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@ Wavelet systems

@ Example 1: The Haar Wavelet basis

@ Characterizations of wavelet bases

@ Example 2: The Shannon Wavelet basis
@ Example 3: The Meyer Wavelet basis
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Wavelet systems

Definition
A wavelet systemin L?(R) is a collection of functions of the form

{Dy Tit}jkez = {229(2x — K)}jkez = {¥jk}jkez

where ¢ € L2(R) is a fixed function sometimes called the
mother wavelet.

A wavelet system that forms an orthonormal basis for L2(R) is
called a wavelet orthonormal basis for L2(R).
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If the mother wavelet ¢(x) is concentrated around 0 then

¥ k(x) is concentrated around 2/k. If ¢(x) is essentially
supported on an interval of length L, then v; «(x) is essentially
supported on an interval of length 27/L.
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@ Since (Dy Tyth)(7) = Dyp—iMit(7) it follows that if ¢ is
concentrated.on the interval / then ) x is concentrated on
the interval 2/1.
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Dyadic time-frequency tiling
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Example 1: The Haar System

@ This is historically the first orthonormal wavelet basis,
described by A. Haar (1910) as a basis for L]0, 1].

@ The Haar basis is an alternative to the traditional Fourier
basis but has the property that the partial sums of the
series expansion of a continuous function f converges
uniformly to f.

@ We will prove “by hand” that the Haar basis is an
orthonormal basis using a technique that will be
generalized in the next lecture.
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The dyadic intervals

Definition
Define the dyadic intervals on R by

D= {[2k,2(k+1)]: ), ke Z},
We write /;x = [2/k,2/(k + 1)], and refer to the collection
Ui ke Z}

as the dyadic intervals at scale j. |y = I] kY I, where If, and
I/  are dyadic intervals at scale j + 1,10 denote the left half and
right half of the interval /; k. In fact, Ij’k = li112¢ and

I = lit1 2641
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@ Note that given /4,

like = liv1,26 U lip1 21
where [, 1 2« is the left half of /; x and /1 2x11 the right half
of Ij,k-
@ Given (Jo, ko) # (J1, k1), either [, x, and I , are disjoint or
one is contained in the other.

@ In the latter case, the smaller interval is contained in either
the right half or left half of the larger.
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The Dyadic step functions

Definition

A dyadic step function (at scale j) is a step function in L?(R)
constant on the dyadic intervals /; x, k € Z. We denote the
collection of all such step functions by V;.

@ Foreachjc Z, V;is alinear space.
@ If fe Vithen fe Vyforallj > j, thatis, V; C Vy if j/ > .
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The Haar scaling function

Definition
Let p(x) = 1[0,1)(x), and for each j, k € Z, let

pik(x) =22 p(2Ix — k) = Dy Typ(x).

The collection
{pjk(x): J, k € Z}
is the system of Haar scaling functions. For fixed j,

{Pjk(X)}kez

is the system of scale j Haar scaling functions.
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o Note that p;x = 2//21;  and that for each j, {pj«: k € Z} is
an orthonormal system.

@ In fact pjx = 2//21; _is an orthonormal basis for V.

@ Since V; C Vj;1, we can write p; « in terms of the basis
{Pj+1k: k € Z}, and in fact

Pk = 2" 2Pt 2k + 2V 2Pt 2kt
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The Haar system

Definition
Let h(X) = 1[071/2)(X) = 1[1/271)(X), and for each j, k € Z, let

h; k(x) = 212 h(2/x — k) = Dy Tih(x).

The collection
{hik(X)}j kez
is the Haar system on R. For fixed j,
{hjk(X)}kez

is the system of scale j Haar functions.
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@ Note that supp hj x = ljx and h; x € Vi 4.

@ Also hjkx = Pj+1,2k — Pj1,2k+1-

P
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The Haar system is an orthonormal system in L2(R).

@ If k # k' € Z then h; x and h; ,» have disjoint supports.

@ If j < j then either h; x and hy , have disjoint supports, or
supp hy x is contained in an interval on which h; x is
constant.

@ In either case, (hy x, hjk) = 0.

Walnut (GMU) Lecture 6 — Orthonormal Wavelet Bases



Completeness of the Haar system

For j € Z, define the space W; by

W, =span{hjx: k € Z}.

Then Vi 4 =V,o W,.

Proof:
Z ak Pji+1,k = Z(azn Pj+1,2n + 82041 Pjt+1,2n+1)
keZ nez

aop + aon+1
= Z %(pj—&—LZn + Pj1,.2n41)

nez

aop — dont
+f(pj+1 2n — Pj+1, 2n41)

azon + a2n41 aon — 32n+1
=D T 51/2 Pint D “oim sz N
nez neEZ
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Completeness of the Haar system

The Haar system is an orthonormal basis for L?(R).

Proof:
@ Define the orthogonal projection operators

Pif = (f. pjk) Pjk-
keZ

@ Because any L? function can be approximated by a dyadic
step function, P;f — f as j — oo, and also P_;f — 0 as

Jj— oc.
J—1
o Notethat V, = €5 W@ V_, which implies that
j=—J+1
L*(R) =P W,
JEZ
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Smooth wavelet bases

@ The Haar basis is the paradigmatic wavelet basis with
good time localization. Since h(x) is discontinuous, it has
very poor frequency localization.

@ One of Meyer’s early contributions to the theory was to
create an orthonormal wavelet basis with good decay in
both time and frequency.

@ Before getting to that proof, we will describe the
paradigmatic orthonormal wavelet basis with optimal
frequency localization, known as the Shannon basis.

@ This will again be a proof “by hand” and will give the flavor
of Meyer’s original proof.
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Characterization of orthonormal bases

A sequence {x,} in a Hilbert space H is an orthonormal basis
for H if and only if

1. forall x € H, ¥, |(x, xn)[2 = ||x||?, and
2. [[Xa|| = 1 for all n.

@ In other words, {x,} is a normalized tight frame for H with
frame bound 1.

@ The proof is trivial: Given m, note that

1= ||xm|? = Z| X, Xn) |2 = > [(Xim, X + 1.

n#m

Hence (Xm, xn) = 0 if n # mand {x,} is an orthonormal
system.
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Characterization of wavelet ONB

Theorem (A.)
Suppose that ) € L2(R) satisfies 1|, = 1. Then

{2022 x — k): jk e Z} = {¥jk:J, k € Z}

is an orthonormal wavelet basis for L2(R) if and only if
1Y [9(2)2 = 1, and
jEZ
2. P(2ly) (2i(~ + k)) = 0 for all odd integers k.
j=0
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Characterization of wavelet ON systems

Theorem (B.)

Given ¢ € L2(R), the wavelet system {¢; x}j kez S an
orthonormal system in L?(R) if and only if

LS (v + k)P =1, and
KeZ

2.3 "Gy + k) v + k) =0 forall j > 1.
keZ
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Corollary

Giveny € L3(R), if {¢)j k}jkez iS an orthonormal basis for L?(R)
then
1Y [9(@y)2 =1, and
JEZ

2. ZWv—i—k =1.

keZ

@ This says that a wavelet orthonormal basis must form a
partition of unity in frequency both by translation and
dilation.

e This implies that, for example, any wavelet ¢ € L' N L2

must satisfy ¢( ) = 0 and that the support of ¥ must
intersect both halves of the real line.
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The Shannon wavelet

Lety € L2(R) be defined by = 1_1 _1/g) + 1j1 /2,1 Then
{4k} is a wavelet orthonormal basis for L?(R).

@ The wavelet coefficients

~ ~

<f7 D2f Tk¢> = <f7 D2*/'Mk¢>
= [ Hwieh)zite e g,

—00
are f[he F_ourier c_oeffic_ients of f restricted to the interval
[—2, —2/—1] U [2/—1 , 2.

@ For each fixed j € Z, the coefficients {(f, 1 k) }kez capture
the features of f at “scale” 277.
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@ Coefficients at different values of k identify the intensity of
that range of frequencies at “time” 27/k.

@ While the Haar system have perfect time-localization but
very poor frequency localization, the Shannon wavelet
basis has perfect frequency localization and poor time
localization.
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@ The set of supp ¢ = [—1,—1/2] U [1/2,1] tiles the line by
dilation by powers of 2 and integer shifts.
@ Since Condition 2 of Theorem B holds, i.e.

N @y + k) by + k) =0

keZ

forall j > 1, {4} is an orthonormal system.
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@ For completeness note that
{272 g2mik2h ke 7)

is an orthonormal basis for L2([—2/, —2/= 1] U [2/=1, 2]]).
This follows from the tiling property of supp .
@ The wavelet coefficients

(e}

~ P

(f, Dy Tktp) = (f, Doy My)) = / F(7)(2-1y) 27/2e~2mk2 T gy

—0o0

are f[he F_ourier c_oeffiqients of f restricted to the interval
[—2, —2/*1] U [2/*1 , 2.
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Meyer wavelets

@ Meyer constructed an orthonormal basis that is
well-localized in both time and frequency.

@ The idea is to “smooth-off” the Shannon wavelet in the
frequency domain.

@ This results in a bandlimited wavelet ¢)(x) with smoothness
up to C*° and rapid decay.

Shawnon

/ Meyer \
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The Meyer wavelet

Define the functions s(x) and c(x) with the following properties:

@ s(x)=0andc(x)=1if x < —-1/6,
@ s(x)=1andc(x)=0if x > 1/6,
@ 0 < s(x), ¢(x) <1 forall x, and
@ s(x)? + c(x)? = 1 for all x.
ceO S0

' —s
- -1 0 Jl: |
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Define ¢(x) by means of its Fourier transform by

0 if |y <1/3or [y > 4/3,
_ s(y—1/2) ifye[1/3,2/3],
P(y)=—-e ™ S e(v/2-1/2) ify€[2/3,4/3],
s(y/2+1/2) ifye[-4/3,-2/3],
c(v+1/2) ifye[-2/3,-1/3].

i) sa—,\

Lojp
o\ s

\’@ o0\
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We show first that > [3(2/)]2 = 1.
JEZ
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@ Next we show that
> (2y) 2y + k) =0
j=0

for all odd integers k.

@ The identity holds trivially when k # —1, 1. By symmetry it
suffices to check it only for k = 1.
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When k = 1, the product being summed is only nonzero if
j =0, 1. So we are verifying that

~

D)y + 1) +(2y)b(2(y + 1)) = 0.
q 19 e+
£ (9 ~
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It suffices to check v € [-2/3,—1/3],

DDy + 1) + (202 + 1))
= [(—eT™)(—e D)
+(—e 2™ (—e~27D)]s(y + 1/2)c(y + 1/2)
= (€™ +1)s(y+1/2)c(y+1/2) =0.

@ The above cancellation has been referred to as
“miraculous” and beg to be understood more
systematically.

@ This is done through the notion of a Multiresolution
Analysis (Meyer, Mallat).
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Local cosine bases

@ Choose a sequence {«;} ez strictly increasing and going to
infinity in both directions and numbers ¢; satisfying
o+ € < Qjpg — €4 1.

@ The goal is to construct orthonormal bases for L2(R)
consisting of smooth functions supported on the intervals

Iy = laj — €, jp1 + €]

@ The bases involve multiplying a function by a smooth
cut-off function supported on /;, then applying a sine or
cosine basis to the product.

@ In this sense it is like a Gabor basis but avoids the
Balian-Low phenomenon.
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Recall the functions s.(x) and c.(x) from the construction of the
Meyer wavelet:

(1) 8(x) = ce(—=x),

(2) 82(x)+CE(x) =1,

(3) 0 < se(x), c(x) <1,

(4) s.(x)=0forx < —eand 1 for x > ¢, and
(5) c(x)=0forx >eand 1 for x < —e.

Definition

Given I = [a, 8] and ¢, € > 0 such that o + ¢ < g — ¢, define the
function b;(x) by bj(x) = s.(x — a) cs(x — 3). b)(x) is referred
to as a smooth bell function over I.

| A\

Definition

Given adjacent intervals | = [«, ] and J = [, 7], the smooth
bell functions b; and b, are compatible if

bl(X) = Se(X - a) Ce’(X - /8) and bJ(X) = Se’(X - a) Ce”(X - B) )

Walnut (GMU) Lecture 6 — Orthonormal Wavelet Bases



There exist projection operators P, such that

(a) If by and b, are compatible bells on the intervals | = [, (]
and J = [3,~] then P+ P; = Py y.

(b) PPy =0.

Theorem

If I is given as above and if b, is a smooth bell function over I,
then the collection {b(x) ex(x)}z, is an orthonormal basis for
the subspace Pj(L?(R)), where

2 2k +1
ex(x) =/~ cos

p T 7(x — a)

Then the collection {b;(x) ex(x): j € Z,k > 0} is an
orthonormal basis for L?(R)
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@ The bell functions can be chosen to be arbitrarily smooth.

@ Note however that because a cosine basis replaces an
exponential basis, the Fourier transform of a basis function
will occupy a pair of separated intervals.

@ This seems to be a requirement to have smooth localized
orthonormal bases of Gabor or wavelet type.
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Wavelet packets.

@ Given any partition of the interval [0, co) with dyadic
intervals we can find an orthonormal basis for L?(R) of
functions whose Fourier transforms are supported near the
set {v: |v| € I}.

@ The functions in the basis are related to a multiresolution
analysis with scaling function ¢ and wavelet .

@ Recall that there exist periodic functions my(y) and m4(v)
such that

B(y) = mo(7/2)@(v/2) and B(v) = my(v/2)3(v/2).
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@ Given a dyadic interval /, we can define a finite sequence
en = 0 of 1 and a function ¢(x) by

N
i) = [ me(v/2M@(/2Y).
n=1
@ Letting P denote the dyadic partition of [0, o), then the
collection of functions
{Yi(x —k/|N)): 1€ P, keZ}

is an orthonormal basis for L?(R).

@ These bases can consist of arbitrarily smooth functions
with close to arbitrarily localization in frequency.
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Wilson bases

Theorem

LetG(g,1/2,1) be a tight frame for L2(R) with ||g||» = 1 and
9(x) = g(—x). Then the collection

V2cos(2rnx) g(x — k/2), ifk + niseven

Vi,n(X) = { V2sin(2rnx) g(x — k/2), ifk 4+ nis odd

is an orthonormal basis for L2(R).

These bases were described first by Wilson (1987), and were
linked to tight Gabor frames by Daubechies, Jaffard and Journé
(1991).
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@ Again note that in the Fourier domain, @\n will typically
look like a pair of symmetric bumps.

@ Wilson bases are still poorly understood.
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