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Abstract

The purpose of this paper is to establish that a closure system C is
algebraic if and only if every chain C of non void sets of C satisfies that
uC eC.

1 Introduction, Preliminaries and Basic Notions

Applications of closure and algebraic closure concepts are well known in the
algebraic world, model theory, formal systems specification and several other
fields of logic and universal algebra.

Thus, in the literature we can find the concepts of closure operator (see for
example [1]), closure system ([5]), formal system ([2]) and algebraic closure ([3]
and [4]).

First, we recall several definitions and properties that we need in order to
establish the main result.

Definition 1 (/5]) Let X be a set (called the universe). A set C of subsets of
X is called o closure system over X if the following conditions are satisfied:

(cs1) X eC
{ (cs2) VB(BCC=nNBeC)

If C is a closure system over a set X, the elements of C are called closed sets.
Given a subset A of X, the least closed set containing A is called the closure of
A, denoted by clc(A). In fact,

co(A)=n{B|B€ CAAC B}

In [3],[4] and [5] we can find many examples of collections of sets sharing
properties (csl) and (cs2).
It is not difficult to obtain the following result:
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Proposition 2 If P(X) is the power set of X, we have that
C(X)={SCP(X)|S is aclosure system over X}
is a closure system over P(X).
The following useful properties are easily checked:

Proposition 3 If C is a closure system over X, the following properties are
satisfied:

VACX (AeCecc(A) =A) A (cc(A) = A & cdc(4) C A)).
VA C X (cc(cdc(A)) = cdc(A4)).

VA,BC X (B C A= clc(B) C cdc(4)).

VA,B C X (clc(A) C clc(B) & A Cclc(B)).

VA C P(X) (cc(UA) = clc (U{clc(A) | A€ A})).

VACX VzeX (z€clc(Ad) & (VSeC(ACS=2z€9))).

S G oo~

A signature is a set ¥, whose elements are called operation symbols, together
with a mapping ar : ¥ — N, called the arity function, assigning to each opera-
tion symbol its finite arity. A realization of an n-ary operation symbol in a set
A is an n-ary operation on A.

Given a signature ¥, a $—algebra A is a pair A =(A4, £4) consisting of a set
A (called the carrier of A) and a family £4 = {04 |0 € £} of realizations o4
of operation symbols ¢ from ¥. In the following we simply speak of an algebra
instead of a Y —algebra.

If A is an algebra, a subset B of A is said to be closed (under the operations
of A) if, for each n-ary operation symbol ¢ € ¥ and all z1, ..., z, in A,

L1,y € B = 0?(21,...,2,) € B.

Restricting the operations on A to a closed subset B we get an algebra B
with B as its carrier. B is called a subalgebra of A.

Definition 4 ([5]) A closure system C is called algebraic if there is an algebra
such that C is equal to the set of all its subalgebras.

The main target of this paper is to obtain a characterization of algebraic
closure systems. The well known Birkhoff-Frink theorem establishes a charac-
terization of algebraic closure systems in the following terms:

Theorem 5 (Birkhoff-Frink)([5]) A closure system C over X is algebraic if
and only if its closure operator satisfies the following finiteness condition:

cc(A) =U{dc(B)| BC A A B is finite}

for all subsets A of X.



2 The Zorn condition

Definition 6 We say that a closure system C satisfies the Zorn condition if
for all non empty chain C of subsets of C we have that UC € C.

It is not difficult to obtain the following result:

Proposition 7 Every algebraic closure system C over a set X satisfies the
Zorn condition.

In order to obtain the reciprocal, first we need to establish a lemma.

Notation 8 Given an arbitrary well-order < over a set A, if B is a finite subset
of A and x € A, then we use the following notation:

BZ:BU{yGAH/Sx}.

It is not difficult to obtain the following result, reasoning by transfinite
induction:

Lemma 9 If C is a closure system over a set X, and A is a subset of X, we
have that

Vz € A,VB C A(B finite = clc(B;) = U{cc(D)| D C By A D finite})

Now we can prove the main theorem:

Theorem 10 If C is a closure system over X, the following conditions are
equivalent:

i)  C is an algebraic closure system.
ii) C satisfies the Zorn condition.

Sketch of proof. It suffices to show that ii) = ).
If A is an infinite subset of X, we consider the chain of elements of C

{clc((0):)| = € A},
and, since C satisfies the Zorn condition, we have that
U{cc((0),) | z€ A} eC.
On the other hand, since
A=U{0),|ze A},
we can obtain that

cdc(4) = dcU{@),|zeA})=
U{cc((0),) | z€ A}.



In order to conclude the proof, it suffices to show that
U{clc((®)s)| z€ A} =U{clc(B)| BC A A B is finite}.O0

We will proceed to give an application of this theorem.
Given a set X and R C P(X) x X, it is not difficult to check that

Cr={ACX|VR,z)eR(RCA=>z€A)}

is a closure system over X (the closure system induced by R). On the other
hand, if C is a closure system over X, and

Rec={(A4,z) e P(X) x X |z €clc(A)}

then C = Cr.
So, if we consider the following closure system over P(X)

Ca(X)={S CP(X)|S is an algebraic closure system over X },

we can use the preceding theorem of this paper to obtain a new way to look at
Ca(X) : If C is a closure system over X and

Rac ={(4,2) € P(X) x X | Ais finite Az € clc(A)},
we have that
ClCA(X)(C) = CRAC’

and therefore the closure system C4(X) is the closure system induced by R =
Rs URc, where

Rs ={0,X)}u{(B,NB)| BCP(X) A B#0}
and
Re = {(B,UB)| BC P(X) A B#0ABis a chain}.
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