ λ ( u ). This defines an equiv alence relation θ on

L with the quotien ts as θ -classes. θ is a congruence relation since L is semidistributiv e,

and L/θ is isomorphic to a sublattice of 2 × 2 . Letting J = ( u/θ ) / ( v /θ ) = { u/θ } w e ha v e

⋃

J = u/v . Th us L/θ [ J ] is isomorphic to a sublattice of N , and the result follo ws from

the preceding lemma. □

The follo wing crucial lemma forces larger and larger b ounded lattices in to an y non-

mo dular v ariet y that has the amalgamation prop ert y .

Lemma 6.25 Let V b e a v ariet y that has the amalgamation prop ert y and con tains N . If

L ∈ B

F

∩ V and v ≤ u ∈ L , then L

i

= ( L × 2 )[( u, i ) / ( v , i )] ∈ B

F

∩ V ( i = 0 , 1 ).

Pr oof. It follo ws from Section 2.2 that all lattices in B are semidistributiv e, 2 ∈ B

F

, B

F

is closed under the formation of finite pro ducts and L ∈ B

F implies L [ I ] ∈ B

F for an y

quotien t I of L , so L ∈ B

F implies L

i

∈ B

F

( i = 0 , 1). W e pro ceed b y induction on | L | .

Assume i = 1. If u = 1

L then L

i is a sublattice of L × 3 ∈ V , hence L

1

∈ V . If u < 1

L

then there is a co-atom w suc h that u ≤ w ≺ 1, and L = ( w ] ∪ [ λ ( w )). Therefore L × 2

can b e pictured as in Figure 6.7 (i).

Let I = ( w , 1) / (0 , 1), then ( L × 2 )[ I ] is a sublattice of ( L × 2 ) × N (b y Corollary 6.21),

hence a lattice in V . The congruence classes mo dulo the induced homomorphism h :

( L × 2 )[ I ] → N pro duce the diagram in Figure 6.7 (ii). Since B

0 is one of these congruence

classes, w e can double it, again using Da y’s construction, to obtain a lattice L

′

as in

Figure 6.8.

A

B C

D

(0 , 0)

( λ ( w ) , 1)

( w , 0)

(1 , 1)

(1 , 0)

( λ ( w ) , 0)

( w , 1)

(0 , 1)

(i)

A

B

0

B

1

C

D

(ii)

Figure 6.7

A

B

B

0

B

1

C

D

Figure 6.8

Clearly L

′

= ( L × 2 )[ I ][ B

0

] ∈ V b y Lemma 6.23. Let J b e the quotien t u/v considered

as lying in the congruence class lab eled B in Figure 6.8, and consider the lattice L

′

[ J ] =

A ∪ B

0

∪ B

1

∪ C ∪ D ∪ B [ J ]. If w e define C

1

= A ∪ B

0

∪ B

1

∪ C ∪ D and C

2

= B

0

∪ B

1

∪ B [ J ], then

w e ha v e L

′

[ J ] = A ( C

1

, C

2

). No w C

1

= ( L × 2 )[ I ] ∈ V and C

2

= A ( B

0

∪ B [ J ] , B

1

∪ B [ J ]),

hence C

2

∈ V if and only if these t w o lattices b elong to V . But B = w / 0, so | B | < | L | ,

and B

i

∪ B [ J ] = ( B × 2 )[( u, i ) / ( v , i )]. By induction then C

2

∈ V and this giv es L

′

[ J ] ∈ V .

Since L

1 is isomorphic to A ∪ B [ J ] ∪ C ∪ D whic h is a sublattice of L

′

[ J ], L

1 is also in V .

The pro of for i = 0 follo ws b y symmetry . □

Theorem 6.26 (Da y and Je žek [ 84 ]). The only lattice v arieties that ha v e the amalga-

mation prop ert y are the v ariet y T of all trivial lattices, the v ariet y D of all distributiv e

lattices, and the v ariet y L of all lattices.

Pr oof. If V is a nondistributiv e lattice v ariet y that has the amalgamation prop ert y , then

N ∈ V b y Theorem 6.20. The preceding lemma implies that for ev ery L ∈ B

F and an y

v ≤ u ∈ L , if L ∈ V then L [ u/v ] ∈ V , since L [ u/v ] is a sublattice of ( L × 2 )[( u, i ) / ( v , i )].

It follo ws Theorem 2.38 that B

F

⊆ V , and since the finite b ounded lattices generate all

lattices (Theorem 2.36), w e ha v e V = L . □

6.8 Amal( V ) for some finitely generated lattice v arieties

Let V b e a v ariet y whic h fails to satisfy the amalgamation prop ert y . In this case Amal( V )

is a prop er sub class of V , and it is in teresting to find out whether or not Amal( V ) is an

elemen tary class. In this section w e outline the pro ofs of t w o results in this direction.

They concern the amalgamation classes of finitely generated lattice v arieties, and they

are surprisingly con trasting with eac h other: If V is a finitely generated nondistributiv e

mo dular lattice v ariet y then Amal( V ) is not elemen tary; on the other hand if V is a

v ariet y generated b y a p en tagon then Amal( V ) is an elemen tary class determined b y Horn

sen tences.

Finitely generated mo dular v arieties. W e b egin with the follo wing:

Definition 6.27 (Alb ert and Burris [ 88 ]) .

(i) Let V b e a v ariet y , and supp ose that the diagram ( A, f , B , g , C ) cannot b e amal-

gamated in V . An obstruction is an y subalgebra C

′

of C suc h that the diagram

( A

′

, f

′

, B , g

′

, C

′

) cannot b e amalgamated in V , where A

′

= g

− 1

( C

′

) and f

′

and g

′

are the restrictions of f and g to A

′

.

(ii) Let V b e a lo cally finite v ariet y . Amal( V ) is said to ha v e the b ounde d obstruction

pr op erty with resp ect to V if for ev ery k ∈ ω there exists an n ∈ ω suc h that the

follo wing holds:

If C ∈ Amal( V ) , | B | < k and the diagram ( A, f , B , g , C ) cannot b e amalgamated in

V , then there is an obstruction C

′

≤ C suc h that | C | < n .

Theorem 6.28 (Alb ert and Burris [ 88 ]) . Let V b e a finitely generated v ariet y of finite

t yp e. Then Amal( V ) is elemen tary if and only if it has the b ounded obstruction prop ert y .

Using the preceding theorem, Bergman [ 89 ] pro v ed the follo wing result.

Theorem 6.29 Let V b e a finitely generated nondistributiv e mo dular v ariet y . Then

Amal( V ) is not elemen tary .

Outline of pr oof. Let V b e as in the theorem and let L b e a finite mo dular nondis-

tributiv e lattice whic h generates V . If S is a sub directly irreducible mem b er of V then

| S | ≤ | L | , since S is an image of a sublattice of L . Th us S is simple, and since S has a

diamond as a sublattice, w e ha v e | S | ≥ 5. Pic k S with largest p ossible cardinalit y . Let z

b e the b ottom elemen t of S and let a ∈ S suc h that a co v ers z .

Define B = S × 2 and let f : 2 → B b e an em b edding with f ( 2 ) = { ( z , 0) , ( a, 1) } . Then

there is C ∈ Amal( V ) and em b eddings g

n

: 2 → C suc h that for eac h n ∈ ω , the diagram

( 2 , f , B , g

n

, C ) cannot b e amalgamated in V , and ev ery obstruction has cardinalit y at

least n . (F or the details the reader is referred to Bergman [ 89 ].) Th us b y Theorem 6.28,

Amal( V ) is not elemen tary . □

The v ariet y generated b y the p en tagon. As b efore, let N b e the v ariet y generated

b y the p en tagon. The follo wing result app ears in Bruyns, Naturman and Rose [ a ].

Theorem 6.30 Amal( N ) is an elemen tary class. It is closed under reduced pro ducts and

therefore is determined b y Horn sen tences. F urthermore, if B is an image of A ∈ Amal( N )

and B is a sub direct p o w er of the p en tagon then B ∈ Amal( N ).

The full pro of of the ab o v e theorem is to o long to giv e here. It requires sev eral defini-

tions and in termediate results. W e will list some of them first, and then outline the pro of

of the theorem. F or more details the reader is referred to Bruyns, Naturman and Rose [ a ].

Definition 6.31

(i) Let θ b e a congruence on a lattice A . W e shall sa y that θ is a 2 -congruence if

A/θ

∼

= 2 .

(ii) Let A b e a sub direct pro duct of lattices { A

i

: i ∈ I } and let B = ⟩ ⟨ A

i

. A sub direct

represen tation A ≤ B is said to b e r e gular if for an y k ernels θ

i and θ

j of t w o distinct

pro jections w e ha v e θ

i

|

A

≠ θ

j

|

A

.

Theorem 6.32 Let A b e a non trivial mem b er of N . The follo wing are equiv alen t:

(i) A ∈ Amal( N ).

(ii) If A ≤ B ∈ N , then ev ery 2 -congruence on A can b e extended to a 2 -congruence on

B , and 3 is not an image of A .

(iii) A is a sub direct p o w er of N , and for an y regular sub direct represen tation f : A → N

I

and an y homomorphism g : A → N there is a homomorphism h : N

I

→ N suc h that

g = hf .

(iv) A is a sub direct p o w er of N , 3 is not an image of A , and if A ≤ N

I

is a regular

sub direct represen tation, then ev ery 2 -congruence on A can b e extended to a 2 -

congruence of N

I

.

Pr oposition 6.33

(i) Let B ∈ N , and assume that for an y distinct 2 -congruences θ

0 and θ

1 on B there

is A ∈ Amal( N ) and em b eddings f

0

, f

1

: A → B suc h that θ

0

|

f

0

( A ) and θ

1

|

f

1

( A ) are

t w o distinct congruences on A. Then B ∈ Amal( N ).

(ii) Let B b e an image of A ∈ Amal( N ) and assume that B is a sub direct p o w er of N .

If B ≤ N

I

is a regular sub direct represen tation, then ev ery 2 -congruence on B can

b e extended to a 2 -congruence on N

I

.

Outline of the pr oof of Theorem 6.30. W e first consider the last statemen t of the

theorem. Let B b e an image of A ∈ Amal( N ). Since 3 is not an image of A w e ha v e that

3 is not an image of B . Th us B ∈ Amal( N ) b y Prop osition 6.33 (ii) and Theorem 6.32

(iv).

Next w e consider direct pro ducts. Let A = ⟩ ⟨

γ ∈ α

A

γ b e a direct pro duct of mem b ers

of Amal( N ). Without loss of generalit y w e ma y assume that eac h A

γ is non trivial. W e

use Prop osition 6.33 (i) to pro v e that A ∈ Amal( N ). Th us w e ha v e to sho w that for an y

distinct 2 -congruences θ

0

, θ

1 on A there is a γ ∈ α and em b eddings f

0

, f

1

: A

γ

→ A

suc h that θ

0

|

f

0

( A

γ

) and θ

1

|

f

1

( A

γ

) are t w o distinct congruences on A . No w if θ

0 and θ

1 are

distinct 2 -congruences on A , then A/ ( θ

0

∩ θ

1

) is isomorphic to either 3 or 2 × 2 . In either

case w e ha v e u, v , z ∈ A with u > v > z suc h that

( u, v ) ∈ θ

0

, ( v , z ) /∈ θ

0 and ( u, v ) /∈ θ

1

, ( v , z ) ∈ θ

1

.

By J´ onsson’s Lemma there are congruences ϕ

0

, ϕ

1 on A induced b y ultrafilters D

0 and

D

1 on α suc h that ϕ

0

⊆ θ

0 and ϕ

1

⊆ θ

1

. Defining

R = { β ∈ α : u

β

> v

β

} S = { β ∈ α : v

β

> z

β

}

w e ha v e R ∈ D

0 and S ∈ D

1

. There are three p ossible cases:

(i) F or some γ ∈ α the set { γ } b elongs to b oth D

0 and D

1

.

(ii) F or eac h γ ∈ α the set { γ } b elongs to neither D

0 nor D

1

.

(iii) There exists a γ ∈ α suc h that { γ } b elongs to one ultrafilter and not the other.

If (i) holds then w e can c ho ose u, v , z so that R = S = { γ } , for some γ ∈ α . F or

β ∈ α with β ≠ γ let a

β b e an arbitrary but fixed elemen t of A

β

. In this case w e can ha v e

f

0

= f

1 so that for i ∈ { 0 , 1 } the em b edding f

i

: A

γ

→ A is defined as follo ws:

F or x ∈ A

γ the γ th co ordinate of f

i

( x ) ∈ A is x , and if β ∈ α with β ≠ α then the β th

co ordinate of f

i

( x ) is a

γ

.

Supp ose no w that (ii) holds. Pic k an y γ ∈ α . W e ha v e ( R − { γ } ) ∈ D

0 and ( S − { γ } ) ∈

D

1

. First observ e that since A

γ is non trivial it is a sub direct p o w er of N (Theorem 6.32

(iii)). Th us there are at least t w o distinct epimorphisms r , s : A → 2 = { 0 , 1 } . The

em b edding f

0

: A

γ

→ A is defined as follo ws:

F or x ∈ A

γ the γ th co ordinate of f

0

( x ) ∈ A is x . If β ∈ ( R − { γ } ) then the β th

co ordinate of f

0

( x ) is u

β if r ( x ) = 1 and v

β if r ( x ) = 0. F or β ∈ α with β /∈ ( R ∪ { γ } ) the

β th co ordinate is an arbitrary but fixed elemen t of A

β

.

The em b edding f

1

: A

γ

→ A is defined as follo ws:

F or x ∈ A

γ the γ th co ordinate of f

1

( x ) ∈ A is x . If β ∈ ( S − { γ } ) then the β th

co ordinate of f

1

( x ) is v

β if s ( x ) = 1 and z

β if s ( x ) = 0. F or β /∈ ( S ∪ { γ } ) the β th

co ordinate is an arbitrary but fixed elemen t of A

β

.

The case (iii) is a com bination of (i) and (ii). F or instance if { γ } ∈ D

0 and { γ } /∈ D

1

,

then ( S − { γ } ) ∈ D

1

, hence f

0 is defined as in case (i) and f

1 is as in case (ii).

Th us w e ha v e sho wn that ev ery direct pro duct of mem b ers of Amal( N ) b elongs to

Amal( N ). No w if B is a reduced pro duct of mem b ers of Amal( N ) then it m ust b e a

sub direct p o w er of N (see Bruyns, Naturman and Rose [ a ] Lemma 0.1.9). On the other

hand B is an image of a pro duct A of mem b ers of Amal( N ). Since A ∈ Amal( N ) it follo ws

that B ∈ Amal( N ). In particular ev ery ultrapro duct of mem b ers of Amal( N ) b elongs to

Amal( N ), so that Amal( N ) is elemen tary (see Y asuhara [ 74 ]). It is determined b y Horn

sen tences since it is closed under reduced pro ducts (Chang and Keisler [ 73 ]). □

Bibliograph y

H. Alber t and S. Burris

[ 88] Bounde d obstructions, mo del c omp anions and amalgamation b ases , Z. Math. Logik.

Grundlag. Math. 34 (1988), 109–115.

R. Baer

[ 52] “Linear Algebra and Pro jectiv e Geometry ,” Academic Press, New Y ork (1952).

K. Baker

[ 69] Equational classes of mo dular lattic es , P acific J. Math. 28 (1969), 9–15.

[ 74] Primitive satisfaction and e quational pr oblems for lattic es and other algebr as , T rans.

Amer. Math. So c. 190 (1974), 125–150.

[ 77] Finite e quational b ases for finite algebr as in c ongruenc e distributive e quational clas-

ses , Adv ances in Mathematics 24 (1977), 207–243.

[ 77’] Some non-finitely b ase d varieties of lattic es , Collo q. Math. 29 (1977), 53–59.

C. Ber gman

[ 85] A malgamation classes of some distributive varieties , Algebra Univ ersalis 20 (1985),

143–166.

[ 89] Non-axiomatizability of the amalgamation class of mo dular lattic e varieties , Order

(1989), 49–58.

J. Berman

[ 81] Interval lattic es and the amalgamation pr op erty , Algebra Univ ersalis 12 (1981), 360–

375, MR 82k : 06007.

G. Birkhoff

[ 35] On the structur e of abstr act algebr as , Pro c. Cam b. Phil. So c. 31 (1935), 433–454.

[ 35’] A bstr act line ar dep endenc e and lattic es , Amer. J. Math. 57 (1935), 800–804.

[ 44] Sub dir e ct unions in universal algebr a , Bull. Amer. Math. So c. 50 (1944), 764–768.

P. Br uyns, C. Na turman and H. R ose

[ a] A malgamation in the p entagon varieties , Algebra Univ ersalis (to app ear).

S. Burris and H. P. Sankapp ana v ar

[ 81] “A Course in Univ ersal Algebra,” Springer-V erlag, New Y ork (1981).

C. Chang and H. J. Keisler

[ 73] “Mo del Theory ,” North-Holland Publ. Co., Amsterdam (1973).

P. Cra wley and R. P. Dil w or th

[ A TL ] “Algebraic theory of lattices,” Pren tice-Hall, Englew o o d Cliffs, N.J. (1973).

B. A. D a vey, W. Poguntke and I. Riv al

[ 75] A char acterization of semi-distributivity , Algebra Univ ersalis 5 (1975), 72–75.

B. A. D a vey and B. Sands

[ 77] A n applic ation of Whitman ’s c ondition to lattic es with no infinite chains , Algebra

Univ ersalis 7 (1977), 171–178.

A. D a y

[ 70] A simple solution to the wor d pr oblem for lattic es , Canad. Math. Bull. 13 (1970),

253–254.

[ 72] Inje ctivity in e quational classes of algebr as , Canad. J. Math. 24 (1972), 209–220.

[ 75] Splitting algebr as and a we ak notion of pr oje ctivity , Algebra Univ ersalis 5 (1975),

153–162.

[ 77] Splitting lattic es gener ate al l lattic es , Algebra Univ ersalis 7 (1977), 163–169.

[ 79] Char acterizations of lattic es that ar e b ounde d homomorphic images of sublattic es of

fr e e lattic es , Canad. J. Math. 31 (1979), 69–78.

A. D a y and J. Je ˇ zek

[ 84] The amalgamation pr op erty for varieties of lattic es , T rans. Amer. Math. So c., V ol

286 1 (1984), 251–256.

A. D a y and B. J ´ onsson

[ 89] Non-A r guesian c onfigur ations and glueings of mo dular lattic es , Algebra Univ ersalis

26 (1989), 208–215.

A. D a y and D. Pickering

[ 83] Co or dinatization of A r guesian lattic es , T rans. Amer. Math. So c., V ol 278 2 (1983),

507–522.

R. A. Dean

[ 56] Comp onent subsets of the fr e e lattic e on n gener ators , Pro c. Amer. Math. So c. 7

(1956), 220–226.

R. Dedekind

[ 00]

¨

Ub er die von dr ei Mo duln erzeugte Dualgrupp e , Math. Ann. 53 (1900), 371–403.

R. P. Dil w or th

[ 50] The structur e of r elatively c omplemente d lattic es , Ann. of Math. (2) 51 (1950),

348–359.

R. Fra ¨ ıss ´ e

[ 54] Sur l’extension aux r elations de quelques pr op eri ét és des or dr es , Ann. Sci.

´

Ecole

Norm. Sup. (3) 71 (1954), 363–388, MR 16 –1006.

T. Fra yne, A. C. Morel and D. S. Scott

[ 62] R e duc e d dir e ct pr o ducts , F und. Math. 51 (1962)/63, 195–228.

R. Freese

[ 76] Planar sublattic es of F M (4) , Algebra Univ ersalis 6 (1976), 69–72.

[ 77] The structur e of mo dular lattic es of width four, with applic ations to varieties of lat-

tic es , Memoirs of Amer. Math. So c. No 181 9 (1977).

[ 79] The variety of mo dular lattic es is not gener ate d by its finite memb ers , T rans. Amer.

Math. So c. 255 (1979), 277–300, MR 81 g: 06003.

R. Freese and J. B. Na tion

[ 78] Pr oje ctive lattic es , P acific J. of Math. 75 (1978), 93–106.

[ 85] Covers in fr e e lattic es , T rans. Amer. Math. So c. (1) 288 (1985), 1–42.

O. Frink

[ 46] Complemente d mo dular lattic es and pr oje ctive sp ac es of infinite dimension , T rans.

Amer. Math. So c. 60 (1946), 452–467.

N. Funa y ama and T. Naka y ama

[ 42] On the distributivity of a lattic e of lattic e-c ongruenc es , Pro c. Imp. Acad. T oky o 18

(1942), 553–554.

G. Gr ¨ atzer

[ 66] Equational classes of lattic es , Duk e Math. J. 33 (1966), 613–622.

[ GL T ] “General lattice theory ,” Academic Press, New Y ork (1978).

[ UA ] “Univ ersal Algebra,” Second Expanded Edition, Springer V erlag, New Y ork, Berlin,

Heidelb erg (1979).

G. Gr ¨ atzer and H. Lakser

[ 71] The structur e of pseudo c omplemente d distributive lattic es, II: Congruenc e extensions

and amalgamations , T rans. Amer. Math. So c. 156 (1971), 343–358.

G. Gr ¨ atzer, H. Lakser and B. J ´ onsson

[ 73] The amalgamation pr op erty in e quational classes of lattic es , P acific J. Math. 45

(1973), 507–524, MR 51 –3014.

M. D. Haiman

[ 86] A r guesian lattic es which ar e not line ar , Massac h usetts Inst. of T ec h. preprin t (1986).

M. Hall and R. P. Dil w or th

[ 44] The imb e dding pr oblem for mo dular lattic es , Ann. of Math. 45 (1944), 450–456.

C. Herrmann

[ 73] We ak (pr oje ctive) r adius and finite e quational b ases for classes of lattic es , Algebra

Univ ersalis 3 (1973), 51–58.

[ 84] On the arithmetic of pr oje ctive c o or dinate systems , T rans. Amer. Math. So c. (2)

284 (1984), 759–785.

C. Herrmann and A. Huhn

[ 75] Zum Wortpr oblem f ür fr eie Untermo dulverb¨ ande , Arc h. Math. 26 (1975), 449–453.

D. X. Hong

[ 70] Covering r elations among lattic e varieties , Thesis, V anderbilt U. (1970).

[ 72] Covering r elations among lattic e varieties , P acific J. Math. 40 (1972), 575–603.

J. M. Ho wie

[ 62] Emb e dding the or ems with amalgamation for semigr oups , Pro c. London Math. So c.

(3) 12 (1962), 511-534, MR 25 —2139.

A. Huhn

[ 72] Schwach distributive V erb¨ ande. I , Acta Sci. Math. (Szeged) 33 (1972), 297–305.

H. Hule

[ 76]

¨

Ub er die Eindeutigkeit der L¨ osungen algebr aischer Gleichungssysteme , Journal f ür

Reine Angew. Math. 282 (1976), 157–161, MR 53 –13080.

[ 78] R elations b etwe en the amalgamation pr op erty and algebr aic e quations , J. Austral.

Math. So c. Ser. A 22 (1978), 257–263, MR 58 –5454.

[ 79] Solutional ly c omplete varieties , J. Austral. Math. So c. Ser. A 28 (1979), 82–86,

MR 81i : 08007.

E. Inaba

[ 48] On primary lattic es , J. F ac. Sci. Hokk aido Univ. 11 (1948), 39–107.

P. Jipsen and H. R ose

[ 89] A bsolute r etr acts and amalgamation in c ertain c ongruenc e distributive varieties , Cana-

dian Math. Bull. 32 (1989), 309–313.

B. J ´ onsson

[ 53] On the r epr esentation of lattic es , Math. Scand. 1 (1953), 193–206.

[ 54] Mo dular lattic es and Desar gues the or em , Math. Scand. 2 (1954), 295–314.

[ 56] Universal r elational systems , Math. Scand. 4 (1956), 193–208, MR 20 –3091.

[ 59] A r guesian lattic es of dimension n ≤ 4, Math. Scand. 7 (1959), 133–145.

[ 60] Homo gene ous universal r elational systems , Math. Scand. 8 (1960), 137–142, MR

23 –A2328.

[ 60’] R epr esentations of c omplemente d mo dular lattic es , T rans. Amer. Math. So c. 97

(1960), 64–94.

[ 61] Sublattic es of a fr e e lattic e , Canad. J. Math. 13 (1961), 256–264.

[ 62] A lgebr aic extensions of r elational systems , Math. Scand. 11 (1962), 179–205, MR

27 –4777.

[ 67] A lgebr as whose c ongruenc e lattic es ar e distributive , Math. Scand. 21 (1967), 110–

121, MR 38 –5689.

[ 68] Equational classes of lattic es , Math. Scand. 22 (1968), 187–196.

[ 70] R elatively fr e e lattic es , Coll. Math. 21 (1970), 191–196.

[ 72] The class of A r guesian lattic es is self-dual , Algebra Univ ersalis 2 (1972), 396.

[ 74] Sums of finitely b ase d lattic e varieties , Adv ances in Mathematics (4) 14 (1974), 454–

468.

[ 77] The variety c overing the variety of al l mo dular lattic es , Math. Scand. 41 (1977),

5–14.

[ 79] On finitely b ase d varieties of algebr as , Collo q. Math. 42 (1979), 255–261.

[ 80] V arieties of lattic es: Some op en pr oblems , Algebra Univ ersalis 10 (1980), 335–394.

[ 90] A malgamation in smal l varieties of lattic es , Jour. of Pure and Applied Algebra 68

(1990), 195–208.

B. J ´ onsson and J. Kiefer

[ 62] Finite sublattic es of a fr e e lattic e , Canad. J. Math. 14 (1962), 487–497.

B. J ´ onsson and G. S. Monk

[ 69] R epr esentation of primary A r guesian lattic es , P ac. Jour. Math. 30 (1969), 95–139.

B. J ´ onsson and J. B. Na tion

[ 77] “A rep ort on sublattices of a free lattice,” Collo q. Math. So c. J´ anos Boly ai, Con tri-

butions to Univ ersal Algebra (Szeged), V ol. 17, North-Holland, Amsterdam (1977),

223–257.

B. J ´ onsson and I. Riv al

[ 79] L attic e varieties c overing the smal lest non-mo dular lattic e variety , P acific J. Math.

82 (1979), 463–478.

Y. Y. Kang

[ 87] Joins of finitely b ase d lattic e varieties , Thesis, V anderbilt U. (1987).

N. Kimura

[ 57] On semigr oups , Thesis, T ulane Univ ersit y , New Orleans (1957).

E. W. Kiss, L. M ´ arki, P. Pr ¨ ohle and W. Tholen

[ 83] Cate goric al, algebr aic pr op erties. Comp endium on amalgamation, c ongruenc e exten-

sion, endomorphisms, r esidual smal lness and inje ctivity , Studia Scien tiarum Mathe-

maticarum Hungarica 18 (1983), 19–141.

S. B. K ochen

[ 61] Ultr apr o ducts in the the ory of mo dels , Ann. Math. Ser. 2 74 (1961), 221–261.

S. R. K ogalo vski ˘ ı

[ 65] On a the or em of Birkhoff , (Russian), Usp ehi Mat. Nauk 20 (1965), 206–207.

A. K ostinsky

[ 72] Pr oje ctive lattic es and b ounde d homomorphisms , P acific J. Math. 40 (1972), 111–119.

R. L. Kr use

[ 73] Identities satisfie d by a finite ring , J. Algebra 26 (1973), 298–318.

J. G. Lee

[ 85] A lmost distributive lattic e varieties , Algebra Univ ersalis 21 (1985), 280–304.

[ 85’] Joins of finitely b ase d lattic e varieties , Korean Math. So c. 22 (1985), 125–133.

I. V. L v o v

[ 73] V arieties of asso ciative rings I, II , Algebra and Logic 12 (1973), 150–167, 381–393.

R. L yndon

[ 51] Identities in two-value d c alculi , T rans. Amer. Math. So c. 71 (1951), 457–465.

[ 54] Identities in finite algebr as , Pro c. Amer. Math. So c. 5 (1954), 8–9.

F. Maed a

[ 51] L attic e the or etic char acterization of abstr act ge ometries , J. Sci. Hiroshima Univ. Ser.

A. 15 (1951), 87–96.

A. I. Mal ’cev

[ 54] On the gener al the ory of algebr aic systems , (Russian), Mat. Sb. (N.S.) (77) 35

(1954), 3–20, MR 17 .

M. Makkai

[ 73] A pr o of of Baker’s finite b asis the or em on e quational classes gener ate d by finite ele-

ments of c ongruenc e distributive varieties , Algebra Univ ersalis 3 (1973), 174–181.

R. McKenzie

[ 70] Equational b ases for lattic e the ories , Math. Scand. 27 (1970), 24–38.

[ 72] Equational b ases and non-mo dular lattic e varieties , T rans. Amer. Math. So c. 174

(1972), 1–43.

V. L. Murski ˘ ı

[ 65] The existenc e in the thr e e-value d lo gic of a close d class with a finite b asis having no

finite c omplete system of identities , (Russian), Dokl. Ak ad. Nauk. SSSR 163 (1965),

815–818, MR 32 –3998.

J. B. Na tion

[ 82] Finite sublattic es of a fr e e lattic e , T rans. Amer. Math. So c. 269 (1982), 311–337.

[ 85] Some varieties of semidistributive lattic es, “Univ ersal algebra and lattice theory ,”

(Charlston, S. C., 1984) Lecture Notes in Math. 1149, Springer V erlag, Berlin - New

Y ork (1985), 198–223.

[ 86] L attic e varieties c overing V ( L

1

), Algebra Univ ersalis 23 (1986), 132–166.

O. T. Nelson

[ 68] Sub dir e ct de c omp ositions of lattic es of width two , P acific J. Math. 24 (1968), 519–523.

B. H. Neumann

[ 54] A n essay on fr e e pr o ducts of gr oups with amalgamation , Philos. T rans. Ro y . So c.

London Ser. A 246 (1954), 503–554, MR 16 —10.

H. Neumann

[ 67] “V arieties of groups,” Springer V erlag, Berlin, Heidelb erg (1967).

S. O a tes and M. B. Po well

[ 64] Identic al r elational in finite gr oups , Quarterly J. of Math. 15 (1964), 131–148.

D. Pickering

[ 84] On minimal non-A r guesian lattic e varieties , Ph.D. Thesis, U. of Ha w aii (1984).

[ a] Minimal non-A r guesian L attic es , preprin t.

R. S. Pier ce

[ 68] “In tro duction to the theory of abstract algebras,” Holt, Rinehart and Winston, New

Y ork–Mon treal, Que.–London (1968), MR 37 –2655.

P. Pudl ´ ak and J. Tuma

[ 80] Every finite lattic e c an b e emb e dde d in the lattic e of al l e quivalenc es over a finite set ,

Algebra Univ ersalis 10 (1980), 74–95.

I. Riv al

[ 76] V arieties of nonmo dular lattic es , Notices Amer. Math. So c. 23 (1976), A-420.

H. R ose

[ 84] Nonmo dular lattic e varieties , Memoirs of Amer. Math. So c. 292 (1984).

W. R uckelsha usen

[ 78] Ob er e Nachb arn von M

3

+ N , Con tributions of general algebra, pro ceedings of the

Klagenfurt Conference (1978), 291–329.

O. Schreier

[ 27] Die Unter grupp en der fr eien Grupp en , Abh. Math. Sem. Univ. Ham burg 5 (1927),

161–183.

M. Sch ¨ utzenber ger

[ 45] Sur c ertains axiomes de la th éorie des structur es , C. R. Acad. Sci. P aris 221 (1945),

218–220.

A. T arski

[ 46] A r emark on functional ly fr e e algebr as , Ann. of Math. (2) 47 (1946), 163–165.

W. T a ylor

[ 72] R esidual ly smal l varieties , Algebra Univ ersalis 2 (1972), 33–53.

[ 73] Pr o ducts of absolute r etr acts , Algebra Univ ersalis 3 (1973), 400–401.

[ 78] Baker’s finite b asis the or em , Algebra Univ ersalis 8 (1978), 191–196.

O. Veblen and W. H. Young

[ 10] Pr oje ctive Ge ometry , 2 v olumes, Ginn and Co., Bosten (1910).

V. V. Vi ˇ sin

[ 63] Identity tr ansformations in a four-value d lo gic , (Russian), Dokl. Ak ad. Nauk. SSSR

150 (1963), 719–721, MR 33 –1266.

J. v on Neumann

[ 60] “Con tin uous Geometry ,” Princeton Univ. Press, Princeton, N. J. (1960).

P. Whitman

[ 41] F r e e lattic es , Ann. of Math. (2) 42 (1941), 325–330.

[ 42] F r e e lattic es. I I, Ann. of Math. (2) 43 (1942), 104–115.

[ 43] Splittings of a lattic e , Amer. J. Math. 65 (1943), 179–196.

[ 46] L attic es, e quivalenc e r elations, and sub gr oups , Bull. Amer. Math. So c. 52 (1946),

507–522.

R. Wille

[ 69] Primitive L¨ ange und primitive Weite b ei mo dular en V erb¨ anden , Math. Z. 108 (1969),

129–136.

[ 72] Primitive subsets of lattic es , Algebra Univ ersalis 2 (1972), 95–98.

M. Y asuhara

[ 74] The amalgamation pr op erty, the universal-homo gene ous mo dels and the generic mo d-

els , Math. Scand. 34 (1974), 5–36, MR 51 –7860.

Index

[ a ), ( a ], 5

≻ , 10

u/v , 10

↗

w

, ↘

w

, 10

∼

w

, 10

↗

β

, ↘

β

, 11

≪ , 24

absolute retract, 130

A -decomp osable, 141

Alb ert, H., 129, 145, 149

algebra

Bo olean, 11

congruence distributiv e, 5

free, 4

quotien t, 2

relativ ely free, 4

splitting, 22

algebraic lattice, 2

almost distributiv e

lattice, 88

v ariet y , 20

Amal( K ), 129

amalgamation, 129

base, 130

class, 130

prop ert y , 130

strong, 129

Arguesian

iden tit y , 52

lattice, 52

A TL, x, 3, 10, 24, 52, 78, 149

auxillary ring, 61

axially p ersp ectiv e, 51

Baer, R., 62, 149

Bak er’s Finite Basis Theorem, 116

Bak er, K., ix, 16, 17, 46, 55, 56, 115, 118,

120, 121, 127, 149

Bergman, C., 129, 130, 132, 134, 135, 141,

146, 149

Berman, J., 129

bijectiv e transp osition, 11

Birkhoff ’s sub direct represen tation theo-

rem, 3

Birkhoff, G., ix, 2–4, 7, 17, 49, 149

Bo olean algebra, 11, 16, 46, 57, 95

b ounded

homomorphism, 26

lattice, 27

obstruction prop ert y , 145

pair, 118

Bruyns, P ., 129, 146, 148, 149

Burris, S., 115, 116, 129, 145, 149

canonical

join represen tation, 33

n -frame, 61

cardinalit y

of Λ, 16

of Λ

M

, 55

cen trally p ersp ectiv e, 51

c hain, 11

length of, 11

Chang, C. C., 116, 148, 149

c haracteristic

of a ring, 62

of an n -frame, 62

closed set of iden tities, 1

collinear, 47

compact, 2

compactly generated, 2

complemen ted

distributiv e lattice, 11

completion

filter, 137

ideal, 136 completion of t w o lattices, 136

con( a, b ), 2

congruence

class, 2

fully in v arian t, 14

principal, 2

congruence distributiv e

algebra, 5

v ariet y , 5

conjugate

iden tit y , 22

v ariet y , 22

co ordinatization

of a pro jectiv e space, 51

co v er, 10

strongly , 13

Cra wley , P ., x, 149

critical quotien t, 10

cycle in a lattice, 37

Da v ey , B. A., 45, 77, 149, 150

Da y , A., ix, 23, 25, 26, 38, 41, 42, 44,

55, 61, 77, 88, 128, 135, 141, 142,

145, 150

Dean, R. A., 15, 150

Dedekind, R., ix, 18, 46, 150

Desargues’ La w, 51, 53

Desarguesian pro jectiv e space, 51

diagram, 129

diamond M

3

, 17

Dilw orth, R. P ., x, 10, 50, 63, 139, 149–

151

dimension

of a lattice, 11

of a subspace, 50

distributiv e lattice, 1

division ring, 50

D ( L ), 28

doubled quotien t, 26

elemen tary class, 116

strictly , 116

equational basis, 115

essen tial

em b edding, 130

extension, 130

excluding a lattice, 18 filter, 5

completion, 137

lattice, 5

o v er I , 6

prime, 5

principal, 5

prop er, 5

finitely based, 13

relativ e to a v ariet y , 13

finitely generated v ariet y , 4

finitely sub directly irreducible, 3

F

K

( X ), 4

F L , 5

F ra ¨ ıss ´ e, R., 128, 150

frame, 57

F ra yne, T., 7, 116, 150

free algebra, 4

freely generated, 4

F reese, R., v, ix, 17, 28, 33, 46, 47, 57,

59, 62, 63, 75, 112, 127, 150, 151

F rink, O., 49, 52, 151

FSI , 3

fully in v arian t congruence, 14

F una y ama, N., 8, 151

Galois field, 56

generated

compactly , 2

freely , 4

geometric lattice, 48

GL T, x, 10, 11, 24, 48–50, 52, 54, 55, 57,

61, 74, 94, 121, 128, 140, 151

Gr¨ atzer, G., ix, x, 46, 54, 69, 128, 129,

131, 137, 151

Haiman, M. D., 55, 151

Hall, M., 50, 63, 139, 151

heigh t of a v ariet y , 16

Herrmann, C., 46, 60–62, 68, 115, 151

homomorphism

b ounded, 26

theorem, 3

Hong, D. X., 46, 74, 75, 151

Ho wie, J. M., 128, 152

HSP Theorem, 2

Huhn, A., 59, 60, 68, 151, 152

Hule, H., 128, 152 ideal, 5

completion, 136

lattice, 5

prime, 5

principal, 5

prop er, 5

iden tities, closed set of, 1

iden tit y

Arguesian, 52

conjugate, 22

I L , 5

Inaba, E., 62, 152

including a lattice, 18

indep enden t elemen ts, 57

in terv al, 10

in v erse limit, 43

irreducible

finitely sub directly , 3

maximal, 131

sub directly , 3

w eakly maximal, 131

irredundan t

join-co v er, 29

subset, 24

isolated quotien t, 104

I

W

( L ), 42

Je ˇ zek, J., 128, 141, 145, 150

Jipsen, P ., 129, 132, 133, 135, 152

J ( L ), 36

join

comp onen ts, 33

isolated, 104

represen tation, 33

join-co v er, 24

irredundan t, 29

minimal, 29

non trivial, 24

J´ onsson p olynomials, 9

J´ onsson’s Lemma, 6

J´ onsson, B., v, ix, 6–8, 14–16, 18, 24, 25,

28–30, 35, 36, 38, 39, 45, 46, 49,

54, 55, 62, 69, 70, 72, 73, 77, 78,

81–83, 89, 94, 102, 115–118, 120,

122, 123, 125, 126, 128, 129, 132–

135, 137, 150–153

Jordan-H¨ older Chain condition, 11

Kang, Y. Y., 116, 125, 153

k -b ounded pair, 118

Keisler, H. J., 116, 148, 149

K -freely generated, 4

Kiefer, J., 35, 153

Kim ura, N., 128, 153

Kiss, E. W., 129, 153

Ko c hen, S. B., 116, 153

Kogalo vski ˘ ı, S. R., 2, 153

Kostinsky , A., 27, 43, 77, 153

Kruse, R. L., 115, 153

k -translation, 118

K

V

, 2

( L

1

, L

2

)-filter, 137

( L

1

, L

2

)-ideal, 136

Lakser, H., 54, 128, 129, 131, 137, 151

lattice

algebraic, 2

almost distributiv e, 88

Arguesian, 52

b ounded, 27

complemen ted distributiv e, 11

completion of t w o, 136

cycle in, 37

dimension of, 11

distributiv e, 1

excluding, 18

filter, 5

geometric, 48

ideal, 5

including, 18

length of, 11

linear, 55

lo w er b ounded, 27

mo dular, 1

neardistributiv e, 86

nonmo dular, 18

p o w erset, 6

semidistributiv e, 78

semimo dular, 48

simple, 12

splitting, 22

trivial, 1

upp er b ounded, 27 upp er con tin uous, 78

upp er-semimo dular, 48

v ariet y , 1

width of, 47

Lee, J. G., 16, 20, 46, 77, 86–88, 94, 97,

101–103, 116, 123, 125, 153

length

of a c hain, 11

of a lattice, 11

of a lattice term, 31

L [ I ], 25

linear lattice, 55

lines in a pro jectiv e space, 47

lo cally finite v ariet y , 16

lo w er b ounded

homomorphism, 26

lattice, 27

L ( P ), 48

Lv o v, I. V., 115, 153

Lyndon, R., 115, 153

M

3

, 17

M

+

, 116

MacLane, S., 49

Maeda, F., 50, 154

Makk ai, M., 115, 154

Mal’cev, A. I., 118, 119, 154

M´ arki, L., 129, 153

maximal irreducibles, 131

McKenzie, R., ix, 15, 16, 18, 22, 23, 27,

31, 32, 43, 46, 77, 115, 116, 126,

154

meet

comp onen ts, 33

isolated, 104

meet-co v er, 24

minimal

join-co v er, 29

term, 33

M m

n

, 74

M

n

, 18

mo dular lattice, 1

Monk, G. S., 54, 62, 153

Morel, A. C., 7, 116, 150

Murski ˘ ı, V. L., 115, 154

N , 18

Nak a y ama, T., 8, 151

Nation, J. B., 20, 28–30, 33, 36, 38, 39,

45, 77, 112, 151, 153, 154

natural partitions, 95

Naturman, C., 129, 146, 148, 149

neardistributiv e lattice, 86

Nelson, O. T., 127, 154

Neumann, B. H., 14, 128, 154

Neumann, H., 128, 154

n -frame, 57

canonical, 61

c haracteristic of, 62

spanning, 57

nondegenerate pro jectiv e space, 50

nonmo dular lattice, 18

non trivial

join-co v er, 24

quotien t, 10

normal sequence, 69

strong, 69

Oates, S., 115, 154

p en tagon N , 18

p ersp ectiv e

axially , 51

cen trally , 51

Pic k ering, D., 55, 61, 62, 150, 154

Pierce, R. S., 128, 135, 154

P ( M ), 48

P ogun tk e, W., 77, 149

p oin ts in a pro jectiv e space, 47

P o w ell, M. B., 115, 154

p o w erset lattice, 6

Pr¨ ohle, P ., 129, 153

prime

filter, 5

ideal, 5

quotien t, 10

principal

congruence, 2

filter, 5

ideal, 5

pro jectiv e

geometry , 47

in a class, 22 line, 50

plane, 50

quotien ts, 11

radius, 118

space, 47

Desarguesian, 51

nondegenerate, 50

subspace of, 48

pro jects w eakly on to, 10

prop er

filter, 5

ideal, 5

prop ert y

(P), 134

(Q), 132

amalgamation, 130

b ounded obstruction, 145

strong amalgamation, 130

P

U

, 6

Pudl´ ak, P ., 15, 155

quotien t, 10

algebra, 2

critical, 10

doubled, 26

isolated, 104

non trivial, 10

prime, 10

pro jectiv e, 11

refines ≪ , 24

regular sub direct represen tation, 146

relativ ely free algebras, 4

represen tation

canonical join, 33

join, 33

regular sub direct, 146

residually

finite, 64

small, 131

retract, 22

absolute, 130

retraction, 22

ring

auxillary , 61

c haracteristic of, 62

division, 50

Riv al, I., ix, 18, 78, 81–83, 89, 94, 149,

153, 155

Rose, H., ix, 10, 20, 23, 77, 83, 85, 87, 92,

99, 104, 108, 129, 132, 133, 135,

146, 148, 149, 152, 155

Ruc k elshausen, W., 20, 77, 112, 155

Sands, B., 45, 150

Sank appana v ar, H. P ., 115, 116, 149

Sc h ützen b erger, M., 46, 155

Sc hreier, O., 128, 155

Scott, D. S., 7, 116, 150

SD

+

, SD

·

, 34

second isomorphism theorem, 3

self-dual v ariet y , 54

semidistributiv e

lattice, 34, 78

v ariet y , 81

semimo dular lattice, 48

SI , 3

simple, 12

spanning n -frame, 57

splitting

algebra, 22

lattice, 22

pair, 20

strictly elemen tary class, 116

strong

amalgamation, 129

prop ert y , 130

normal sequence, 69

strongly co v ers, 13

sub direct pro duct, 2

sub directly irreducible, 3

subspace

dimension of, 50

of a pro jectiv e space, 48

2 , 11

T arski, A., ix, 2, 155

T a ylor, W., 115, 131, 134, 155

term

length of, 31

minimal, 33

Tholen, W., 129, 153

translation, 118 transp osition

bijectiv e, 11

do wn on to, 10

up on to, 10

w eakly do wn on to, 10

w eakly in to, 10

w eakly up on to, 10

triangle, 47

trivial lattice, 1

T uma, J., 15, 155

t yp e 1 represen tation, 55

UA, x, 4, 118, 151

ultrafilter, 5

ultrapro duct, 6

upp er b ounded

homomorphism, 26

lattice, 27

upp er con tin uous lattice, 78

upp er-semimo dular lattice, 48

v ariet y

almost distributiv e, 20

congruence distributiv e, 5

conjugate, 22

finitely generated, 4

generated, 2

heigh t of, 16

lattice, 1

self-dual, 54

semidistributiv e, 81

V eblen, O., 52, 155

V

FSI

, 3

Vi ˇ sin, V. V., 115, 155

V

MI

, 131

V m

n

, 127

v on Neumann, J., ix, 46, 57, 61, 155

V

SI

, 3

V

WMI

, 131

w eak transp ositions, 10

w eakly

atomic, 14

maximal irreducibles, 131

(W)-failure, 26

Whitman’s condition (W), 24, 25, 27, 29,

31, 45

Whitman, P ., 15, 22, 24, 27, 33, 43, 87,

155

width of a lattice, 47

Wille, R., ix, 16, 17, 23, 24, 46, 156

w ord algebra, 4

W ( X ), 4

Y asuhara, M., 129, 130, 148, 156

Y oung, W. H., 52, 155